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The difference in the multiple scattering of electrons and positrons has been calculated on the basis of 
the work of Nigam, Sundaresan, and Wu. The results are compared with the experimental work of Henderson 


and Scott and are found to be in good agreement 


I. INTRODUCTION 


N a recent paper Nigam, Sundaresan, and Wu' have 
pointed out that the formula given by Moliére? for 

the scattering cross section of a charged particle by an 
atom in his theory of multiple scattering is incorrect. 
This is because Moliére’s calculation of the scattering 
amplitude’ includes an inconsistent expansion of the 
phase shift in powers of a;=2Ze?/hv. In the paper of 
Nigam ef al., hereafter to be referred as paper A, 
Dalitz’s* expression for the scattering cross section of a 
charged particle by the screened Coulomb field of an 
atom is used, and the distribution function for multiple 
scattering is calculated in powers of a; in a consistent 
manner. One interesting result of paper A is that, in 
contrast to Moliére’s theory, it predicts different 
screening angles for electron and positron scattering 
and, consequently, different distribution functions for 
multiple scattering. Mohr‘ has calculated the difference 
of electron and positron multiple scattering by using 
Dalitz’s scattering cross section but essentially retaining 
Moliére’s result for the screening angle. In this note 
we have employed the results of paper A and checked 
them against the experiment of Henderson and Scott® 
on electron-positron multiple scattering. 

1B. P. Nigam, M. K. Sundaresan, and T. Y. Wu, Phys. Rev 
115, 491 (1959). 

2G. Moliére, Z. Naturforsch. 2a, 133 (1947), and 3a, 78 (1948). 

3R.H. Dalitz, Proc. Roy. Soc. (London) A206, 509 (1951). 

*C. B. O. Mohr, Proc. Phys. Soc. (London) A67, 730 (1954). 


5 C. Henderson and A. Scott, Proc. Phys. Soc. (London) A70, 
188 (1957). 


II. SUMMARY AND RESULTS OF PAPER A 


In Moliére’s work? all the effect of the deviation from 
the first Born approximation on the distribuiion func- 
tion for multiple scattering is contained in the quantity 
B which depends only on the screening angle X,. The 
screening angle X,, for the scattering of a charged 
particle by the screened Coulomb field of an atom is 
given by®? 


os q(y) 
{ dy, y=sin(x/2), 
wy (1) 


q(v)=a(y)/or(y), 


where x is the angle of scattering and g(y) is the ratio 
of the scattering cross section (with screening) to the 
Rutherford (no screening) for single 
scattering. The screening angle X, is defined such that in 
the first Born approximation, when qg(y)=on(y)/or(y), 


cross section 


Xq —> Xy=hvd/ pf, (2) 


for the scattering of an electron of momentum p by an 
exponentially screened potential V(r)=— (Ze?/r)e~’. 
In Moliére’s paper the potential used is V (r)= — (Ze?/ 
r)w(rdo), where the Thomas-Fermi function w(rdo) is 
represented by a sum of three exponentials and Apo 

6S. A. Goudsmit and J. L. 


(1940), and 58, 36 (1940). 
7H. A. Bethe, Phys. Rev. 89, 1256 (1953). 


Saunderson, Phys. Rev. 57, 24 
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TaBLeE I. Numerical values of f’/a8xev/ B. 


0.2 0.4 


0/x../B 0 0.6 0.8 


1.2 1.4 1.6 1.8 2.0 3.0 4.0 


f" fabx../B —11.123 —9.085 —6.848 —4,952 —3.254 —1.740 —0.371 +0.908 +2.179 +3.569 +0.716 +0.170 +0.063 


=Z'/0.855a, ao being the Bohr radius. In the first 
Born approximation, this Thomas-Fermi field gives, 
upon numerical integration, 
Xq —> Xoo~1.12(hdo/ p). (2a) 

In the paper of Nigam ef al.,! the calculations are 
carried out by using Dalitz’s’ relativistic formula, 
derived in the second Born approximation, for the 
scattering of a spin 3 particle of charge z (s=—1 for 
an electron) by an exponentially screened Coulomb 
field : 
V (r) = (2Ze?/r)e’, (3) 
where the screening parameter A=wAo, uw being an 
adjustable parameter of the order of unity. The 
parameter yu is introduced to compensate for the use of 
a single exponential as the screening factor of the 
Coulomb field of an atom instead of a sum of three 
exponentials as done by Moliére. The expression for 
the screening angle X, is then obtained by calculating 
the angular distribution function®” 


f(0, => (1+4) Pi(cosé) 


l=0 


xexp| — Ni f ax sinyon(x)[1— Pu(cosy)]}, (4) 


U 


where /(0,/) sinéd@ is the actual number of scattered 
particles between 6 and 6+4d6; ¢ is the thickness of the 
foil. The expression for the screening angle X, is 
obtained by calculating the integral in the exponential 
of Eq. (4) and combining all the contribution from the 
small angles into a single term. This gives 


1—* 0.2310 
Xa=Xs 1+ 20x — InXo+ es +1.4483| } (5) 
8 8 


h Zi 
mn (— ), a=—2Z/137, B=v/c. 
p\0.885a0 


The corresponding expression in Moliére’s theory is 


where 


Xo= 


Xq=Xof{1.13+3.7602/8?}"" (6) 
Notice that since in Eq. (5), X. depends on a, we will 
get different values of the screening angle for electron 
(z= —1) and positron (s= +1) scattering. In Moliére’s 
theory X, depends ona’, Eq. (6), and there is no difference 
in electron and positron scatterings. The multiple scat- 
tering can then be described in terms of the parameters 


X,', , 6, and B defined as follows. 


In(2/Xq)=1In(2/X_’)—$+C 
— (2aX/B8)(1—67)(1—C), 


t= 1+ (2aXo/8)(1—8), 
b=é In(X2/4)—In(X,”/4), 
b= B—£ InB, 


(7a) 
(7b) 
(7c) 
(7d) 

the 


where C is Euler’s constant=0.577. Finally, 


distribution function can be approximated by 
1 


{(0,)—~K (X2B) 4 +—(f 
K 


where 


* A 
J du u tix? (8*+ rap a «) exp(—u?/4) 
0 XA B 


1 


— waBX,(B)\u 
x4 &(u?/4) In(u?/4) 


— 2raBX.(B)*E(u2/4) In(u?/4) 





[&(u?/4) In(u?/4 
and 


Bx? 82aB In2 
K=exp|—“[ 14 +2é 
16 B B 


8(6°?+7a8 
+ (C—Inx 
B 


Xo = 4rNtet2*Z (Z+1)/(pcB)?. 


The exponent of uw in the integrand can be taken as 
unity. The numerical values of f and / are given by 
Bethe’ and the values of f )’ for spec ific cases are given 
in paper A; the contributions of f® and /®’ being 
ignored. In Table I, we give the numerical values of 


J /aBXw/B. 


Ill. MULTIPLE SCATTERING OF POSITRONS 
AND ELECTRONS 


The experiment on the multiple scattering of posi- 
trons and electrons has been performed by Henderson 
and Scott.® We reproduce in part their Table I (our 





MULTIPLE SCATTERING OF 


Taste II. Data and observed* 1/e widths for multiple scattering. 





Energy Ma- t 
Mev terial (mgcm™) 8B 


Au 1.98 
Ag 2.64 
Al 6.04 
Ag 2.64 
Ag 2.64 


x?XK10? 6,(obs) 


2.62 19.8 
2.29 18.3 
1.64 18.8 
1.20 13.2 
0.367 7.25 





6..(calc) 


18.7 
19.3 
18.0 
13.8 
7.54 


® See reference 5. 


Table II). @, is the half-width (or 1/e width) and @, 
is defined as the angle at which the intensity falls to a 
factor 1/e of its maximum value. In order to compare 
their experimental results for the difference of electron 
“(0-) and positron (6+) 1/e widths with theory, they 
assumed, for the purpose of calculations, that the 
Moliére’s distributions for electrons and _ positrons 
differed only in the value of the parameter X2B. They 
noted that for a given scattering foil, the plot of the 
electron-positron count ratios calculated from Moliére 
distributions with a given difference of XB against the 
cube of the counter to foil distance is a straight line; 
the slope of the straight line varying linearly with the 
difference of X2B. Thus, the value which fitted the 
experimental straight line was taken to be the estimate 
of the difference of X2B. 

Mohr‘ has calculated the difference in the multiple 
scattering of electrons and positrons, using Dalitz’s’ 
formula. He calculated the difference in the root mean 
square angle of scattering for electrons and positrons 
as given by Moliére’s theory, 


Gems” = ee 


= J & P(0)d8, 


where P(@) is the probability of single scattering 
through an angle between @ and @+4d6, which for small 
angles was taken as 


(10) 


P (0)—~26 0. ax°o p°d0/A, (11) 
op* being a corrected Dalitz cross section, evaluated by 
assuming the equality 


op° —op* |" — 

op) —op* op —o7p* Irmo 
and B is the parameter as defined by Moliére,? which 
is same for electron and positron [Eqs. (6) and (7), 
with £=1]. However, it is clear from the results of 
paper A, Eqs. (5) and (7), that B is different for 
electron and positron scattering since the screening 
angle as derived from Dalitz’s* formula is different for 
the two cases. A consistent calculation for the difference 
in the multiple scattering of electrons and positrons 
should therefore use the formulation of paper A. 


(12) 
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TABLE III. The screening angle X. and the 1/e width 6, 
for electron-positron multiple scattering. 








c b B 6. 
E=0.4 Mev, 8=0.8279, a=Z/137=0.5766 
2.6845 2.6926 1.01175 3.3844 5.01 19.52 
2.6764 0.9882 3.4950 5.11 18.37 
4.374 1.0189 2.3705 3.71 16.24 
4.253 0.9811 2.5985 3.95 15.54 
¢=0.4 Mev, 8=0.8279, a=0.3431 
2.259 2.260 1.0059 3.624 5.30 
2.257 0.9941 3.676 5.34 
3.649 1.0095 2.6497 4.07 
3.609 0.9905 2.7535 4.17 
Al: E=0.4 Mev, 8=0.8279, 
1.471 1.4715 1.0001 
1.4705 0.9999 
2.3646 1.0002 
2.3634 0.9998 
Ag: E=0.59 Mev, §8=0.8858, 
1.7463 1.7580 1.0029 
1.7346 0.9971 


2.8430 1.0047 2.5219 3.886 
2.7702 0.9953 2.5821 3.949 
Ag: E=1.2 Mev, 8=0.9544, a=0.3431 
1.0430 1.0519 1.0007 3.3434 4.942 
1.0341 0.9993 3.4320 5.050 


1.7002 1.0011 2.3807 3.6882 
1.6523 0.9989 2.4511 3.779 


uw Particle xoX10? x.K10* 
Au: 


€ 
é 4.3144 
e 


18.50 
17.85 
15.76 
15.37 


3.629 


5.957 
5.960 
4.7919 
4.7927 
a=0.3431 
3.4909 5.131 
3.5464 5.188 


16.50 
16.34 
14.50 
14.36 


2.364 


13.07 
12.75 
11.04 
10.80 


2.8066 


7.02 


1.6762 


The results of our calculations based on Eqs. (5) and 
(7), (8), (9) and data of Table II are presented in 
Tables III to IV. The calculations are carried out for 
u= 1.12 and uw=1.8, where u is the adjustable parameter 
defined in Eq. (3). In Table IV the observed values 
are those of Henderson and Scott® and refer to per- 
centage difference in widths of the Gaussian part of 
multiple scattering distributions as predicted by their 
estimate of A(X2B) from the straight-line fit mentioned 
earlier. We have given the values of (6,-—0.*+)/0.~ as 
calculated by the full distribution function for multiple 
scattering, viz., /(0,t)« f%+(1/B)(f® +f). It is 
interesting to note from Table III that the difference 
in 1/e widths of the Gaussian part alone, which is 
equal to A(X../B), is of the wrong sign. This need not 
worry us since the use of the full distribution function 
which, in fact, is proportional to the number of electron 
(or positron) counts in the experiment, gives the 
correct sign. 


Tasce IV. Percentage difference in the 1/e widths for 
electron-positron multiple scattering. 


(0 —0*) /@- (%) 


Au Ag Al 
5.79+0.46 4.60+1.04 1.19+0.70 
5.88 0.97 

4.31 
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IV. DISCUSSION AND RESULT 


We find from Tables III and II, that a satisfactory 
value of the 1/e width is obtained for uw~1.12, except 
in the case of Al. The agreement of the calculated 
difference in 1/e width for electron and positron 
multiple scattering (Table IV) with the experimental 
results also seems fairly satisfactory for p~1.12, 
though we are comparing slightly different quantities. 


PHYSICAL REVIEW 


AND ‘Vi. S. 


VOLUME 1 


MATHUR 


The fact that u~ 1.8, the value found to fit the experi- 
mental data of Hanson ef al.’ for the 1/e width for 
15-16 Mev electron multiple scattering by Au and Be 
in paper A, gives low results for electron scattering 
around 1 Mev seems to suggest that the screening 
parameter, A, is probably somewhat energy dependent. 


8 A. O. Hanson, L. H. Lanzl, E. M. Lyman, and M. B. Scott, 
Phys. Rev. 84, 634 (1951) 
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Nuclear Quadrupole Absorption in Indium Metal*} 


W. W. Srwmonst Anp C. P. SLicHTER$ 
Department of Physics, University of Illinois, Urbana, Illinois 
(Received November 7, 1960) 


The nuclear quadrupole resonance spectrum of indium metal 
has been observed and studied over the temperature range 4°K to 
225°K. The four transition frequencies occur in ratios of 1:2:3:4, 
as expected from the crystal structure of indium. The lowest 
transition at 1.881 Mc (at 4.2°K) gives a quadrupole coupling 
constant of (45.19+0.02) Mc. 

The root second moment of 18 kc is substantially greater than 
the 4 ke predicted from magnetic dipolar coupling among the 
nuclei, is temperature independent, but is somewhat sample de- 
pendent. It is shown that for a pure quadrupole resonance, the 
pseudo-exchange coupling produces an exchange broadening. 
This mechanism is shown to contribute about 10 kc to the root 
second moment and predicts a Gaussian line shape, as observed. 


I. INTRODUCTION 


URE quadrupole resonance may be observed in a 

solid when a nucleus possessing a quadrupole 
moment is situated in a lattice having lower than cubic 
symmetry. This paper reports the observation and 
study of the nuclear quadrupole resonance spectrum 
in indium metal. During the course of this research, 
Knight and Hewitt independently observed the same 
resonance. A preliminary report of their work has been 
published.' 

We will center our attention on three principal 
issues. These are: (1) the interpretation of the shape 
and breadth of the resonance lines; (2) calculation of 
the axial field gradient at the nuclear site; (3) the 
temperature dependence of this field gradient. In 
addition, an observation of the resonance below the 
superconducting transition temperature (7.=3.39°K) 
is reported. 

A general theory of line shape for pure quadrupole 


* Based on a thesis (W. W. Simmons) submitted in partial 
fulfillment of the requirements for the degree of Doctor of 
Philosophy. 

+ This research supported jointly by a grant from the Alfred 
P. Sloan Foundation and the U. S. Atomic Energy Commission. 

t Now at Space Technology Laboratories, Inc., Los Angeles, 
California. 

§ Alfred P. Sloan Fellow. 

1R. R. Hewitt and W. D. Knight, Phys. Rev. Letters 3, 18 
(1959), 


It is concluded that in some cases magnetic impurities must be 
present, but it is not known whether or not the narrowest line 
represents a natural width. 

The field gradient is computed assuming point ions and a 
uniform electron density by a technique that converges rapidly 
with distance, bit the answer is too small by a factor of 3. It is 
argued that it is important to consider the » valence electrons. 
The temperature dependence of frequency is very strong (a 23% 
decrease between 4°K and 220°K), and unexplained. It appears 
to show .that the ‘ig..gradients cannot be computed assuming 
point ions and a smooth charge distribution 

A resonance in the superconducting state is reported 


resonance has not as yet been developed. However, it 
is well known that nuclear resonance line widths are 
in general somewhat broader, for heavier elements, 
than would be expected on the basis of dipolar coupling 
alone. We account for much of the observed line 
breadths in indium phenomenologically in terms of the 
pseudo-exchange interaction.?* On account of the large 
spin of the indium, we show that we have a case of 
exchange broadening rather than exchange narrowing. 
The exchange interaction constant A,;; is scaled from 
the thallium data of Bloembergen and Rowland.’ To 
the extent of this approximation, the line shapes are 
shown to be Gaussian. Pseudo-exchange will lead to 
broadening in a large-spin, pure quadrupole resonance 
experiment, since a given neighboring pair of nuclei 
in general will not be able to conserve energy by a 
mutual spin flip. In addition, it appears that impurities 
may in some instances play important roles in deter- 
mining line breadths. 

An analysis of the effect of the magnetic modulation 
field on the resonance will be given. For the condition 
that this field is small in comparison with the natural 
resonance line width, this analysis will lead to a simple 
interpretation of the second moment and shape of the 
resonance line. Comparison of the results of this 


2M. A. Ruderman and C. Kittel, Phys. Rev. 96, 99 (1954). 
3N. Bloembergen and T. J. Rowland, Phys. Rev. 97, 1679 
(1955). 





NUCLEAR QUADRUPOLE 


analysis with experimental recorder tracings will be 
discussed, 

At the present time, no detailed, exact treatment of 
crystalline field gradients is possible, due primarily to a 
lack of accurate electronic wave functions for the 
crystal. In terms of a simple model of charge distri- 
bution, Cohen and Reif‘ have set forth an expression 
for the field gradient at a particular nucleus (at the 
origin). This expression is 


eq= (1+ R, eqgu+ (1+72)eqi, (1) 


where q; represents the field gradient due to all atoms at 
lattice states external to the origin, y, is the Stern- 
heimer antishielding factor for the solid, representing 
the polarization of the closed electronic shells surround- 
ing the origin, g, is the field gradient arising from the 
p part of the atomic orbital wave function describing 
the valence electrons centered primarily at the origin, 
and R, is the core correction factor for the solid. 
Previous calculations of g, for ionic crystals*-? have 
approximated the external atoms by point charges at 
the lattice sites, evaluating g; by a direct sum of 
| P2(cosé;)/r;°] over all points 7 within a sphere of 
radius much greater than the interatomic distance. 
The same technique is applicable to metals if one 
assumes a uniform distribution of conduction electrons. 
However, convergence of this sum is, in general, very 
poor. We will present an alternative method for calcu- 
lating g;; essentially, the metal is partitioned into the 
electrically neutral Wigner-Seitz cells. Assuming a 
uniform distribution of conduction electrons throughout 
each cell, g; is evaluated by a sum over the multipole 
moment contribution of each external cell. Convergence 
of this sum is much more rapid. A simple physical 
argument shows why the two methods, which seem 
on the surface to be similar, actually are quite different. 

The remaining terms in expression (1) can only be 
approximately obtained. The partial field gradient 
(1+7.)g: obtained from y,, for the ion In*** is too 
small (by approximately a factor 3.5) to account for 
the experimental value observed. This indicates that 
there is an appreciable contribution from the p part of 
the conduction electrons. Orders of magnitude for this 
contribution will be discussed. 

A further test of the calculation of the quadrupole 
frequency is the measured dependence on temperature. 
The lattice constants a and ¢ have been measured in 
indium from —183°C to +135°C by Graham, Moore, 
and Raynor.* In the approximation that the electron 
density is uniform (i.e., that there is no p character 


4M. H. Cohen and F. Reif, Solid-State Physics, edited by F. 
Seitz and D. Turnbull (Academic Press, New York, 1957), Vol. 5. 

® R. Bersohn, J. Chem. Phys. 29, 326 (1958). 

®M. Pomerantz, thesis, University of California, 1958 
(unpublished). x 

7R. A. Bernheim and H. S. Gutowsky, J. Chem. Phys. (to 
be published). 

8 J. Graham, A. Moore, and G. V. Raynor, J. Inst. Metals 84, 
86 (1955). 
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to the conduction electrons in the near vicinity to the 
nucleus so that g,=0), the resonance frequency turns 
out to be proportional to (c—a)/a*. Combining this 
expression with the measurements of Graham, Moore, 
and Raynor gives a temperature dependence much 
smaller than is observed. We suggest that one possible 
cause of the rapid temperature variation of the resonant 
frequency is to be found in consideration of the effect 
of the lattice distortion on the band structure through 
the term g,. If this is true, the field gradient is due 
primarily to a p-like character of the conduction 
electrons close to the nucleus, and not to charges 
outside the Wigner-Seitz cell containing the nucleus as 
has been assumed for gallium and beryllium. 

This paper will be presented in the following manner: 
In Sec. II, experimental details and methods of ob- 
serving the nuclear resonance are given. In Sec. III, 
the frequencies and relative intensities of the observed 
resonance lines are given, together with a brief interpre- 
tation of these results. The experimental temperature 
dependence of the resonance frequencies is shown, but 
interpretation of the temperature dependence is 
deferred until Sec. VI. In Sec. IV, we discuss the line 
breadth and shape. Section V presents a calculation of 
the electric field gradient at the indium nucleus. In 
Sec. VI, we discuss the temperature dependence of the 
resonant frequency. In Sec. VII, the resonance in the 
superconductor is described. 


II. EXPERIMENTAL METHODS 


All resonance data reported in this work were 
obtained with a modified Pound-Knight-Watkins 
variable frequency spectrometer.’ Two GL-6072 low- 
noise triodes”® were used in place of the 6J6 oscillator 
tube. In addition, the voltage gain of the rf amplifier 
was increased, providing less susceptibility to micro- 
phonics and improvement in stability of oscillation 
amplitude and sensitivity when the oscillator was 
swept over a large frequency range. 

Sinusoidal Zeeman (magnetic field) modulation was 
used to obtain a reference for phase-sensitive detection. 
Narrow banding was done with a conventional lock-in 
amplifier, operating with respect to a reference signal 
at twice the modulation frequency. The line shapes 
presented by the lock-in, for this modulation scheme, 
are essentially second derivatives of the true line shape. 

Frequency measurements were made with a Hewlitt- 
Packard electronic counter. Resonance intensity 
measurements were made with the calibrator circuit of 
Watkins.’ 

The geometry of the cryostat system was such that 
the rf magnetic field was always oriented at right 
angles to the modulating field. Both the cryostat and 


®R. V. Pound, Progress in Nuclear Physics (Pergamon Press, 
New York, 1952), Vol. 2, p. 21. 

© T. Kushida, G. B. Benedek, and N. Bloembergen, Phys. Rev. 
104, 1364 (1956). 
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Taste I. Comparison of experimental and theoretical 
frequencies and intensities. 
Relative intensity 
(1 (1+1)—m(m+1)] 
Frequency \ Measured 
4.2°K . (77°K) 
30 


Predicted 


24X1.4=34 


Transition 


1.881 


Vi/2—»3/2 


V3/2-»5/2 


3.761 S57: ( 21 
5.642 4 


V5/2—»7/2 


4 16 
7 9 


V7/2-08/2 


the modulating magnet have been described elsewhere." 
Temperatures were measured over various ranges with 
a calibrated carbon resistor, a copper-constantan 
thermocouple, and a Bourdon pressure gauge. The 
resonant frequency as a function of temperature was 
obtained by repeated sweeps through the resonance 
as the sample warmed gradually; static temperature 
check points were provided by liquid helium (4.2°K), 
liquid nitrogen (77°K), and dry ice (194.5°K). 

Samples of indium metal used throughout the bulk 
of the experiment were 99.96% indium powder supplied 
by the A. D. Mackay Company, sifted through a 
400-mesh sieve. As will be discussed later, our line 
widths show a substantial sample dependence. Typical 
particles are roughly spherical and about 10-15 mean 
dianieter. 


Ill. RESONANCE FREQUENCIES AND INTENSITIES 


The quadrupolar interaction in general may be 
written‘ 


Ha=>m Om(VE)_m, 


c 


where the sum is over the five irreducible components 
of the nuclear quadrupole moment tensor Q,, and the 
electric field gradient tensor (VE)_. For indium metal, 
the crystal structure is face-centered tetragonal, the 
basic cell having the dimensions a, a, and c= 1.078a at 
room temperature. Therefore, each nuclear site is 
equivalent. The principal axes of (VE) correspond to 
X, Y, and Z along the crystal directions (1,0,0), 
(0,1,0), and (0,0,1). Further, with this choice of axes, 
the fourfold rotational symmetry of the crystal about 
the z axis permits (VE) to be described by a single 
parameter equation. Thus, 


Ha={ (eg) (eQ)/47 (27-1) ](31 27-1), (2) 
giving the energy levels 
Em=LegQ/41(21—1) | (3m?—¥ (+1), (3) 


in a representation in which Jz is diagonal. In these 
equations, eV is the (scalar) electric quadrupole mo- 
ment of the nucleus, eg=0?V /dZ? is the axial component 
of the electric field gradient, V is the electrostatic 
potential at the nucleus, and / is the nuclear spin. 


" L. C. Hebel, thesis, University of Illinois, 1957 (unpublished). 


anew <,'?. 


SLICHTER 
For 7=9/2, there are four distinct Am=-+1 transi- 
tions, having resonant frequencies 


Vi mi-v|mj41= (2| m| +1)34/h, (4) 


where A =e’gQ/4/(27—1). 

Observed resonance frequencies for the various 
transitions are listed in Table I, for the fixed tempera- 
tures 4.2°K and 77°K. It is seen that the frequency 
ratios are closely 1:2:3:4, in agreement with Eq. (4). 
The values listed are, in each case, averages for several 
runs. 

Relative intensities are also shown, as measured by 
the calibrator. A discussion of the calibrator operation 
appears in Appendix A. The observed intensities are 
normalized to 21 for the v3/2)4)5/2 The 
transition ¥)1/2)+)3/2; is a special case; the extra multi- 
plying factor (1.4) appears from the degeneracy of the 
m=+1/2 levels. 

These frequencies lead to a quadrupolar coupling 
constant at 4.2°K, 


transition. 


e’gQ/h| = (45.19+0.02) Me, 


in good agreement with Knight’s value! (45.24+0.02) 
Mc/sec. The sign of the field gradient eg cannot be 
determined from this experiment. 

Typical signal-to-noise ratios are shown by 
recorder tracings in Fig. 1. 


the 


IV. RESONANCE LINE SHAPES AND WIDTHS 


The resonance line-breadth in indium is substantially 
broader than can be accounted for by the dipolar 
coupling of a nucleus to its neighbors. Such a mechanism 
contributes less than 4 kc to the root second moment 
which is experimentally about 18 kc. In heavy metals 
(notably Ag and Tl), the predominant mechanisms 
determining magnetic resonance linewidths are second 
order processes involving interactions between a 
conduction electron and the nuclear spin. The theory 
of pseudodipolar and pseudo-exchange coupling in 
metals has been given independently by Rudermann 
and Kittel,? and Bloembergen and Rowland.* The 
pseudo-exchange interaction is 


Hew =D jis 


AijX V2; y;(0) : y (()) 2 ke FP, 


Ey is the Fermi energy for the metal, y the nuclear 
gyromagnetic ratio, and |y¥(0)|? is the probability 
density evaluated at the nucleus for an s electron at the 
Fermi surface. 

Ordinarily the pseudo-exchange coupling contributes 
to line-broadening only between unlike nuclei. As we 
show below, however, it produces broadening of a pure 
quadrupole resonance. 

It is possible to compute the coupling constant for 
indium metal (A;;)1, from the known value for thallium 
metal of 15.5 kc. To do this scaling, we assume that 


1, I;-1,, 


where 





NUCLEAR QUADRUPOLE 
the Fermi energies of the metals are the same, and that 
the ratio of the hyperfine interactions In to TI in the 
meta! is the same as that for the free atom. The latter 
we obtain from applying a well-known formula” to 
the Tl*+*—6s and In*++—5s states. The resulting esti- 
mate is (A;;)1,/h&0.75 ke. 

Shulman has suggested to us that this interaction 
constant may also be scaled in a different manner. The 
In'® and Sb"! dipolar resonances in the semiconductor 
InSb are broadened by indirect exchange. Shulman 
el al. give the contributions of H,x to the second 
moments of the magnetic resonance lines, 


(AH**)..=62+4 gauss* for InSb”; 
(AH.?> «x= 22+1 gauss* for In'®Sb. 
Applying the second moment formula of Van Vleck'* 


o:=4 50 1, j4+1)Ai?/l= (y2/2)(AH22)ex, (6) 
where the subscripts i and j refer to distinct nuclear 
species, the interaction magnitude for four nearest 
neighbors of type j is | Ai;|/A=1.3 kc. These two 
estimates are of the same order of magnitude. 

One would expect the indirect exchange interaction 
to be approximately the same in both the semiconductor 
and the metal. The reason is that the energy gap in the 
semiconductor is small in comparison with the width 
of the energy bands. In either the metal or the semi- 
conductor, the second order interaction involves a 
virtual transition of an electron to a higher, unoccupied 
energy state. Therefore, the assumption is made that 
the presence of the gap is only a minor perturbation 
on the strength of the interaction (which is proportional 
to the number of electron states available). In particular, 
if the Fermi energies in the metal and in the semi- 
conductor (as measured from the bottom of the filled 
band) are about equal, then the equivalent magnetic 
field seen by a Sb"! nucleus due to a single In" neighbor 
should be about the same as the field seen by an In 
nucleus in the metal due to a single In"® neighbor. 

We will now establish a basis for computing an 
approximate line shape. We shall see that the fact that 
the spin of indium is quite large enables us to regard 
the pseudo-exchange interaction as a magnetic field at 
nucleus (i), due to nucleus (j), interacting with the 
dipole moment of (i). This approximation will be 
referred to as the “large spin” approximation. 

We assume that the pseudo-exchange interaction is 
much larger than the pseudo-dipolar interaction in 
indium. The pseudo-exchange interaction may be 
written 


Hea=DpAdlil cthlalitltn)). (7 


12 See, for example, H. E. White, Introduction to Atomic Spectra 
(McGraw-Hill Book Company, New York, 1934), p. 363. 

'8R. G. Shulman, B. J. Wyluda, and H. J. Hrostowski, Phys. 
Rev. 109, 808 (1958). 

4 J. H. Van Vleck, Phys. Rev. 74, 1168 (1948). 
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Fic. 1. Experimental recorder tracings as a function of frequency 
at 4.2°K and 77°K. Modulation field is 40 gauss peak-to-peak 
sinusoidal. Time constants were 5 sec at 4.2°K and 10 sec at 77°K. 
Frequencies are indicated in Me 


In considering the effect of this interaction on the 
second moment, we ignore matrix elements which do 
not conserve energy between initial (m;,m,;) and final 
(m;',m;') nuclear spin states. From the quadratic 
dependence of energy levels E,, upon m (Eq. (3) ], it is 
evident that the partial interaction }(/:4,/;+J;1;,) 
only connects states m;=m, mj=m+1 with m,’=m+1, 
m ; =m. For I=9/2, there are 18 possible combinations. 
On the other hand, the partial interaction /;,J ;, connects 
all possible (27+ 1)?=100 states of spins (7) and (7). 
Since the spin orientation of a given pair of nuclei is 
random, neglecting the (/;,/j;-+/,_/;,) part of H.x may 
lead to an underestimate of the interaction by 20%. 
One notes that the accuracy of the approximate form 


dati (8) 


a eee 


increases with increasing spin. Also, the terms neglected 
by Eq. (8) are just those giving rise to exchange narrow- 
ing of a magnetic resonance line. 

Within the context of the large spin approximation, 
Hax> j>i Aijlil jz is equivalent to a static magnetic 
field, of magnitude 4A ;;I ;./yh, acting in the z direction 
on spin (i) due to spin (7), and independent of m,. For 
12 nearest neighbors, the mean square value of this 
field is’ 


12A;7I ;2 12\|A,;\*/ P 
Trace |- Trace ( ) | 
(yh)? yh? 3 


) 


“41(I+1), (9) 
yh? 
resulting in the mean square frequency width 

m| = (| Aaj|?/h?) 40 (+1) (10) 


for all transitions Yj m)-jmj+1- 
To establish the line shape, we consider the energy 
levels to be determined only by the quadrupolar 
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I'ic. 2. Experimenta! and theo- 
retical plot of nuclear signal from 
lock-in amplifier as a function of 
reduced frequency (w/Aw). 








interaction and by the large spin pseudo-exchange 
interaction. Using Eqs. (4) and (8), we find the transi- 
tion frequency of spin (i) in the presence of spin (J) is 
>| m; [+1=(E m;| +1 mj— E| mj . mj), h 

= (34 /h)(2| m;| +1)+(A;;/ 


We assume that all (27+1) 
probable. Letting v;=A;;mj/h be the contribution to 
the shift of v| m;| +|m,;| +1 from the value 3A (2! m;|+1)/h 
due to the (j) nucleus, the frequency shift due to all 
nuclei in the crystal other than (7) is 


v=>0 jj vj= >; (Aij/h) my. (12) 


We now apply the general method described by Cohen 
and Reif.'® If now P;(v,;)dv; is the probability that v; lies 
in the range dv;, then the probability g(v)d» that v lies 
in the range dy is 


=II fv (v)8(v—>- v,)dv; |. 


We assume that P;(v;) is constant over the range 
—IAjj/h= —a<vj<a=1A;;/h. This assumption is not 
strictly valid. Nevertheless, the dipolar interaction 
broadens each of the ten satellites sharply defined by 
A;;m;/h. If dipolar broadening is of order A;;/h, then 
our assumption is very good. 

Evaluation of expression (13) for 12 
neighbors, using the relations 


P ;(v;)=1/2a; 
1 0 
i(v—> v;)= : f expli(v—> v,)r |dr, 
ras L i 


7 


1 * /sinar\ ” 
g(v)=— f ( ) e’'dr. 
2rn/v_.\ ar 


18M. H. Cohen and F. Reif, Solid-State Physics, edited by F. 
Seitz and D. Turnbull (Academic Press, Inc., New York, 1957), 
Vol. 5, p. 368. 


V| mj;! 
(11) 


values of m; are equally 


h)m;. 


(13) 


nearest 


(14) 


The function (sinar/ar)" is the Fourier transform of 
g(v). Evaluation of the integral by contour integration 
leads to a shape function which is very closely Gaussian. 
We therefore approximate it by 
1 
g(v)=———- exp[r*/2¢ ]. (15) 


(23a)? 


In this expression, o is the second moment. It may be 
evaluated from the coefficient of (7? 


(=) 
ar 


o= (A; 


2!) in the expansion 

(ar)?” 2 412 
(—1)"" 

(2n—1)! 


(16) 


to be 

/h)4AP. (17) 
Using the previously estimated value | A;;|/4~1 kc, 
one obtains \/o~10 kc for all transition frequencies 
V| m|—>| m|+1- 

For the upper three transitions v3/2-+5/2, 5/27/25 
¥7/29/2, and for small modulation fields Ho sini, the 
lock-in amplifier presents the second derivative of the 
resonance line S|; which is proportional to 


(v— v0)? (v— vo)? 
o 2o 


where vo is the frequency of the center of the line. For 
the lowest transition v1/2+3/2, the shape presented is 
more complicated, due to the degeneracy of the energy 
levels E,, for a magnetic field Ho applied at a general 
angle 6, to the tetragonal crystal axis z 

The experimental line shapes are distinctly Gaussian, 
as demonstrated in Fig. 2. A Lorentzian line shape, 
fitted at the peak and at the points where the tracing 
crosses the baseline, is shown for comparison. The 
dependence of S)m; on (Ho)? is shown in Fig. 3. 

For (yHo/2r)*<c, the second moment ¢ is given by 


(18) 
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Experimental linewidths and second moments. 


TaBLe II. 





Sample B 
Av (ke) a* (kc) 
20+2 16 


22+2 18 
2342 19 


Sample A 
Av (kc) o* (kc) 
3542 
3742 
3442 


Transition 
V9/2»7/2 
V7/2-»5/2 


V5/2—»3/2 


the square of the frequency separation Av between the 
peak frequency vo and the baseline crossover frequency. 
For larger Ho, the first order correction formula, for the 
upper three transitions, is 


3 (yHo/2r)* 
o~ari( 1- _ ="). 
14 Av’ 


(19) 


The observed line shape is not appreciably affected by 
the size of Ho. 

Observed linewidths are independent of tempera- 
ture, in agreement with the postulated broadening 
mechanism H,x. However, measurements of o have 
shown a strong sample dependence. Within material 
from the same lot, values of o showed no sample 
dependence. In a conversation with Knight, he reported 
narrower lines than we had observed. Subsequent 
measurements were made on a sample taken from a 
different lot, presumably of the same purity material ; 
measured values of o were found to be smaller by about 
30%. Spectrochemical analyses of impurity concen- 
trations have not been consistent, but tend to indicate 
that neither sample is as pure as quoted by the manu- 
facturer. Whether or not the impurities are in the bulk 
material or on the particle surfaces is not known. 

Table II shows Av and o for the upper three transi- 
tions. These data were taken at 77°K, with a modu- 
lating field Hy~20 gauss. The approximation (19) 
represents a slight underestimate of o for Ho this large. 
Frequencies are given in (kc). 

Our computed root second moment of about 10 kc 
is too small by a factor of two. It would be increased 
somewhat by inclusion of contributions from other 
than nearest neighbors. Possibly a larger value of A; is 
needed. 

Note that the resonance linewidths are not deter- 
mined by a quadrupolar interaction, since all transitions 
show approximately the same width (for a given 
specimen). In addition, annealing the samples for 
various times did not affect the linewidths. 

One possible explanation of the sample dependence 
is the presence of magnetic impurities, such as transi- 
tion elements. One would expect them to possess only 
the time-average electronic moment as observed, for 
example, by Sugawara'® in alloys of transition elements 
in copper. If this moment varied with temperature 
according to a Curie-Weiss law (a reasonable assump- 
tion for many paramagnetic impurities), the line- 


16 T. Sugawara, J. Phys. Soc. Japan 14, 643 (1959). 
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breadth would be temperature dependent, in contra- 
diction to the facts. On the other hand, if there were 
small ferromagnetic particles imbedded in the sample, 
the line-breadth would be independent of temperature, 
the same for all transitions, and sample dependent. 
It is not unreasonable that the line shape might be 
Gaussian. 


V. THEORY OF QUADRUPOLE RESONANCE 
FREQUENCIES 


The crystal structure of indium has been described 
in Sec. III. Choosing a nucleus at the origin of the set 
of crystalline axes xyz previously defined, the axial field 
gradient component at that nucleus is 


32°—r* 
can=eq= fot) — Jar, 
7° 


where p(r) is the electric charge density at the point r 
excluding the nucleus at the origin. As a first approxi- 
mation, we assume 


(20) 


p(r)=p.+Ze >; 6(r—r,), 


(21) 


where p. is a constant representing the (assumed) 
uniform distribution of conduction electrons, and the 
term Ze >°; 6(r—r;) represents the charge density of 
the ionic cores, treated as point charges at the lattice 
sites. Z is taken to be 3, the normal valence of indium. 
We temporarily neglect the Sternheimer polarization 
of the closed electronic shells surrounding the origin. 

Expression (20) has been evaluated by two methods. 
The first method makes immediate use of the relation 


32-2 
fol ees 
r 


when integrated over a sphere of radius R. The remain- 


ing expression, 
327—r? 
an eoe (22), 
t ‘; 


is evaluated by a direct machine sum" over all lattice 
points within the sphere R. Convergence of the sum is 
exceedingly slow, since it depends upon the angular 
averaging to zero of (3z?—r,) for a spherical shell 
containing many lattice points at a distance r>>a 
(a= lattice constant). For approximately 62 000 lattice 
points (R> 14a), the result is eg= (—-0.349)Ze/a*, with 
contributions from preceding individual shells still 
contributing about 2% of the total. 

The second method converges much more rapidly, 
since it depends upon charge cancellation of negative 
conduction electrons and positive ionic cores for 
distances far from the origin. We partition the metal 
into atomic cells (the Wigner-Seitz polyhedra); each 


(22) 


(23) 


'? The authors are indebted to Mr. D. Markowitz for program- 
ming the IBM 650 for this calculation. 
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of these cells is electrically neutral. The field gradient 
due to conduction electrons in the cell centered at the 
origin is evaluated directly; the contribution from the 
remaining cells is evaluated by a multipole moment 
expansion of the potential ®(x,y,2) : 


$(x,y,2)= > dRp(R) 


4 cell 


»fl/xd yo 2\" 1 
ALS) A 

n=0Ln!\ Ax" dy’ 2/7 {r'| Se’ ari, 
where the integral is over the Wigner-Seitz (W-S) cell, 
and the sum over i includes all such polyhedra in the 
crystal. r; is the vector to the ith lattice site, and 
R=r—r;. The field gradient due to these cells is 
0*/dz?. The charge density is taken to be 


p(R)=p. +Ze5(R), 


subject to the condition that 


f p(R)dR=0. 
ll 


Details of the calculation appear in Appendix II. Since 
both the monopole and dipole moments vanish for the 
Wigner-Seitz cells, the lowest nonvanishing multipole 
is the quadrupole. The contribution to the field gradient 
with increasing radii of neighbor shells proceeds toward 
zero as 1/r?; convergence is even more rapid for higher 
order multipoles. 

The net result of the calculation, for the first three 
neighbor shells and for the 2-pole, 4-pole, and 6-pole 
moments is 

eq= (—0.319)Ze/ a’. 


This result is within 10% of the machine calculated 
value (20). 

Since both methods of calculation are apparently the 
same, one might wonder why their convergence is so 
different. The answer is most easily seen by realizing 
that the sphere of radius R includes complete W-S 
cells in its interior, but on its surface it includes frac- 
tional cells. The fractional W-S cells included at the 
surface all have nonvanishing monopole moments, and 
their contribution is thus slowly convergent with R. 
Note, moreover, that if one is near to the physical 
surface in a real material, the surface will be important 
in producing a gradient only to the extent that the 
individual cells have nonvanishing monopole or dipole 
moments. Otherwise, the surface effects are very short 
range. 

The effect of the closed electronic shells surrounding 
the origin is described by a multiplicative constant y, 
(Sternheimer antishielding factor). y.. has been calcu- 
lated for several heavy ions'*; indium has not been 


18R. M. Sternheimer and H. M. Foley, Phys. Rev. 102, 731 
(1956). 

19 T, P. Das and R. Bersohn, Phys. Rev. 102, 733 (1956). 

*” G. Wikner and T. P. Das, Phys. Rev. 109, 360 (1958). 
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included. An empirical interpolation from calculated 
values for other ions gives the probable y,. for In**, 
—25<y.<—15. Assuming that y,.= —20 is represen- 
tative, and that the ion value is applicable in the solid, 
the field gradient becomes 


eq= (1—y.)(—0.349)Ze/a* 


where a=4.59A and Z=3. This field gradient value 
gives the quadrupolar coupling constant 


- 1.09 10" esu, 


egQ/h| ionic=9.2 Me 


at room temperature, to be compared with the experi- 
mental value (extrapolated from Fig. 4) 


e’gQ/h 30 Me. 


It is clear that we have a correct order of magnitude 
estimate of eg. Detailed agreement on the basis of this 
ionic model is poor. The chief drawback of the above 
calculations lies in the simple assumption that the 
conduction electron charge density is uniform through- 
out the neighborhood of the origin. The field gradient 
is quite sensitive to any p-wave admixture in the 
conduction electron wave function, due to the deeply 
penetrating p orbital; in other words, (1/r*) is quite 
large. 

In the free atom, atomic beam measurements give 
an accurate knowledge of the quadrupolar coupling 
constant. The field gradient at the nucleus for an 
electron in a p orbit directed along the x axis is *! 


eg= 1123 Mc. 


In a cubic crystal, no field gradient appears at the 
nucleus. To the that symmetry is 
destroyed, the cubic symmetry of the /-electron 
distribution is also destroyed; that is, the p electrons 
now spend a different amount of time, on the average, 
in the z direction than in the x and y directions. 


extent cubic 
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Fic. 3. Nuclear signal from lock-in amplifier versus the square 
of the field modulation amplitude. Note the departure of the signal 
height from the relation S«H,? as (yHo/2x) approaches the 
linewidth o. 


7! A. K. Mann and P. Kusch, Phys. Rev. 77, 427 (1950) 
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Fic. 4. Temperature dependence of the resonance frequency. 
These data were taken for the v3/245/2 transition. Open circles 
represent frequencies obtained at fixed temperatures. 


Since the coupling at room temperature is only 
about 3% of the coupling for a single p orbit directed 
along the x axis, we see that we can account for the 
experiments with only a small disturbance from cubic 
symmetry. It is interesting to note that the fractional 
lattice distortion 6=c/a—1, of 7.8% is comparable to 
the p-electron unbalance needed. We are tempted, then, 
to postulate that 


° 


y= CVy0, 


where vo is the frequency of a single unbalanced p 
electron, and ¢ a constant of order unity. Were the 
lattice cubic, 6=0 and the quadrupole frequency would 
vanish. Unfortunately, the temperature dependence of 
vy suggests that v=cé"vo, where n=4. In this case, « 
must be a very large number. A detailed band theory 
calculation is necessary to evaluate accurately the p- 


electron contribution. Note that p electrons may 
contribute to the field gradient in metals without the 
postulate of a certain fraction of covalent bonding, as is 
necessary for evaluating field gradients in ionic and 
covalent crystals. We strongly suspect that the p- 
electron unbalance is the principal source of the 
quadrupole splitting. 


VI. TEMPERATURE DEPENDENCE 


The temperature dependence of the frequency 
(Fig. 4) has been measured from 4°K to 220°K. Over 
this interval, it decreases 23%, a fractional change 
much greater than that found for pure quadrupole 
resonances in molecular crystals which are typically 2% 
over such a range. 

The calculation of the field gradient in. the previous 
section supposed all the atoms to be at rest. Thermal 
vibrations may affect results in two ways. First of all, 
since the computed field gradients actually fluctuate 
in time and since the rate is rapid compared to the 
nuclear resonance frequencies, we should average our 
answer over time. Secondly, the thermal vibrations 
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produce changes in the lattice dimensions, so that the 
time-average dimensions are functions of temperature. 

The former effects are important in explaining the 
temperature dependence of the resonant frequency for 
molecular crystals. They can be estimated for a calcu- 
lation such as that in the preceding section by assuming 
that the gradient is due to six charges located at 
(+a,0,0), (0, +a,0), and (0,0, +c). The fractional 
correction to the frequency is then found to be of order 
(Ax*),y/a*, where (Ax*),, is the time average of the 
relative displacement of two neighboring atoms due to 
lattice vibrations. This effect is much too small to 
account for the observed changes. 

Graham, Moore, and Raynor have measured the 
lattice constants of indium from 90°K to 408°K. They 
find 

a= 4,5422(1+2.59X 10-°T+ 1.15 10-”T*), 
c=4,9141(1+2.59 10-°T— 1.15 10-T*), 
c/a=1,0819(1—2.30X 10-7"), 


where T is the temperature in degrees Kelvin. 

Since 6 is much more strongly temperature dependent 
than either ¢ or a, we may concentrate our attention 
on it. Between 100°K and 250°K, 6 drops from 8.17 
< 10- to 7.80 10-*, a 5% decrease, while v drops from 
3.48 Mc to 2.80 Mc, a 20% decrease. If v=cé", this 
implies n4, a very strong dependence. O’Sullivan, 
Robinson, and Simmons” have extended the tempera- 
ture dependence of v to the melting point of indium 
(429°K), using a super-regenerative receiver to detect 
V\7/2\-/9/2). 


Among other measurements, they obtain 


vy|7/2|—|9/2 


5.01 Mc, T=300°K, 
v|7/2\|—|9/2 3.13 Mc, T=428°K. 


Their results indicate that, if y=cé", then the relation 
(n= constant) cannot be made to fit the data over the 
entire temperature range (4-429°K). It is certainly 
clear that our simple calculations based on ion cores 
and uniform electron distributions are inadequate to 
account for the temperature dependence. About the 
only feature which is correct is that the frequency 
decreases as the lattice becomes more cubic. 

If the field gradient arises from unbalanced p elec- 
trons, a band-theory calculation is needed. Judging by 
the work of Harrison on aluminum, a metal which is 
isoelectronic with indium but cubic, we expect the 
second Brillouin zone to be partly filled. The zone 
structure for the indium lattice will be distorted from 
that of a face-centered cubic. If the Fermi surface is 
near the zone boundary, as is the case for aluminum, 
it may be that the lattice distortion produces rather 
marked redistributions of the electrons in k space. 
Since it is reasonable to associate the p character with 
the direction of k, a corresponding change in field 


2 W. J. O'Sullivan, W. A. Robinson, and W. W. Simmons, 
Bull. Am. Phys. Soc. 5, 413 (1960) 
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Fic. 5. Recorder tracing of the v1/243/2 transition in superconduct- 
ing indium at 2.2°K. Frequency units are in Mc. 


gradient would result. Lacking both wave functions 
and energies, we have not attempted a calculation, but 
two possible effects can be mentioned. The lattice 
distortion might distort the Fermi surface from a nearly 
spherical form, causing a redistribution of electrons. 
Or, even keeping the Fermi surface constant, the 
occupied volume in each band will be asymmetric in 
space for the asymmetric lattice [the Brillouin zone 
will be obtained from that of an fcc lattice by compress- 
ing the z coordinates of each point by a factor 1/(1+4) ]. 
Either of these two effects could give a very rapid 
variation of coupling with 6, but whether or not they 
provide a large enough effect, we cannot say. 


VII. SUPERCONDUCTING RESONANCE 


A tracing of the resonance (1/2) at 2.2°K (in the 
superconducting phase) is shown in Fig. 5. The strong 
baseline drift appears due to the modulation, and it is 
exceptionally strong when the sample is superconduct- 
ing. This resonance was observed using the calibrator 
to buck out the spurious signal arising from the 
modulation. 

An explanation for the asymmetrical line shape is 
not apparent. On account of this asymmetry, it is 
difficult to make an estimate of the linewidth. 

If one assigns the peak frequency to be 1.84 Mc, then 
there is a shift in the resonance frequency from its value 
at 4.2°, 1.88 Mc, of approximately 2% downwards. 
Volume changes associated with the superconductivity 
phase transition are not, by several orders of magnitude, 
large enough to account for this large shift.” It does not 
seem likely that field gradients for nuclei near the 
particle surfaces should change by this much. The shift 
is much larger than that observed in superconducting 
gallium, and in the opposite direction. The explanation 
of the large shift remains an open question at present. 


APPENDIX I 


The relative intensities of the resonance lines were 
measured using the calibrator. This device essentially 


%G. D. Cody, Phys. Rev. 111, 1078 (1958). 
*R. H. Hammond and W. D. Knight, Bull. Am. Phys. Soc. 
4, 452 (1959). 
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places a large variable resistance in parallel with the 
tank circuit. When the resistance is varied by a small 
amount at the reference frequency, the tank impedance 
is also varied, just as is done by the nuclear signal. In 
practice, the input signal to the calibrator e is directly 
proportional to the dc output voltage of the recorder as 
long as the input signal is small. ¢ is adjusted to cancel 
the nuclear signal at the peak of the resonance curve. 

The total tank circuit conductance at resonance is 
then 

G=Go(1+ 49x; m)"Qa)+Gi—8G), 


where Gp is the conductance of the LC circuit, 42x; », "Oa 
represents the fractional change in conductance due to 
the nuclear signal, Q is the coil quality factor, a is the 
effective filling factor, xm)" is the equivalent nuclear 
susceptibility of the )m)+)m)41 transition, and (G,;—6G,) 
is the conductance of the calibrator. 

Experimentally, one adjusts 6G; so that 

6G1= (42rx) m)’Oa)Go. 

Since 6G, « ¢ and Gp= 1/QwL, for a given coil inductance 
one has €& xj mj/’/w. 
Making use of the approximation 


, 


, 
Xim 


where 
xo= Ny (I+1)/3KT 

and 
Bim = 3L1(1+1)—|m! (\m 


one obtains 


I(1+1)(27+1), 


ex m Aw) » ° 


Since the breadth of each transition Aw), 
mately the same, 


ex [(99/4)— | m| (|m|+1)]. 


is approxi- 


The relative intensities as read by the calibrator are 
therefore the ratios 


(€)) 9/2): (€)\ 2/2): (€)\3/2 


2}: (€)) 1/2; = 9: 16: 21: 24. 


APPENDIX II 


In Sec. V, the multipole moment expansion expression 
for the field gradient is 


eas » 1] & GF) 0 B's 
= > foc b? (« +y— +5: ) | 
027 i n=() n! 027 0 v; OY; 02; 


1 
xX dR, 
r+R | Ts 
where the integral determining the multipole moments 
is chosen to be over the Wigner-Seitz polyhedron. This 
polyhedron for indium is a 12-sided figure bounded 
by the 12 planes 
+xty=}a; +r+2/(1+6)=4a; 
+y+1/(1+6)= 3a. (2a) 


When advantage is taken of the various symmetry 


(la) 
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properties of the polyhedron, the integral expression for Here p,, evaluated from the condition that 
the /, m, p moment is 


S (pe+Zes(R)dR=0 


a/4 ja—y 
(xtyrarber= f dy f dx when integrated over the polyhedron, is given by 
0 u pe= —4Ze/ca®. The moments necessary for evaluation 
(148) Je—z) of 0°/dz? through n=6 are evaluated from the triple 
xf dz(16p,)x'y"z”. (3a) integral expression and tabulated below in terms of 
9 J 1+6=c/a. 


n=0: All moments are zero, since focmar=o. 


n=1: All moments are zero. 
(x*)av= (¥" av = $Ze(a/2)?; 
All moments are zero. 


3Ze 
(x4 av= (Pas — 
8 


Ze 
(xy?) v= —(a/2)!; 
20 


All moments are zero. 


: 85Ze 85Ze 
(x®)av= (y*)av= — « ¢ ‘/av= (a 2)®(1+6)*; 
5376 5376 


31Ze 31Ze 
(xy? ay= (x*y") y= — -  (arAg?! ‘ = (a/2)®(1+5)?; 
16128 16128 


31Ze 37Ze | 
(x22!) y= (y*s")ay== ——(a/2)®(1+6)!; (x*y’2")v= (a/2)®(1+6)?. 
16128 48384 


Performing the derivatives indicated in Eq. (1a) leads to the expressions written below, through n=6. Some 
algebraic manipulation has been performed. 


ad, 15 3 s2 at 
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TABLE III. Contributions of various multipoles and 
shells to the field gradient. 


Neighbor 

shell n=2 n=4 
+0.0421 
—0.0218 
+-0.0091 


+0.0294 


n=6 Total 


+0.0862 
—0.0193 
+0.0076 
+0.0745 


+-0.0533 
+0.0029 
—0.0015 
+0.0547 


—0.0093 
—0.0003 


0.0096 


Numerical evaluation of these terms for the three 
nearest-neighbor shells gives the results of Table III. 
The -field gradient numbers are expressed in units of 
Ze(2/a)*. The calculation was done for c/a=1.078. 
Note the rapid convergence with increasing shell radius. 

The field gradient arising from the uniform conduc- 
tion electron distribution in the polyhedron centered 
at the origin involves the integral 


32?— R? 
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over this polyhedron. The integral can 
simplified by the following scheme: 


322— R? 
fo. —_—dR 
Rs 


slightly 


a ploy allt 322 — Re 
-f ay f ax f dz(16p ( ) 
0 u 1 R® 

ave jo-y (Sa—x)(1+6 
-f dy f 16 - 
0 0 [x -+- y+ (4a—x)?( 1+6) }3 


(4a—x) 
— tdx. (4a) 
[t+y?+ (Ja—x)*}!] 
The double integral is evaluated numerically; the 
result is —0.1144Ze(2/a)*. When added to the value 
+0.0745Ze(2/a)* from Table III, the 
—0.319Ze/a’*. 


result is 
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The magnetic susceptibilities of powdered Ni(C2H302)2: 


4H ), Co(C2H;O02)2:4H20, and Mn(C2H;302)- 


-4H.0 have been measured in the liquid hydrogen and helium ranges by an ac mutual inductance method. 
Measurements on the cobalt salt were extended to 0.4°K revealing a sharp maximum at 0.6°K. A similar, 
more pronounced susceptibility peak is observed in the manganous acetate at 3.2°K. Single crystal meas- 
urements have been made on the latter salt along the monoclinic 6 axis as well as in the ac plane. 
Mn(C:H;02).-4H.O appears to be a weak ferromagnet of the kind discussed recently by Dzyaloshinsky and 


Moriya. 


INTRODUCTION 


W* shall be concerned in this paper with the ex- 
perimental determination of the magnetic sus- 


ceptibilities of Ni(CsH;O2)2-4H2O, Co(C2H;02). 
4(H.O), and Mn(C.H;0-).-4H2O at liquid hydrogen 
and helium temperatures. In addition to measurements 
on powdered specimens of all three salts, a study of the 
single crystal behavior of manganous acetate has been 
made which reveals it to be a substance of unusual 
magnetic properties. 

Of the several common hydrated acetates of transi- 
tion metals, Cu(CsH;O02)2-H2O0 has aroused most 
interest because of its novel magnetic characteristics.” 
These, as shown by Bleaney and Bowers,’ are due to 
the fact that Cu** ions in this substance occur in rela- 
tively isolated pairs.‘ In an effort to detect similar 
clustering of magnetic ions in other acetates, van 
Niekerk and Schoening® several years ago determined 
by x ray methods the structures of Ni(C2H;02).-4H,O 
and Co(C2H;0:2).-4H2O. No evidence for cluster for- 
mation was found in these monoclinic isostructural 
salts. Thus their magnetic properties would hardly be 
expected to resemble those of the cupric acetate. Until 
recently the most extensive magnetic daia available on 
Ni(C2H3¢ )o)2°4H,O and Co(CeHsO2)2:-4H2O were the 
room temperature observations of Mookerji.6 These 
revealed very pronounced anisotropy of the magnetic 
moments of the Ni** and Cot ions but, at the same 
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time, gave no indication of the anomalously low 
moments which clustering might produce. 

Guha’ has recently pointed out that the unusually 
large magnetic anisotropy of the hydrated nickel and 
cobalt acetates may be attributable to a structural 
peculiarity evident from the x-ray studies. Each metal 
ion in these substances is situated within an octahedron 
composed of four water molecules and two oxygen ions. 
The latter are at opposite vertices of the octahedron 
and belong to different acetate groups. Guha notes that 
this arrangement could contribute to the crystalline 
electric field at each magnetic ion a sufficiently strong 
rhombic component to account for the room tempera- 
ture anisotropy. In addition, he presents new data on 
variation of the anisotropy of 
Co(CsH302)2-4H2O down to 80°K which are consistent 
with the suggested crystalline field distortion. 

Our interest in the low-temperature magnetic be- 
havior of Ni(CsH;Q2).-4H2O and Co(C2H;02)2-4H2O 
was stimulated by the knowledge that the local en- 
vironment of their magnetic ions is not homogeneous. 
The environment, in fact, resembles that found to exist 
in the salts NiCle-6H.O and CoCl.-6H.20.° Each metal- 
lic ion in these substances forms an octahedral complex 
with four water molecules and two chloride ions rather 
than with six water molecules as might be expected 
a priori. Exchange interaction among metallic ions is 
found to be comparatively strong, antiferromagnetism 
occurring below 2.3°K and 5.3°K for the cobalt® and 
nickel" chlorides, respectively. It appears quite 
possible that this coupling is indirect and is facilitated, 
if not largely effected, by the chloride ions. A likely 
path for indirect exchange coupling is apparently offered 
by the M*+—Cl-—Cl-—M?*> linkages which connect 
neighboring metal ions (M**). 


the temperature 
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We wished initially to explore the possibility that the 
moments of metallic ions in Ni(C2.H;02)2-4H2O and 
Co(C2H;02)2:4H2O might experience similar indirect 
exchange coupling via paths involving the specially 
situated O-~ ions. Low-temperature magnetic suscep- 
tibility measurements were carried out for this purpose 
on powdered specimens of both substances. As we shall 
describe in detail below, strong evidence for the exist- 
ence of cooperative interaction was found only in 
Co(C.H;02)2-4H2O and then only after the salt had 
been cooled to 0.6°K by adiabatic demagnetization. 
Thus, while spin coupling apparently occurs in the 
hydrated acetate of cobalt, and possibly that of nickel, 
it is much weaker and consequently more difficult to 
study by direct methods than that in the corresponding 
hydrated chlorides. 

As will be shown later, the evidence for cooperative 
interaction in Co(C.H ;O2)2-4H.O is atypical, making 
it all the more regrettable that single crystal studies 
below 1°K have not proved practical with the present 
experimental arrangement. We have felt it desirable, 
therefore, to examine the susceptibility of one of the 
few other tetrahydrated acetates of a transition metal, 
namely, Mn(C2H;02)2-4H2»O on the chance that 
analogous and possibly stronger cooperative interaction 
might be revealed. The magnetic properties of this salt 
at low temperatures, in fact, prove most unusual. Their 
description constitutes a major portion of this paper. 
We wish to emphasize, however, that there is as yet no 
reason to believe that any simple relation exists between 
the properties of the manganous acetate on the one 
hand and the nickel and cobalt acetates on the other. 
Manganous acetate, while monoclinic, is not isomor- 
phous with the other two and its structure is still 
unknown. 


EXPERIMENTAL 


The specimen materials used in this investigation 
were obtained from the Fisher Scientific Supply Com- 
pany in their “Certified Reagent” grade. The lot 
analyses of these salts show the impurity content of 
foreign magnetic ions to be less than 0.09% by weight. 
All samples were taken from recrystallized material to 
ensure the proper degree of hydration. Powder samples 
were prepared by pulverizing the recrystallized salt and 
tightly packing thin-walled spherical soft glass con- 
tainers 12 mm in diameter with the powder. Densities 
of samples thus prepared ranged from 0.65 to 0.85 of 
the corresponding crystal densities. The sample weights 
averaged about 1 g. 

Single crystals of Mn(C2:H;O02)2-4H,O were grown 
from aqueous solution at room temperature. These had 
the form of thin six-sided plates 10 to 20 mm on a side. 
Crystal orientations were determined from the cleavage 
plane and the angles between well-developed faces 
using the goniometric data of Groth.” Because of the 
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crystal morphology and easy cleavage it was necessary 
to prepare samples by stacking several crystals together 
to form short cylinders or rectangular rods. Detailed 
measurements were made with the measuring field in 
the crystallographic (a2) and (6) directions and in a 
third direction (c’) normal to these two. (c’) lies in the 
ac plane and deviates from the crystallographic (c) 
direction by about 5°. Supplementary data were also 
taken along other directions in the ac plane. The crystal 
specimens were aligned with the aid of a goniometer; 
the accuracy of alignment is estimated to be +2°. 

Susceptibilities were determined by an ac inductance 
technique. The method consists essentially of observing 
the change in the mutual inductance of a pair of co- 
axial coils produced by insertion of the sample. This 
change is proportional to the susceptibility of the sample 
and is measured by means of an ac electronic mutual 
inductance bridge similar to that described by Pillinger, 
Jastram, and Daunt." Details of the circuit are to be 
found in their report. It is possible with this bridge to 
measure both the real (x’) and the imaginary (,”) 
components of the ac susceptibility y= x’+ix”. Unless 
otherwise specified, x” is negligible in the work to be 
described, indicating that relaxation effects are un- 
important at the frequencies and applied fields em- 
ployed. The present bridge is calibrated during each 
run against a sample of manganous ammonium sulfate 
which may be substituted directly for the unknown. 
The susceptibility of this salt closely follows a well- 
established Curie-Weiss law’! between liquid nitrogen 
and liquid helium temperatures. Its comparative sta- 
bility makes manganous ammonium sulfate a con- 
venient reference material. 

The bridge has a frequency range of 100 cps to 5000 
cps with the parameters presently in use. Most meas- 
urements were made at a frequency of 500 cps. Only in 
the case of the manganous acetate was any frequency 
dependence of the susceptibility noted. The bridge 
sensitivity was 1X 10~® emu and the accuracy of meas- 
urement +6X10~* emu. 

Measurements were taken in the temperature inter- 
vals 1.3°K to 4.2°K and 14.1°K to 20.2°K achieved by 
reducing the pressure over baths of liquid helium and 
liquid hydrogen. The cryostat is so designed that 
magnetic cooling can be employed to extend certain 
measurements to the range below 1°K. For this purpose, 
the substance of interest in the form of a powder is 
compressed about one end of a bundle of fine copper 
wires, the other end of which is imbedded in a com- 
pressed pill of cerium magnesium nitrate.'®'® The 
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cerium salt and copper wires have very small heat 
capacity and are in good thermal contact with the 
unknown salt at least above ~0.2°K. Upon adiabatic 
demagnetization of this salt, the whole assembly quickly 
reaches a common lower temperature which may be 
determined by measuring the susceptibility of the 
cerium salt. This susceptibility has been shown!'® to 
follow a Curie law down to 0.01°K. The susceptibility 
of the unknown salt may thus be determined as a 
function of temperature by making alternate measure- 
ments on the unknown and on the cerium magnesium 
nitrate during the warmup period. 


DISCUSSION OF RESULTS 


A. Nickelous Acetate Tetrahydrate 
Ni (C.H;0, )o° 4H,.0 


A plot of 1/xpowder for nickelous acetate tetrahydrate 
as a function of temperature is shown in Fig. 1. The 
observed values of the powder susceptibility are given 
(in cgs units per mole) in the second column of Table I. 
It will be noted that to the lowest temperature reached 
in these measurements (1.3°K), there is no evidence of 
a cooperative transition. Xpowder in the range 14°K to 
20°K follows a Curie-Weiss law, X,=1.25/(T7+0.1) 
(emu/mole), as will be seen in Table I by comparing 
the computed values of the third column with the ob- 
served values of the second column. The Curie constant 
in this region, C= 1.25 per mole, yields a splitting factor 
g= 2.24, assuming an effective spin of one for the Ni** 
ion. This value of g is in the range commonly obtained 
for nickelous salts in paramagnetic resonance experi- 
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ments.'’ The principal susceptibilities of single crystal 
Ni(C2H;02)2-4H2O have been measured by Mookherji® 
at 303°K. These yield an average splitting factor, 
g=2.34, slightly higher than the low-temperature 
powder value reported here. 

In the helium temperature range the 1/Xpowder plot 
deviates from linearity. It is not obvious to what 
extent, if any, this deviation is associated with inter- 
action among Ni** ions. The ground state of the Ni** 
ion has an effect spin S=1. If the three components of 
this triplet state were separated by energies comparable 
with kT in this region, one would expect the suscepti- 


l'as_e I. The molar susceptibility of powdered 


Ni(C2H302)2-4H20. 
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® These values are obtained using Eq. (1) of the text with D= —5.6 cm™ 
and E = —0.83 cm™ 
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bility to tend toward a constant value at T— 0 in much 
the way seen here. Since the Ni** ion contains an even 
number (8) of d electrons, this could presumably be 
accomplished just by the action of a crystalline field of 
appropriate symmetry and strength. If we assume that 
this occurs, it is possible to obtain an expression for the 
powder susceptibility of the salt which contains parame- 
ters characterizing the crystalline field. It is instructive 
to see if such an expression can be fitted to the data and, 
if so, whether the required crystalline field parameters 
are of reasonable magnitude. 

In the presence of a crystalline field consisting of a 
cubic part and a noncubic part containing a contribu- 
tion of rhombic symmetry, as well as an applied mag- 
netic field, the lowest spin triplet of the Ni** ion is 
approximately described by the spin Hamiltonian'’:'* 


H=DS2+E(S2—S,7)+¢6H-S. 


Here D and £ are constants describing, respectively, 
axially symmetric and rhombic parts of the crystalline 
field, g is the spectroscopic splitting factor which is 
assumed isotropic, and 6 is the Bohr magneton. The 


2Ng°B? 


p- 


- 3(D!— EB) 


As T — 0, it will be seen that this formula approaches 
a constant value. It should be further noted that the V 
magnetic ions of the specimen need not all lie on equiva- 
lent lattice sites. It is assumed only that each sees the 
same crystalline field regardless of the orientation of the 
rhombic axis of that field. Thus, as Haseda and Date 
have shown, Eq. (1) describes quite accurately the low- 
temperature powder susceptibility of Ni(NH«4)(SOx,)2 
-6H,O which contains two inequivalent Ni** ions per 
unit cell. The appropriate D, E£, and g values in this 
case were just those obtained by magnetic resonance 
experiments at room temperature,” namely, D= — 2.24 
cm, E= —0.39 cm“, and g=2.25. 

We have attempted to fit the observed powder sus- 
ceptibility of Ni(C2H;02).-4H,O with Eq. (1). Values 
Of Xpowder Calculated assuming D=—5.6 cm and 
E=-—0.83 cm™ are shown in the fourth column of 
Table I. These values of D and E appear to give the 
best fit of the data in the helium range and correspond 
to splittings of adjacent levels in the lowest triplet of 
1.7 cm and 4.4 cm~. The agreement of the calculated 
and observed values of Xpowder is rather satisfactory 
although small systematic differences do persist. The 
crystalline field parameters deduced in this way are 
somewhat larger than those found in resonance experi- 
ments on other nickel salts, both concentrated and 
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inclusion of the rhombic term would appear to be con- 
sistent with the known structure of the octahedral 
complex in nickel acetate. The assumption that g is 
isotropic is supported only by observations on many 
other salts of Ni** and is of uncertain validity in this 
case. The eigenvalues W of this Hamiltonian are given 
by the equation'® 


—W*+2DW?+ W (2°— D?+ ¢°3°H") 
— ¢8°H°*[ D(P+m?)— E(P?—m?*) |=0, 


where /,m,n are the direction cosines of the angles 
between the magnetic field H and axes of the rhombic 
field (x,y,z). It will be noted that when H=0, this 
equation still has three distinct solutions, i.e., the 
triplet is fully split. Adjacent levels in the triplet are 
separated by |2E| and | D|—|£|. Haseda and Date” 
have solved the secular equation for the three energies 
as functions of an arbitrarily oriented weak field. They 
then form the partition function, calculate the sus- 
ceptibility, and average over-all directions to obtain 
the following expression for the susceptibility of a 
powdered specimen containing V magnetic ions, 


2D—{(3F?— D*)/ E sinhE/kT+2D coshE/kT} e~?'*? 


1+2 e-?!*? coshE/kT 


dilute,” an example of which was cited above. It is 
conceivable that interactions among Ni** ions, not 
accounted for in Eq. (1), might affect both the quality 
of the fit and the magnitudes of the chosen parameters. 
The D and E values given above, however, are not un- 
reasonably large nor is the fit of the data poor enough 
to suggest that interionic interaction is very important 
above 1°K. 

Attempts were made to cool Ni(C2H;O2)2-4H.O 
below 1°K by adiabatic demagnetization from a field 
of 5000 gauss. These proved unsuccessful as might be 
expected if the specific heat of the salt were rather large 
near 1°K. On the basis of the ground-state splitting 
mentioned above, this is not unreasonable. 


B. Cobaltous Acetate Tetrahydrate 
Co (C.H;0>)> . 4H.O 


A plot of 1/Xpowder versus T for cobaltous acetate 
tetrahydrate in the temperature range 1.3° to 20°K is 
shown in Fig. 1. These data are also summarized in the 
second column of Table II. In this interval, Xpowder 1S 
very well represented by a Curie-Weiss law, X= 1.86 
(T+0.08), which gives values shown in the third 
column of Table II. The Curie constant, C= 1.86 per 
mole, yields a splitting factor g=4.46 assuming an 
effective spin of 4 for the Co** ion. This high value is 
not unexpected on the basis of findings for other Co** 


*” T. Haseda and M. Date, J. Phys. Soc. Japan 13, 175 (1958). 





MAGNETIC SUSCEPTIBILIT 
TABLE II. The molar susceptibility of powdered 
Co(CsH302)2-4H20. 


Xm = 1.86/(T+0.08) 


Xm (observed) 


9.2210 
9.97 
10.5 
10.9 
11.6 
123.2 
12.9 
43.8 
49.7 
55.9 
61.0 
75.9 
84.2 
101.0 
137.0 


9.2110 
9.92 

10.4 

10.9 


salts.'’ It results from the close proximity of excited 
states to the ground-state doublet of the Co** 
crystalline fields of low symmetry. 

The single crystal susceptibilities of this salt were 
measured at 300°K by Mookherji,® who observed that 
the anisotropies were unusually large. In work referred 
to earlier, Guha’ has determined single crystal sus- 
ceptibilities of Co(C2H;O02).-4H2O between 80°K and 
300°K. He finds an interesting temperature variation 
of the effective moments parallel and perpendicular to 
the crystalline field axis, the parallel moment falling 
and the perpendicular moment rising with decreasing 
temperature in this region. The average moment de- 
creases with temperature, giving a value of g=4.6 at 
80°, consistent with that obtained in the present powder 
measurements at 20°K, g=4.5. 

It was found possible to cool Co(C2H;O02)2:4H2O by 
adiabatic demagnetization, a temperature of 0.4°K 
being reached with an initial field of 5000 gauss from a 
starting temperature of 1.3°K. Xpowder versus T between 
0.4°K and 1.0°K for this salt is shown in Fig. 2. The 
striking susceptibility ‘‘spike” near 0.6°K was studied 
by repeated demagnetizations. This spike and the rise 
of Xpowder near 0.4°K hardly represent the susceptibility 
behavior expected of a simple antiferromagnet although 
the occurrence of a cooperative transition is strongly 
indicated. Single crystal measurements would obviously 
be very helpful in any attempt to explain this effect. 
The technique employed below 1°K, however, does not 
lend itself readily to single crystal observations so that 
such measurements have not been undertaken. 

One conclusion, possibly significant, can be drawn 
from the powder susceptibility data on Co(C2H;O2)s 
-4H,O. If an estimate is made of the strength of mag- 
netic dipole-dipole coupling between neighboring Co** 
ions in this salt, it is found that the interaction energy 
u’/r’~0.016 &. Equating this energy to kT, one con- 
cludes that the dipolar interaction is roughly an order 
of magnitude too small to account for a cooperative 
transition at 0.6°K. Thus it appears likely that exchange 
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Fic. 2. Xm versus T for powdered Co(C2H;O2)2-4H20 below 1°K. 
coupling of some kind occurs between Cot** ions in 


Co(CsH;O.).:4H.0. 


C. Manganous Acetate Tetrahydrate— 
Mn(C.H;0,),.-4H.O 


A plot of 1/Xpowader Versus T for the manganous acetate 
tetrahydrate powder susceptibility data is shown in the 
lower part of Fig. 1. The hydrogen temperature powder 
values are summarized in the second column of 
Table III while those for the helium range are included 
on an expanded scale in Fig. 3. A very large, rather 
sharp susceptibility maximum is found to occur at 
~3.2°K. This peak resembles the one observed at a 
temperature in Co(C2H;O02).-4H,O (see pre- 
ceding section) and is strongly suggestive of the occur- 
rence here of a magnetic ordering transition. This sup- 
position is supported by the single crystal measure- 
ments described below as well as by preliminary specific 
heat determinations performed in this laboratory by 
Schelleng which reveal a iambda-type anomaly at the 
same temperature. 

The single crystal susceptibilities of Mn(CsH;0>). 
-4H.O in the helium temperature range are shown in 
Fig. 3. It is seen that quite distinct behavior takes place 
in each of the three directions (a), (6), and (c’). Xq 
passes through a very sharp, possibly singular, peak at 
3.18°K. X, shows a less pronounced maximum at the 
same temperature and decreases to about half of the 
peak value at 1.3°K. The results of two separate runs 
are shown for X,’. These coincide except in the vicinity 
of the transition point where slightly different weak 
peaks are seen. It seems likely that these peaks could 
result from slight misorientation of the specimens 
toward either the (a) or the (0) direction and that X,’ 
remains nearly temperature-independent throughout 
this region. The behavior of X, alone indicates that the 
transition taking place at 3.18°K is not of the usual 
paramagnetic-antiferromagnetic type encountered in 
other hydrated salts at low temperatures, including 
those of manganese. 
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The largest measured value of X,, ~40 cgs units per 
mole, is very large compared with the susceptibilities 
of even the strongest normal paramagnets in this tem- 
perature region. Manganous ammonium sulfate, for 
example, has a powder susceptibility of 1.46 cgs units/ 
mole at 3°K. Thus even in the small magnetic field of 
the measuring coils, the demagnetizing field of the 
specimen may become significant. In the case of 
Mn(C,H;02)2-4H,O, a correction of the susceptibility 
data for the effects of demagnetization is negligible 
except for those values of X, near the peak. While the 
rather irregular shape of the specimens precludes the 
accurate calculation of this correction, a reasonable 
estimate suggests that it would increase the indicated 


susceptibilities by no more than 10%. Thus, no attempt 
has been made to correct the X, 
for demagnetization. 

Two other effects were noted near the peak. First of 
all, X, showed a small but detectable frequency de- 
pendence in this region. Secondly, the imaginary com- 
ponent X,” differed slightly from zero and was seen to 
pass through a maximum value as the temperature was 
lowered through the transition point. Both effects were 
barely detectable and so were not studied in detail. 
They were not seen during the measurement of either 
X, or X,’. 

In the paramagnetic region, the magnetic suscepti- 
bility is expected to be a symmetric second rank tensor. 


values given in Fig. 3 





MAGNETIC 
TABLE III. The molar susceptibility of powdered 


Mn 


Xm (observer) 


~~ 12.5107 


2sx10? 
13.0 


13.2 
13,7 
14:3 
14.7 
15.3 
16.2 
16.5 


It should, therefore, be possible to determine the three 
principal susceptibilities as well as the directions of the 
three orthogonal principal susceptibility axes of the 
crystal by a suitable combination of measurements. 
Mn(C2H;0-2)2-4H2O is monoclinic so that one of its 
principal axes necessarily coincides with the crystallo- 
graphic (6) diad axis.'’? The other two principal axes 
must lie in the ac plane and be orthogonal to one 
another. These may be located by determining the sus- 
ceptibility with the measuring field along three arbi- 
trary directions in the ac plane. Supplementary data 
for this purpose have been obtained and the diagonali- 
zation of the susceptibility tensor carried through. In 
this way the principal axes of Mn(C2H;02).-4H,O are 
found to be very close to, if not coincident with, the 
(a) and (c’) directions in addition to the (6) direction. 
Thus, above about 3.18°K, X,, X,, and X,’ may be re- 
garded as the principal paramagnetic susceptibilities of 
manganous acetate. Below 3.18°K, i.e., in the ordered 
condition, it is not obvious that the (a), (6), and (c’) 
directions need be particularly significant. 

The character of the peak found in X, is very sug- 
gestive of the occurrence of ferromagnetism. We have, 
therefore, examined the dependence of the suscepti- 
bilities of Mn(C2oH;02)2-4H»O on external magnetic 
fields. Fields ranging up to 1000 gauss were applied to 
the specimen parallel to the small measuring field by 
means of an iron-free solenoid cooled with liquid nitro- 
gen. Such fields produced little effect on X,’ but even 
very weak fields dramatically changed both X, and X,. 
The peak values in the (a) and (bd) directions were 
reduced in magnitude and shifted to lower tempera- 
tures. A field of 1000 gauss completely removed the 
peak in X,. At the lowest temperatures it was evident 
that even the weak field of the measuring coils (<2 
gauss) was capable of influencing X,. Thus the low- 
temperature values of X, shown in Fig. 3 are probably 
significantly different from zero field values. In the 
presence of the external field, the imaginary components 
of the susceptibilities in the (a) and (6) directions, X, 
and x», were different from zero. Upon cyclic reversal 
of the large static field parallel to the (@) direction, 
hysteresis is observed below 3.18°K. No hysteresis was 
found with the external fields in either the (c) or (0) 
directions. 

The extremely large values of X,, its particular sensi- 
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tivity to applied fields, and the occurrence of hysteresis 
strongly suggest that a ferromagnetic moment appears 
along or near the (a) direction when manganous acetate 
is cooled through 3.18°K. The behavior of X, and X,- is, 
in addition, consistent with this moment being re- 
stricted to the ab plane, X., behaving essentially as an 
antiferromagnetic susceptibility. The unusual charac- 
ter of this transformation is evident when one looks at 
the graph of 1/Xpowder VS T shown in Fig. 1. In the 
hydrogen region this plot is very nearly linear, i.e., X, 
obeys a Curie-Weiss law, the Weiss constant being 
negative as expected of an antiferromagnet. Between 
4.2° and 3.18°K, however, X, rises to values much 
higher than extrapolation of the Curie-Weiss law would 
predict. This is not the behavior of a typical antiferro- 
magnet above its Néel point. It should be noted that 
the Curie constant calculated from the hydrogen tem- 
perature data C=3.19 is significantly smaller than the 
value C=4.37 expected for Mn** ions with spin 3 and 
g~2. This may mean that 1/Xpowder v8 T actually ex- 
hibits some curvature in the hydrogen region and that 
true Curie-Weiss behavior would only be realized at 
higher temperatures while the antiferromagnetic Weiss 
constant 6=5.2°K might become even larger. Whatever 
its origin, this fact serves to accentuate the difference 
between the observed behavior and that of a simple 
antiferromagnet. 

Several possible explanations of the magnetic proper- 
ties of Mn(CsH;02)2-4H».O suggest themselves. In the 
absence of detailed structural information about this 
substance, it is not possible to exclude some of these 
possibilities ab initio. It is conceivable, for example, 
that the manganese ions might occupy two kinds of 
lattice sites on which they would have different 
moments. The crystal could then be treated as a con- 
ventional Née] ferrimagnet. By introduction of iso- 
tropic exchange interactions of the appropriate sign 
and magnitude such a model might well account for the 
observed temperature variation of 1/Xpowder above Ty. 
This scheme looks less attractive, however, when one 
attempts to find a mechanism for the postulated dif- 
ference in the moments of Mn** ions on the two types 
of lattice site since the ground state of the free ion is °S. 

Another model of the ferrimagnetic variety is one in 
which some manganese ions on one kind of lattice site 
are in a higher oxidation state, e.g., Mn***, than the 
rest. While it is not necessary in this case to endow dif- 
ferent lattice sites with different properties, the ferro- 
magnetic moment becomes an impurity effect and the 
characteristics of variously prepared specimens should 
not be the same. In fact, the properties of several dif- 
ferent specimens of Mn(C.H;O.).°4H,O have been 
found to be quite reproducible, leading us to discount 
this possibility. It should also be noted that the highly 
anisotropic behavior of this substance evident in Fig. 3 
would be very difficult to describe with any conven- 
tional ferrimagnetic model. 

A third and rather different kind of explanation 
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appears to be more acceptable. Dzyaloshinsky” has 
recently discussed the origin of the weak ferromagnetism 
observed in such substances as a-Fe,O; and MnCOs. 
He shows by group theoretical arguments that in 
crystals of appropriate, usually low, symmetry it is 
possible for the sublattice magnetization vectors of an 
essentially antiferromagnetic system to deviate slightly 
from antiparallelism producing a weak ferromagnetic 
moment in a particular crystalline direction. Moriya” 
has placed the theory on a microscopic basis by showing 
that two distinct mechanisms can lead to such tipping 
or canting of sublattice magnetizations. The first 
involves just the effect of the crystalline field on indi- 
vidual ions situated at nonequivalent lattice sites and 
antiferromagnetically coupled by exchange interaction 
of the usual form, /S;-S,;. He has successfully explained 
the properties of NiF2 on the basis of this so-called 
singie-spin anisotropy. The second mechanism, however, 
involves a new interaction between magnetic ions of 
the form suggested by Dzyaloshinsky on symmetry 
grounds, namely D-S;XS,. Moriya calls this the aniso- 
tropic superexchange interaction and shows that the 
constant vector D is of magnitude D~ (Ag/g)J where 
Ag is the difference between the actual splitting factor 
and the free spin value and J is the ordinary or iso- 
tropic superexchange integral between ions i and j. 
Whether D is different from zero as well as the direction 
in which it points depend on the symmetry of the 
crystal, the new interaction occurring only when this 
symmetry is low. Moriya has shown that, qualitatively 
at least, anisotropic superexchange accounts for weak 
ferromagnetism in a-Fe2O;, MnCOs, and CrF3. 

Moriya points out that one of the distinctive features 
of a weak ferromagnet of either type is the temperature 
variation of its paramagnetic susceptibility. He shows 
that, in the molecular field approximation at least, the 
susceptibility measured perpendicular to both the pre- 
ferred direction of antiferromagnetic spin orientation 
and the direction of the ferromagnetic moment, referred 
to as X,, should obey a Curie-Weiss law above the 
transition temperature Jy, i.e., X.=C/(T+6) for 
T>Ty. On the other hand, the susceptibility measured 
along the direction in which the ferromagnetic moment 
will appear X, is found to rise rapidly above the Curie- 
Weiss value as T approaches 7 y from above according 


to the relation X,=[C/(T+86) ][(T—T»)/(T—Tw)], 


21 1. Dzyaloshinsky, Phys. Chem. Solids 6, 241 (1958). 


2 'T. Moriya, Phys. Rev. 117, 635 (1960); Phys. Rev. Letters, 
, 228 (1960); Phys. Rev. 120, 91 (1960). 


AND 
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where 7» is a constant and Ty—7)>0. The powder 
susceptibility will, of course, reflect the rapid increase 
in X, near Ty. 

The temperature variation of the powder and single 
crystal susceptibilities of Mn(C.H,02).-4H,O above 
3.18°K strongly suggests that it is a weak ferromagnet 
of the kind described by Dzyaloshinsky and Moriya. 
Xq behaves essentially as expected of X, although the 
data are too meager to permit evaluation of the con- 
stants appearing in the expression given above for this 
quantity. Lacking knowledge of the structure of this 
salt, it is not possible at present to decide whether the 
dominant mechanism might be one of anisotropic super- 
exchange or single spin anisotropy. Moriya has noted 
that the latter mechanism is likely to be important in 
those substances with low Néel temperatures since it is 
independent of the exchange interaction. He also points 
out that the single spin anisotropy energy and the 
exchange energy may be comparable if the Néel tem- 
perature is low and as a result the weak ferromagnetic 
moment can be comparatively large. This may well be 
the case in manganous acetate. 

An x-ray investigation of the crystal structure of 
Mn(C2H;O02)2-4H2O has been begun by Dr. W. H. 
Robinson of this Institute as a necessary preliminary 
to an attempt to interpret the magnetic properties of 
this salt on a microscopic basis. 

It is perhaps appropriate to conclude this discussion 
by pointing out that weak ferromagnetic behavior may 
also occur in at least one of the other acetates dealt 
with earlier in this report. The powder susceptibility of 
Co(C2H302)2-4H2O0 (see Fig. 2) rapidly as 
T — 0.6°K. Assuming that temperatures in this region 
have been determined to within about 0.05°K, Xpowdcr 
reaches values well above those expected from the 
Curie-Weiss law valid above 1.3°K. It was this fact 
that originally led us to regard the susceptibility maxi- 
mum near 0.6°K as unusual. In the light of Moriya’s 
conclusions outlined above, it may also suggest the 
onset of weak ferromagnetism. Clearly, single crystal 
observations on this salt below 1°K would be of interest. 
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Order-Disorder Model Theory for the Ferroelectric Effect in 
the Dihydrogen Phosphates 


MICHAEL E, SENKO 
International Business Machines Research Center, Yorktown Heights, New York 
(Received November 7, 1960) 


A term in polarization energy is added to the Slater-Takagi model of ferroelectricity in KH2PO,(KDPy) 
This free-energy function relates the shift in Curie point temperature due to deuteration of the compound 
with the measured change in saturation spontaneous polarization. The dielectric constant ¢, obtained by 
numerical differentiation of the free-energy function has sharp maximum at the Curie temperature. With a 


change of parameters, the model also reproduces some of the details of antiferroelectric behavior. 


INTRODUCTION 


HE ferroelectric effect in potassium dihydrogen 

phosphate (hereafter KDPy) and its isomorphic 
compounds has been the subject of extensive .experi- 
mental and theoretical investigation. For the com- 
pounds which are ferroelectric, it has been determined 
that there is a second order transition at the Curie 
temperature,’ and that the substitution of deuterium 
for hydrogen in compounds results in significant changes 
in both Curie temperature and saturation spontaneous 
polarization.2* The temperature dependence of di- 
electric constant in the polarization direction is similar 
to other ferroelectrics in that a sharp maximum occurs 
at the Curie temperature.‘ Neutron diffraction has 
shown that below the Curie temperature there is an 
ordering of protons on the hydrogen bonds of the 
crystal; above the transition these protons go into a 
disordered state.> On the other hand, ammonium di- 
hydrogen phosphate (ADP) which has a similar struc- 
ture shows antiferroelectric properties.*’ That is, the 
dielectric constant has a Curie law temperature de- 
pendence, but the material exhibits no spontaneous 
polarization. 

Proposals of model theories for the ferroelectric effect 
may be generally divided into two categories. The 
models of Mason’ and Pirenne®:” neglect near-neighbor 
interactions and consider that the phenomenon is 
essentially the result of Boltzmann distribution of the 
protons between two energy levels. The separation of 
these levels is determined primarily by the field due to 
the polarization of the crystal and, therefore, indirectly 
by the distribution of protons in the two levels. In 
general, it may be said that with the framework of their 


'C. C. Stephenson and J. G. Hooley, J. Am. Chem. Soc. 66, 
1397 (1944). 

2C. C. Stephenson, S. M. Corbella, and L. A. Russell, J. Chem. 
Phys. 21, 1110 (1953). 

’B. Zwicker and P. Scherrer, Helv. Phys. Acta. 17, 346 (1944) 

‘H. M. Barkla and D. M. Finlayson, Phil. Mag. 44, 109 (1953). 

5G. E. Bacon and R. S. Pease, Proc. Roy. Soc. (London) A230, 
359 (1955). 

®R. Ueda, J. Phys. Soc. Japan 3, 328 (1948). 

7T. Nagamiya, Progr. Theoret. Phys. (Kyoto) 7, 275 (1952). 

®W. P. Mason, Piezoelectric Crystals (D. Van Nostrand Com 
pany, Inc., New York, 1950), Chap. XI. 

9 J. Pirenne, Physica 15, 1019 (1949). 

0 J. Pirenne, Physica 21, 219 (1955). 


assumptions as to the microscopic details of the mecha- 
nism, these theories are able to explain a large number of 
the ferroelectric phenomena. However, there are two 
notable exceptions: (1) The break in the curve of 
spontaneous polarization vs temperature’ is significantly 
sharper than the theories predict; and (2) These 
theories would seem to predict that ammonium di- 
hydrogen phosphate would also be ferroelectric, since 
it has the same crystal structure. There appears to be no 
simple way of modifying these theories to explain anti- 
ferroelectric behavior. 

On the other hand, the order-disorder model first pre- 
sented by Slater" and modified by others”: neglects 
long-range dipole-dipole forces and concentrates its 
attention on near-neighbor interactions. This type of 
model presents no basis for the explanation of the Curie 
temperature shift due to deuteration of the crystal and, 
secondly, up to the present time, has not provided a 
description of the dielectric properties in the ferro- 
electric region. 

The model described in this paper considers both 
types of interactions and shows that the two previous 
classes of models are essentially complementary. 


Fic. 1, The crystal structure of KDP [after J. West, 
Z. Krist. 74, 306 (1930) ]. 


J. C. Slater, J. Chem. Phys. 9, 16 (1941). 

2 Y. Takagi, J. Phys. Soc. Japan 3, 271 (1948). 

‘8 J. Grindlay and D. ter Haar, Proc. Roy. Soc. (London) A250, 
266 (1959). 
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LONG-RANGE, SHORT-RANGE FORCE MODEL 


The crystal structure of KDPy is shown in Fig. 1. 
This paper will be primarily concerned with the be- 
havior of the sytem of phosphate radicals and the 
hydrogen bonds which connect them to form a three- 
dimensional network. There are a number of possible 
hydrogen-phosphate radical configurations. With the 
exception of those with four or no hydrogens near a 
particular PO,~* radical, these are presented in Fig. 2. 
Slater" based his order-disorder model on a free-energy 
function which considered only the configurations D,, 
D_, and Dy. He was able to describe the number of 
possible arrangements of the crystal (and therefore the 
entropy) as a function of the number of radicals in each 
of these configurations. He completed his free-energy 
function by assigning a higher energy ¢» to the configura- 
tion Do. A major defect of this theory was its prediction 
of a first-order transition at the Curie point. Takagi" 
removed this objection when he considered all the 
configurations shown in Fig. 2, and a a higher 
energy e, to the configurations M,, M_, S,, and S_. The 
inclusion of these configurations with other than two 
protons allows for the possibility of proton transfer from 
one radical to the next and the violation of local 
neutrality. It appears that this mechanism can be 
represented to a good approximation without consider- 
ing the higher energy configurations with four and no 
protons. However, neither of these theories contained 
the basis for the explanation of the effect of deuterium 
substitution on the Curie temperature. They also 
contained Slater’s assumption that the self-polarization 
energy of the crystal is not altered by the transition to 
the paraglectric phase. The present model removes this 
assumption by considering the self-polarization energy 
in its free-energy function. We shall assume that the 
energy of polarization A , is represented by 


A, oD =i tO, 
x (D,—D_+4M,— 


sM_+4S, 
3M_+3S,— 


—15_) 
1S +E), (1) 


where 47 and S dipoles are assigned one-half the mag- 
nitude of the D, and D_ dipoles. E is an applied external 
field expressed in terms of a number of D, dipoles. €. is 
essentially an energy per (molecule)*. A, may be 
interpreted in the following fashion. The last term 
represents contributions to the field at a particular 
dipole from other dipoles in the crystal and from the 
external applied field. The interaction energy is then 
obtained by multiplying this term by the first term in 


Fic. 2. Phosphate radical 
configurations 


parentheses which is a summation over all dipoles in 
the crystal. 


FREE-ENERGY FUNCTION 
Our free-energy function may be written as 
A=A,+Doeeot+ (M4+M_4+S,+S_)e,—kT InW, (2 
where, following Takagi, we write 


4Do}(M++M-+S++S-) V! 


; & 
IM_'S,,!S_! 


D, 'D !Do!M, 


“3 +b_ ) Coit 


b, is the number of bonds/mole which have their hydro- 
gens placed so as to contribute to a plus polarization; 
b_ corresponds to bonds contributing a minus polariza- 
tion. These may be expressed as simple functions of the 
phosphate configurations. 


,=(2D,+35,+3M.4+Do+3 
b_=(2D_+3S_+3M_+Do+35,+3M,). 


To reduce the number of variables, we substitute 
2K,=S,+M, and 2K_=S_+M_. This substitution 
fails to simplify the factorials of the denominator. How- 
ever, we may note that the denominator (and therefore 
A) is at a minimum when K,=M,=S, and K_=M 
=S_. At this point, we apply Stirlings approximation 
for the factorials, transform to molar units and cancel 
all quantities in W of order 1/'. Our function after 
substitution of the constraint 


dy= (1—d, —d_—2k,—2 
becomes . 


A= (P)(P+ E)éatdotot2(ki+h_)é, 
— RT(1+P) In(i+ P)+ (1—P) In(i— P)—d, Ind, 
—d_ \|nd_— (1—d, —d_— 2k, —2k_) 
XIn(1—d,—d_— 2k, —2k_)— 2k, Ink, 


—2k_ Ink_— (d,+d_+k,+k_) In4;~ (6) 


where 
P=(d,—d +ki—k ). (7) 
At this point, we obtain the partial derivatives of A 
with respect to d,, d_, k,, and k_ and set them equal to 
zero. Manipulation of these equations leads to the 
results: 
ky =2(d,5d 


k_=2(d,d3 


)t expl—é,/RT ], (8) 
)t exp[—é,/RT ]}. (9) 





ORDER-DISORDE 


Substitution of these into Eq. (6) reduces the problem 
to two variables. 

Two computer programs were written to study the 
behavior of this function. The first program plots a grid 
of the function vs d, and d_. From this grid it is possible 
to select approximate values of d, and d_ for which the 
minimum occurs. The second program uses the method 
of steepest descents to locate the minimum exactly. It 
is also capable of modifying the temperature slightly 
and relocating the minimum. It is thus possible to easily 
study the temperature dependence of the function. 


ENERGY PARAMETERS 


The three energy parameters of the model are con- 
strained to some extent by the experimental data which 
they are required to fit, but within these limits a small 
variation in one parameter may be compensated by 
changes in the other two. The behavior of the model has 
been investigated on the basis of the following set of 
parameters which provide a relatively satisfactory fit. 

KH.P¢ )4(KDPy) : 
é= 75 cal/mole, 
KD.PO.(KDP»p): 


é= 75 cal/mole, 


é.= —75 cal/mole?, 
é,= 500 cal/mole, 
é,= — 225 cal/mole’, 


é,= 500 cal/mole. 
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Fic. 3. Spontaneous polarization curves for KDPx. The experi- 
mental data are those of A. von Arx and W. Bantle, Helv. Phys. 
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Fic. 4. Spontaneous polarization curves for KDPp. The experi- 
mental data are those of Zwicker and Scherrer (see footnote 3). 


The only difference in energy parameters between 
KDPy and KDPp is the change in é,. This is based on 
the observed change in maximum spontaneous polariza- 
tion.’ The other energy parameters may be expected 
to vary to some extent, but they were held constant in 
the present calculations. 


RESULTS OF CALCULATIONS 


The calculated and experimental spontaneous polari- 
zation curves are presented in Figs. 3 and 4. On the basis 
of the arbitrary constraint imposed on é and é, one, but 
not both, of the curves can be made to agree very closely 
with the experimental data. There is, however, some 
basis for assuming that é, is larger in KDPp. The addi- 
tion of a deuterium to the positive end of the larger 
dipole should be more energetically unfavorable. This 
correction would sharpen the spontaneous polarization 
curve for KDPp. 

The calculated dielectric constant e. for KDPy is 
shown in Fig. 5. This was obtained from the numerical 
relation 

e-= 49 AP/AE. 


The calculated dielectric constant has a number of 
interesting features. First of all, it reproduces the 
sharp maximum found experimentally. The low-field 
dielectric constant obeys the Curie law with a Curie 
constant of about 850°K; this is about one-fourth the 
experimental value for the free crystal. It is possible to 
calculate the field dependence, and above the Curie 
point it is, at least qualitatively, reproduced. Baum- 
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E=1.8 v/em 
E=18 OOO v/cm 
—-—E=-!8 000 v/cm 
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Fic. 5. Calculated dielectric constant of KDPx 
for various values of applied field. 


gartner’s data’ implies a crossing of the dielectric 
constants measured with different fields. This crossing 
in his data occurs about four degrees above the transi- 
tion; in our plot it occurs about two degrees above the 
transition. Figure 6 gives a comparison with experi- 
mental data; e, drops off rapidly below the Curie point ; 
this is in much better agreement with the data of 
Barkla and Finlayson‘ than the e. which they derived 
from Mason’s theory. Finally, the peak height is indeed 
lowered by an increase in measuring field. The transition 
heat for KDPx from 110°K to 125°K is 132 cal/mole. 
The model above the transition point has a constant 
heat capacity of about 1 cal/mole-degree which cannot 
be separated from the normal heat capacity. With this 
correction our entropy of transition is approximately 
1 cal/mole-degree. This is still significantly larger than 
the 0.72 cal/mole-degree measured by Stevenson and 
Hooley.' 


ANTIFERROELECTRIC BEHAVIOR 


Since ammonium dihydrogen phosphate has essen- 
tially the same crystal structure, we would expect the 
model to also reproduce some of the characteristics of 
antiferroelectric behavior. Figure 7 shows the behavior 
of a dielectric constant calculated with the following 
parameters : 

é,= —75 cal/mole?, gé=—220 cal/mole, 


é,= 500 cal/mole. 


4H. Baumgartner, Helv. Phys. Acta. 23, 651 (1950). 
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If & is more negative than é,, the model exhibits no 
spontaneous polarization. In addition, the dielectric 
constant shows a Curie law dependence with a negative 
Curie temperature as has been found by Nagamiya.’ In 
this instance, it appears that our microscopic model 
parallels the model of Nagamiya which uses a combina- 
tion of macroscopic and microscopic quantities. Both 
models require a negative é; this implies that the 
ammonium ion acts to stabilize the Dy configurations. 
The model does not, at present, explain the first-order 
transition found in ADP. Mason has suggested that this 
transition may be due to disordering of the ammonium 
ions and, therefore, not be directly connected with the 
ferroelectric properties.'® 


DISCUSSION 


The ferroelectric effect in the dihydrogen phosphates 
can be characterized by the measurement of a number 
of properties, for example, spontaneous polarization, 
dielectric constant, electric field dependent behavior, 
infrared absorption, transition heat, switching time, 
coercive force, etc. It may also be characterized by the 
effect of chemical substitution, primarily that of 
deuterium for hydrogen, on the above properties. The 
construction of a model theory is primarily a search for 
the important energies of interaction and an adequate 
description of the mechanism of interactions. An ideal 
theory should, within the framework of its assumptions, 
then provide results which are in agreement or, at least, 
not inconsistent with all the experimental facts. 

At the present time, no one model can describe all the 
experimental facts in an adequate fashion; but perhaps 
consideration of both long- and short-range forces is a 





Fic. 6. Comparison of calculated dielectric constant (solid line) 
with previous work. (See footnote 4.) Mason’s theory @; Mueller’s 
theory X; Barkla and Finlayson’s experimental data 0 


18 W. P. Mason, Phys. Rev. 69, 173 (1946) 
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closer approach to an ideal theory in that it presents a 
more complete discussion of the effect than previous 
theories, This point may be made more clear by 
considering the various properties. 


Spontaneous Polarization 


Previously, Takagi'® had given the most satisfactory 
description of the temperature dependence of this 
property with its rather sharp knee at the transition 
point. Pirenne” has suggested that his spontaneous 
polarization curves may be brought into agreement by 
consideration of a P* term which arises from elastic 
deformation of the hydrogen bond. However, it appears 
from diffraction measurements that there is not a 
direct relation between these quantities. The bond 
length first increases then decreases with increasing 
polarization.®'® Since the macroscopic elastic energies 
seem to be too small to explain the observed effect,'® the 
most satisfactory explanation appears to lie in the 
consideration of near-neighbor interactions as presented 
by Takagi and the present model. 

Pirenne® has advanced the only quantitative explana- 
tion of the increase in saturation polarization due to 
deuteration of the compound. This explanation is, 
however, based on the presence of new low-lying levels 
in the hydrogen bond. Further investigation is desirable 
for understanding these levels and the motions which are 
related to them. An alternative qualitative explanation 
might be sought in the increased covalency of the 
shorter proton bond. In this bond-length range, it 
appears that covalent contributions to the bond be- 
come increasingly important and a small change in bond 
length may result in a quite different ionic character for 
the bond and therefore a much different dipole moment 
in the phosphate tetrahedron. Deuterium substitution 
also results in a relatively sharper knee in the = ontane- 
ous polarization curve. This may be obtainea in our 
model by the discussed increase in é,. A further investi- 
gation is necessary to determine whether this change can 
be justified. 

The only other complete discussion of the tempera- 
ture dependence of the dielectric constant is that of 
Mason.* Our model appears to provide a more satis- 
factory qualitative description of the low-temperature 
dependence found by Barkla and Finlayson‘ although 
Mason’s theory provides a more quantitative descrip- 
tion of the high-temperature behavior. Neither theory 
agrees with the low-temperature ¢, behavior found by 
Busch!’; this may be due to domain wall motion in his 
measurements. 

The field dependence of the dielectric constant 
appears to have been previously discussed only by 
Baumgartner“ using empirical functions. The field de- 


16 B. C. Frazer and R. Pepinsky, Acta. Cryst. 6, 273 (1953). 
17 G. Busch, Helv. Phys. Acta. 11, 269 (1938). 
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Fic. 7. Calculated dielectric constant of ADP. 


pendence in our model arises in a simple fashion from 
the preliminary assumptions about the free-energy 
function and again appears to have the correct qualita- 
tive behavior. 
Infrared results seem to indicate that the KDP 
hydrogen bond in most respects is similar to hydrogen 
bonds in nonferroelectric materials and does not change 
drastically during the ferroelectric transition. Both 
stretching and in-plane bending motions have been 
assigned to bands lying above 1000 cm~.'® It would 
appear that neither of these motions is available for 
use in the Pirenne model. At the transition our model 
would predict no great change in the infrared spectra. 
We might expect hydrogen attached to M and S 
configurations to display slightly different behavior, but 
the total concentration of these species does not exceed 
15%, and this absorption could be easily lost under the 
extremely broad bands of the D,, D_, and Do configura- 
tions. At the present time, any further knowledge of the 
behavior of the hydrogen bonds in this material would 
be extremely useful, since their properties determine a 
number of the fundamental energies of interaction. 


Heat of Transition 


The most satisfactory value for this quantity has been 
given by Takagi although the values of Slater, Pirenne, 
and the present theory are in fair agreement considering 
the necessary model assumptions. 

In the realm of other properties, it appears that only 
Mason has given an explanation of the low coercive field. 


CONCLUSIONS 


Since our model appears to provide an adequate 
representation of a large number of the ferroelectric 
properties of the dihydrogen phosphates, it may perhaps 
be useful to note some conclusions which can be based 
upon it. First, one may conclude from antiferroelectric 
behavior of ADP and the shift in Curie temperature due 
to deuteration. that both near-neighbor and long-range 
forces play significant parts on the ferroelectric effect. 
Second, again from the behavior of ADP, one can sug- 
gest that in some instances it is necessary to consider the 
interactions between energy levels which arise from 
what are normally termed ferroelectric and antiferro- 


18 R. Blinc and D. Hadzi, Mol. Phys. 1, 391 (1958). 
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electric arrangements of the crystal, since entropy may 
be gained from populating both types of levels. Although 
these suggestions are based on a model for the dihydro- 
gen phosphates, it appears that they may also be im- 
portant in the construction of model theories for other 
ferroelectric materials. 
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The acoustic shear wave velocities v,, and vz, have been measured in ADP by the direct method of piezo 
electric resonances, and by the direct pulse-echo method. These velocities are found with each method to be 
equal within the experimental uncertainty. The resonance results have a probable error of 0.1% for the 
difference between the corresponding Laval elastic constants ca; and cz. This experimental result disagrees 
with those previously obtained with ADP by indirect methods. 


INTRODUCTION 


N the established theory of crystal elasticity, the 

state of strain in a volume element is described by 

a symmetrical tensor. In terms of an orthogonal coor- 

dinate system there are three shear strain components!’ : 
Ss=0u,/02+0u./0y; Ss=0u,/d0x+0u,/ 02; 

Se=0uz/dy+0u,/dx. (1) 


These strain components measure the change in angle 
between the vectors in the strained crystal medium 
which are parallel to the coordinate axes in the un- 
strained condition. The strain components are un- 
affected by a rotation of the volume element. 

About ten years ago, J. Laval proposed a modified 
theory of crystal elasticity in which the strain and stress 
tensors may be unsymmetrical. This theory has been 
expounded in detail by LeCorre.?* As a consequence, 
the number of independent elastic constants would be 
increased. For instance, LeCorre replaces the elastic 
shear constant c44 by two different constants cy, and cy 
whenever the Y and Z directions in a crystal are not 


*The work done at the Case Institute of Technology was 
supported by the U. S. Atomic Energy Commission. 

1 For the nomenclature here used, see Institute of Radio Engi- 
neers, New York: Standards on Piezoelectric Crystals, 1949. 

2 Y. LeCorre, thesis, Paris, 1953; published in Bull. soc. franc. 
minéral. et crist. 77, 1363 (1954), and 78, 33 (1955). 

3 Y. LeCorre, J. phys. radium 17, 934 (1956). 


equivalent. This would make the elastic energy de- 
pendent on rotation. One would hesitate to consider 
this theory seriously for static deformation, but there 
is some intuitive appeal in the concept that wave propa- 
gation in the Z direction with particle motion in the Y 
direction may be controlled by a different elastic con- 
stant from that involved in wave propagation parallel 
to Y and particle motion parallel to Z. The present 
authors have not found a theoretical foundation for this 
intuitive assumption as long as the elastic wavelength 
remains large compared to the lattice constants, and 
electric boundary conditions are taken into account for 
piezoelectric crystals. Nevertheless, some experimental 
work seemed called for in view of the serious considera- 
tion given the Laval theory*~® and the impact that its 
verification would have on the whole body of elastic 
constant measurements. 

Experimental confirmation of deviation from classical 
elastic theory has rested largely on observation of light 
diffraction by ultrasonic waves in ammonium dihydro- 
gen phosphate (ADP) which belongs to crystal class 
Va=42m. For this crystal, LeCorre? claimed a value 
of 1.36+0.11 for the ratio c4/cz, while Joel and 


*N. Joel and W. A. Wooster, Acta Cryst. 11, 575 (1958). 

5H. Huntington, in Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1958), Vol. 7, 
pp. 230-232. 

®R. S. Krishnan, V. Chandrasekharan, and E. S. Rajagopal, 
Indian Institute of Science, Golden Jubilee Research Volume 
(1959), pp. 150-162. 
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Fic. 1. ADP crystal bar in overtone resonance, n=3. The 
coordinate axes indicate the orientation of the two sets of plates 
used. 


Wooster*’ derived 1.08+0.01 by analysis of an older 
“elastogram”’ of Zwicker.* Recently, Joel and Wooster® 
derived 1.06+0.02 from new painstaking measure- 
ments. Inspection of the photographed elastograms in 
this and Zwicker’s papers shows how difficult it is to 
derive the elastic constants in question by this method. 
We have, therefore, undertaken new measurements by 
two methods which give the shear elastic constants 
directly. 


MEASUREMENT OF PIEZOELECTRIC RESONANCES 


In crystal class 42m, an electric field parallel to any 
one of the crystal axes is coupled to shear strain between 
the other two axes, and to no other strain components. 
An electric field parallel to one of the sides of a plate 
having all edges parallel to crystal axes therefore can 
excite resonances of modes involving shear in the narrow 
face perpendicular to the field; among these, “thickness 
shear” modes with nodal planes parallel to the major 
face are prominent” (Fig.1). The resonance frequencies 
of these modes approach for large values of //tn the 
relation 


fn=nv/(21)=n(c/p)'/(2t); | m uneven, (2) 


where 7 is the order of the mode, v the wave propagation 
velocity, / the length, ¢ the thickness, p the density, and 
c the appropriate elastic constant. With electric field 


7 These authors as well as LeCorre refer to this ratio as N44/N5; 
oF €44/Cs5. Since the subscript 44 refers to shear in the plane per 
pendicular to X and the subscript 55 to shear perpendicular to Y, 
one of the present authors was led to the erroneous impression that 
the Laval theory claims a difference in elastic constants for these 
two planes which are transformed into each other by the sym 
metry plane of the ADP crystal [H. Jaffe, Bull. Am. Phys. Soc 
4, 427 (1959) ]. In the nomenclature of LeCorre, c4; and cz; relate 
to the X plane and cs; and cs to the Y plane; the symmetry of 
ADP gives ¢css=css and ¢s;=Cr. We are obliged to Professor 
LeCorre for pointing out our misunderstanding. 

8 B. Zwicker, Helv. Phys. Acta 19, 523 (1946). 

®N. Joel and W. A. Wooster, Acta Cryst. 13, 516 (1960). 

0 Excitation of thickness shear modes in quartz by field parallel 
to the major face was used by J. V. Atanasoff and P. J. Hart, 
Phys. Rev. 59, 85 (1941). 
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parallel to X, the Laval theory predicts different ve- 
locities v,.= (c4s/p)' for thickness (wave propagation) 
parallel to Y, and v,,= (¢77/p)' for thickness parallel to 
Z, while classical theory requires 


E/p)4, (3) 


The superscript £ indicates zero electric field strength, 
a condition closely approached at the resonance (mini- 
mum impedance) frequencies of crystal resonators 
having the wave normal perpendicular to the piezo- 
electric polarization. 

The crystal specimens were ADP plates approxi- 
mately 5 by 1.3 by 0.6 cm prepared by an industrial 
mill-cutting technique. One set of three plates had the 
length parallel to Z and another set had the thickness 
(0.6 cm) parallel to Z. Orientation was checked by 


x rays and found correct within $°. Electrodes were 


applied to the 5- by 0.6-cm faces. 

The piezoelectric constants of ADP are dy=1.3 
«*10-", dsg=48X10-" m/volt. The small value of dy, 
makes the electric impedance variation at the reso- 
nances excited by dy, rather weak, and stray field com- 
ponents parallel to Z may cause comparatively strong 
resonances by d3.. These stray fields were largely elimi- 
nated by the use of large shields extending beyond the 
electrodes. In the bars elongated along Z the remaining 
strain or misorientation field component along Z excites 
shear resonances of the face 1.3 by 0.6 cm whose con- 
trolling dimension is the same as for the desired mode. 
The velocity for shear waves in the XY plane excited 
by d3¢ is near 1800 m/sec, compared to about 2200 m/sec 
for the desired YZ mode. The two series of resonances 
are therefore easily separated. 

Table | shows all recorded frequencies for one plate 
of each type. The fundementals and third harmonics 
of the main series stand out in amplitude. The occur- 
rence of many weak resonances due to complex modes 
near.the fundamental is to be expected. Table IT lists 


yz = Vey = (C44 


TABLE I. Resonances of typical ADP bars. 


t=Z = 6.669 mm 
Freq. (kc/sec) Assignment 
168.80 168.80 X 1 
180.25 
188.5 
190.5 
194.0 
206.6 
209.4 
226.4 
263.0 
327.2 
379.2 
492.48 
820.13 
1148.46 
1478.39 


5.982 mm 


Assignment 


151.73X1 
183.1941 


452 150.9 x3 
536.1 
548.732 
754.746 
913.937 
1281.3 
1645.31 


164.163 
164.03 X5 
164.07 X7 
164.279 


182.913 
150.955 
182.795 
183.047 
182.819 
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TABLE II. Main series resonances for two sets of ADP bars 





i=Y = 
Freq (kc/sec) 


5.369 mm 
v(m/sec) 


“unda 207.17 
mental 
3rd 611.90 


? 
612.69 { 2191.6 


1019.90 } 
1020.65 § 
1426.07 


2190.8 
2187.6 


Freq. (kc/sec) 


=VY = 5.982 mm t=V 


Freq. (ke 


=6.357 mm 


v(m/sec) sec) 1 


m/sec} 


548.84 2188.4 


2190.8 


Suu 


913.94 


1281.3 
1645.31 


2186.8 


2190.0 
2187.2 


2186.0 


oC 


Over-all average 0,,= 2188.8 m/sec 


.660 mm 
v(m/sec) 


t=Z = 
(kc/sec) 


168.93 


Freq 


*unda- 
mental 
3rd 489.84) 
492.51 

494.95 | 
822.76 
1148.45 


2186.4 


5th 
7th 
9th 


2191.8 
2185.2 


Over-all average 


the main series resonances for all six plates and the 
sound velocities derived from these by Eq. (2). The 
fundamentals were excluded because //tn for n= 1 is not 
sufficiently large. Average values were used for reso- 
nances which were multiple, probably due to coupling 
with bending modes. The value of velocity averaged 
over all overtones of all three bars in each set are 


Vyz 2188.8+0.64 m/sec, 
and 

V2y= 2188.6+0.83 m/sec; 
hence 
Vy2— Vzy=0.2+1.08 m/sec. 


4 


The indicated error limits are the standard deviations 
of the measurements. Any systematic error in the meas- 
urements should not affect the velocity difference since 
identical data reduction methods were used for the two 
crystal sets. 

Similar measurements were also carried out on the 
isomorphous potassium arsenate, KH2AsO,. For this 
crystal the piezoelectric constants d,, and d3_ are about 
equal so that little difficulty with the interfering XY 
mode is experienced. Only one bar of each type about 
2 cm in length was available. The velocities found were 
Vyz= 1978 m/sec and v,,= 1972 m/sec. The difference is 
within the estimated limit of error. 


SOUND VELOCITY MEASUREMENTS BY 
THE PULSE-ECHO METHOD 


In the pulse-echo method" the acoustic wave veloci- 
ties vy, and v,, are measured directly by determining 


4 See for example reference 5, pp. 267-269. 


Freq. (kc/sec) v(m/sec) “q ke 


t=Z = 6.669 mm t=Z = 


6.667 mm 


sec m/sec) 


168.80 168.96 
491.16) 


. 2 
493.80 | 2189.6 


491.70 2185.4 
820.13 
1148.46 
1481.63 } 
1475.16 § 


2187.8 
2188.2 


2190.8 


822.26 2192.8 


?zy = 2188.6 m/sec 


the transit time of an acoustic pulse and the length of 
the crystal. These are the acoustic velocities of trans- 
verse waves which travel in the direction of the first 
subscript, with particle motion in the directions of the 
second subscript. 

The crystal specimens were one-inch cubes of ADP 
prepared with pairs of plane parallel faces perpendicular 
to the X, Y, and Z axes within a maximum deviation 
of 2 degrees in all cases. A Y-cut ten megacycle per 
second quartz transducer was cemented by means of a 
salol first to a face perpendicular to the Y axis and then 
to a face perpendicular to the Z axis; in the former case, 
the direction of particle motion in the quartz plate (the 
X axis of quartz) is made parallel to the Z axis of the 
ADP crystal and in the latter, parallel to Y of ADP. 
Acoustic pulses approximately two microseconds long 
were generated by the quartz transducer. The pulse 
produced an oscilloscope display consisting in each case 
of four returning echoes at 23-microsecond intervals. 
The time delay between these echoes was measured 
with a least count of +0.01 microsecond. No attempt 
was made to attain high precision or to put the measure- 
ments on an absolute basis. The four velocity measure- 
ments which are reported were simply made with identi- 
cal technique which was made possible by the uniform 
specimen size. 

The results for two crystals are quoted in terms of the 
corresponding velocities in Table III. The velocities 
have been computed in all cases by subtracting the 
arrival time of the first echo from the arrival time of the 
fourth echo, dividing by three, and using this value as 
the transit time down and back. Much previous work 
in this laboratory has indicated that relative measure- 
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TABLE III. Velocities of 10-Mc/sec transverse acoustic 
waves in ADP (m/sec). 


Crystal 


A 
B 


ments made in this way have a standard deviation of 
0.2%. It is seen that the velocities v,, and v,, agree in 
both crystals within this precision. The small variations 
in velocity shown in Table III are also comparable with 
the variations to be expected from the known angular 
deviations mentioned above, but no correlation could 
be obtained with the specific values of misorientation 
determined by x-ray diffraction. 

The fact that the observed pulse velocities are 0.2% 
lower than the velocities from resonance is not signifi- 
cant because no attempt was made in either case to put 
the measurements on an absolute basis. 

All measurements were made at 25+2°C. 
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CONCLUSIONS 


Measurements of shear wave velocities by each of 
two simple methods show these velocities for the two 
waves involving shear between the Y and Z axes to be 
equal well within the experimental error limits. For the 
resonance method, which was carried to higher accuracy 
than the pulse-echo method, the probable error in the 
velocity difference is 0.05% of the velocity which corre- 
sponds to 0.1% for the difference between the Laval 
elastic constants ¢c4; and cz. Reported differences of 6% 
or more between these elastic constants must therefore 
be regarded as erroneous, or possibly arising in phe- 
nomena other than elasticity affecting the ultrasonic 
light diffraction method. 
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The luminescent properties of silver and copper activated ZnS phosphors have been investigated at room 
and liquid air temperatures using uv, blue light, and §-ray excitation. In many cases it was found that the 
deficiency area was considerably smaller than the glow curve area, especially for 8-ray excitation of ZnS:Cu. 
This is explained by the hole production causing quenching during 8-ray excitation, while during the glow 
curve the smaller amount of holes produced causes a much smaller amount of quenching. However, even with 
blue light where excitation does not directly produce holes, the deficiency area is smaller than the glow curve 
area. The effects of infrared radiation on the fluorescence, phosphorescence, and glow curve has been investi- 
gated, and the quenching and stimulation at room and liquid air temperature reported. For ZnS: Cu the long 
wavelength infrared band (~12 000 A) produces quenching at room temperature but only stimulation at 
low temperature. A determination of trap density from the glow curves shows ~10!7/cm for ZnS:Cu and 
~10'*/cm’ for ZnS: Ag at liquid air temperatures. Finaily, a theoretical discussion of the possible transition 


mechanisms giving rise to these effects is given. 


1. INTRODUCTION 


UMINESCENT properties of zinc sulfide type 
phosphors have been extensively investigated by 
many workers in the field of solid-state luminescence.' 
However, it is not yet possible to explain completely the 
* Grateful acknowledgment is made for the assistance given this 
work by the Office of Ordnance Research and the Signal Corps 
+t Work performed while on leave from Yokohama National 
University, Yokohama, Japan. Presently with The Institute for 
Solid-State Physics, University of Tokyo, Tokyo, Japan. 
t Also, Department of Physics, Hunter College, New York 
1 Latest review articles of this field are: C. C. Klick and J. H 
Schulman, Solid-State Physics, edited by F. Seitz and D. Turnbull 
(Academic Press, New York, 1957), Vol. 5, p. 97; F. A. Kroger, 
Ergeb. exakt. Naturw. 24, 61 (1956); W. W. Piper and F. E. 
Williams, Solid-State Physics, edited by F. Seitz and D. Turnbull 
(Academic Press, New York, 1958), Vol. 6, p. 95. 


complicated phenomena associated with luminescence, 
that is, to describe the exact behavior of excited elec- 
trons and holes which participate in the excitation and 
emission processes in these phosphors. It is well known 
that the incorporation of small amounts of activators, 
especially copper and silver, into a zinc sulfide crystal 
creates impurity levels above the top of the valence 
band, although the exact nature of these levels is still 
under a discussion.?* Luminescent emission has been 
attributed to an electron transition from the conduction 
band, or from an excited level located close to the 


2F. A. Kréger, Suppl. Brit. J. Appl. Phys. No. 4 (1955). 
3 J. S. Prener and F. E. Williams, J. Electrochem. Soc. 103, 342 
(1956) 
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bottom of the conduction band‘ to the ground level of 
these impurities. It is further known that there are 
certain electron traps within the crystal which are 
responsible for the slow rise of fluorescence after the 
onset of excitation, for long phosphorescence, for the 
remarkably strong glow emission, for infrared stimula- 
tion, and probably for infrared and/or heat induced 
radiationless transitions. These traps originate from 
the incorporation of co-activators,’* the presence of 
some particular impurities, or from crystal lattice 
imperfections. 

This paper correlates the various processes which are 
involved in fluorescence, phosphorescence, glow emis- 
sion, stimulation, and quenching. Comparison of the 
deficiency areas of the rise curves of fluorescence® with 
glow curve areas was carried out at various tempera- 
tures under various conditions of excitation. These 
measurements yielded new information on the behavior 
of electrons and holes in these phosphors. The results 
were corroborated by measurements of infrared quench- 
ing and stimulation, which also showed the important 
role played by holes in these processes. This is further 
supported by the change with temperature of fluores- 
cence and phosphorescence efficiencies of phosphors with 
various activators. 

Zinc sulfide phosphors show photoconductivity upon 
absorption of light in the activator levels as well as in 
the valence band‘; this conductivity is due mostly to 


free electrons. It has been pointed out, however, that 
the creation and movement of not only free electrons 
but also of free positive holes plays an important role in 
the luminescent process.*. 

A knowledge of the number of traps in the crystal is 
also of importance in understanding luminescence 
phenomena.*-” An estimate of the number of traps will 


be derived from the results of the measurements 


presented. 


2. EXPERIMENTAL PROCEDURES AND RESULTS 
A. Samples 


Commercial phosphor materials were used. Those 
most thoroughly investigated were a ZnS: Cu phosphor 
RCA (2040) and a ZnS: Ag phosphor RCA (2030). The 
ZnS: Cu phosphor has a bright yellow-green fluorescence 
and a persistent phosphorescence of the same color. 
These are characteristic of a copper-activated zinc 
sulfide. The ZnS:Ag phosphor has a bright blue 
fluorescence and a short phosphorescence. 


‘R. H. Bube, Phys. Rev. 90, 70 (1953). 

5 W. Hoogenstraaten, J. Electrochem. Soc. 100, 356 (1953). 

*H. Kallmann and G. M. Spruch, Phys. Rev. 103, 94 (1956). 

7H. Kallmann and B. Kramer, Phys. Rev. 87, 91 (1952). 

8M. Schén, Z. Physik 119, 463 (1942); Ann. Physik 3, 333 
(1948). 

*H. A. Klasens and M. E. Wise, Nature 158, 483 (1946) ; J. Opt. 
Soc. Am. 38, 226 (1948). 

 H. Kallmann and E. Sucov, Phys. Rev. 109, 1473 (1958). 
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B. Apparatus 


An apparatus was constructed which can keep 
samples at liquid nitrogen temperature (77°K) for 
rather long periods of time and can vary the sample 
temperature linearly with time from this low tempera- 
ture to 200°C. The powder phosphor sample was 
deposited in a layer (thickness: from 2 to 10 mg/cm?). 
The plate was attached to the top of a copper rod. A 
copper-glass seal was attached to the middle of the rod, 
and its glass portion flared out to form a bowl-shaped 
container around the phosphor. The emitted light was 
observed through this glass wall. Infrared was applied 
to the phosphor at 90° with respect to this direction of 
observation. The top of the container was closed with a 
quartz plate used as a window to pass the exciting light. 
When a §-ray source was used for excitation, a thin 
Mylar film on a brass mesh through which 8 particles 
can pass was used instead of the quartz plate. The lower 
half of the copper rod was placed in a Dewar flask con- 
taining liquid nitrogen. A nichrome wire wound around 
this part of the copper rod heated the sample. The glass 
container was evacuated to prevent the deposition of 
condensed moisture. To measure the temperature a 
copper-constantan thermocouple was used ; the junction 
was placed just below the sample plate. 

The sources of photoirradiation were a 100-w Hanovia 
high-pressure mercury lamp for the 4360 and 3650 A 
lines and a 4-w General Electric low-pressure mercury 
lamp for the 2537 A line. These mercury lines were 
isolated with interference filters made by Farrand and 
by Axler Associates. The incident energies will be given 
in the discussion of the experiments. A 14-mC Sr®-Y” 
8-ray source was also used, and it was placed about 6 cm 
from the phosphor. For infrared irradiation a Bausch 
and Lomb grating monochromator with a tungsten 
light source was used, from which monochromatic light 
from 7000 v to 14000 A was obtained. Infrared radia- 
tion covering the entire region of \>7000 A was ob- 
tained from a tungsten lamp with a Corning 7-56 filter. 

The luminescence measurements were made by a 
1P21 photomultiplier adjacent to the window in the 
glass container. Appropriate filters were placed in front 
of the photomultiplier to exclude direct light from the 
excitation source. Its output was fed into a Raytheon 
5886 electrometer tube. The plate current was amplified 
after compensation and recorded by a Sanborn No. 151 
recorder so that the transient phenomena of lumines- 
cence (e.g., glow curves) were readily recorded. 

In glow curve measurements, the Dewar flask con- 
taining liquid nitrogen was removed after the cessation 
of excitation, and the copper rod heated. A cam type 
program controller made by Minneapolis-Honeywell 
was used to obtain a constant heating rate (0.25°K/sec). 


C. Deficiency Area and Glow Area 


Glow curve measurements are a useful tool in investi- 
gating the number and distribution of electron traps in 
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crystals and in obtaining some information about their 
depth. Much work has been done on glow curves of zinc 
sulfide phosphors. Most of it concerns the theoretical 
analysis of glow curves and the trap depths derived 
therefrom,"~" or the relation between trap depth and 
chemical composition of phosphors. The determination 
of deficiency areas® (the area above the rise curve and 
below the line through the equilibrium fluorescence 
intensity) is another method for the investigation of the 
number of trapped electrons. The first step of this study 
was to compare glow curve areas with deficiency areas at 
various temperatures. 

Deficiency areas of the rise of fluorescence and glow 
curve areas were taken under various conditions for 
copper or silver activated zinc sulfide phosphors. Some 
of the results are described in Table I. The emission 


TasLe I. Equilibrium intensities of fluorescent emission, 
deficiency areas of the rise of fluorescence and glow curve areas 
under various excitation conditions at low and room temperature 
for copper or silver activated zinc sulfide phosphors.* 


(A) ZnS:Cu (RCA No. 2040) (Sample thickness: 6.1 mg/cm?) 


L cL, D G 
Excitation Def. Def. L,/L Def. min Def. min 
4360 A 107 270 2.5 560 1300 
(20 ww/cm?) 
2537 A 76 130 57 480 
(5 ww/cm?) 
8 ray (14 mC) 


2000 


0.14 0.67 4.8 1.3 35 


D, G, 
Excitation G/D Def. min Def. min G,/D, 
4360 A 2.3 120 140 |e. 
(20 ww/cm?) 
2537 A 4.2 80 
(5 uw/cm?) 
B ray (14 mC) 


(B) ZnS:Ag (RC 


D,/D 
0.21 


0.17 


7 5.2 2. an 4.0 
Nc 


2 
A No. 2030) (Sample thickness: 3.5 mg/cm?) 


Le D 
Excitation Def. Lat Se Def. min 


50 93 


22 J 23 
(5 uw/cm?) 
B ray 5 25 


(14 mC) 


G 
Excitation Def. min 
3650 A 85 
(8 uw/cm?) 
2537 A 53 
(5 uw/cm?) 
B ray 


(14 mC) 


D,/D 
0.049 


0.12 


0.11 


*J, Le: Equilibrium intensity of fluorescent emission at low (liquid 
nitrogen) and room temperature; D, D,: Deficiency area obtained at low 
and room temperature; and G, G,: Glow area obtained by heating from low 
and room temperature. 

+» The emission intensity is expressed by the deflection of the stylus of the 
recorder in an arbitrary unit. 


1 J. T. Randall and M. H. F. Wilkins, Proc. Roy. Soc. (London) 
A184, 366, 390 (1945). 

2G. F. J. Garlick, Luminescent Materials (Oxford University 
Press, New York, 1949). 

18 F, E. Williams and H. Eyring, J. Chem. Phys. 15, 289 (1947). 
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Fic. 1. Rise curve (a) at low temperature under the 4360 A 
(20 uw/cm?) excitation and glow curve (b) obtained thereafter 
for ZnS:Cu. 


intensities are expressed by the deflection of the stylus 
of the recorder in arbitrary units. Equilibrium intensities 
obtained for each radiation under various conditions 
were determined and are also given in the table. The 
copper activated phosphor was excited by 4360A, 
which essentially excites the copper activators, 2537 A, 
and beta radiation. Both of the latter excite the phos- 
phor in the valence band, but 2537 A excites the 
phosphor strongly in a very thin surface layer and the 
rest of the phosphor is excited by the fluorescence of this 
layer. For the silver activated phosphor 3650 A radia- 
tion instead of 4340 A was used to excite the activators. 
Rise and glow curve measurements were performed at 
liquid nitrogen and room temperatures. Before excita- 
tion, the samples were completely de-excited by means 
of infrared radiation and heating to 100—-150°C. After 
cooling the rise curve was taken. When the equilibrium 
intensity had been reached, the excitation was stopped, 
and the sample was left in the dark for 1.5 min. The 
glow emission was then measured while the sample was 
heated at a rate of 0.25°K/sec. The heating rate was the 
same in all cases. 

In the usual representation of glow curves, the glow 
emission intensity is plotted against temperature. Here, 
however, it is plotted against time in order to facilitate 
the determination of the glow area which is the area 
enclosed by the glow curve and the time axis. The 
magnitude of the deficiency areas and of the glow areas 
for ZnS:Cu and ZnS: Ag are given in the table. The 
exact shape of the rise and the glow curve of ZnS:Cu 
are given in Fig. 1 for excitation by 4360 A. 

An important result of these measurements is the fact 
that at low temperature the deficiency areas D are 
smaller than the respective glow areas G, in all but one 
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Fic. 2. Light emission (solid line), quenching (dashed line), and 
trapping (shaded area) as a function of time. 


case, namely that of ZnS:Ag excited by 3650 A. At 
room temperatures for ZnS:Cu these areas are either 
almost equal, or the deficiency areas are larger than the 
glow areas, and for ZnS:Ag, G, is almost zero under 
every type of excitation and is not given in the table. 
The ratio G/D is especially large for beta excitation of 
ZnS:Cu. These ratios are relatively smaller for the 
silver activated phosphors, and even for beta excitation 
the ratio is not as large as that of the copper activated 
phosphor. Luminescence under light excitation always 
starts with practically zero intensity, whereas beta 
excitation curves start with a finite intensity.'* The 
glow curves of the copper activated phosphor after beta 
excitation and light excitation are quite different from 
one another. The maxima occurring at low glow tem- 
peratures are much weaker after beta excitation than 
after light excitation, and the total area is smaller by a 
factor of about forty. With the silver activated phos- 
phors, there is not such a marked difference in these 
areas. 

Before giving a detailed discussion of these results we 
would like to give a theoretical explanation of these 
effects, especially of the large difference between the 
beta deficiency areas and the respective glow areas. If 
it is assumed that the glow emission is due to a release 
of trapped electrons and their subsequent radiative 
transitions to the ground state of the activators, then it 
might be expected that the light emitted during the 
glow periods is just that which is lacking during the rise 
period if the efficiencies of light emission in fluorescence 
and in glow are equal. This would imply an equality of 
the deficiency area and the glow area. Here the efficiency 
of glow emission means the probability that elec- 


‘4H. Kallmann and J. Dresner, Phys. Rev. 114, 71 (1959). 
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trons stored in traps return to the empty activators 
radiatively. 

The general equation for the light emission during 
excitation can be written as follows: 


al=L+Q-+dn,/di+-dn,/dt. (1) 


The notations are: J=excitation intensity, a/=the 
number of electrons/cm* excited per second, L=the 
number of electrons/cm* recombining per second radia- 
tively, Q=the number of electrons/cm* recombining per 
second nonradiatively, m,= the number of electrons/cm* 
in traps, m.=the number of 

conduction band. At equilibrium 


electrons/cm’ in the 


al = LotQp. 


If the quantum efficiency of fluorescence 7 is used, 


Lo nol, 
and 


Qo= (1—n)al =[ (1—7)/n |Lo. 


Equation (1) is multiplied by d/a 
arbitrary time 7 during the rise, 


nd integrated up to an 
and one obtains 


T 
alr= Ldi+ Odi+n,(r) 


Into (oO 


for n.>>n.. Inserting Eq. (2 


T 
Lor- Alt- @) T 


0 


Under the assumption that the efficiency of glow emis- 
sion is high, it can be roughly assumed that m;(r) is 
proportional to the glow area obtained after an excita- 
tion of duration 7. That is 


ni(r)=C-G(r). 


The measured deficiency area is given by 


C-D(r)=Lor- Lat, 


where the constants in (7) and (8) are the same. 
Inserting (7) and (8) into Eq. (6) the following equation 
is obtained. 


f Odi=0, (9) 


which enables one to determine the quenching up to a 
time r. We will see below that for certain cases 
[G(r)/D(r) ]=constant. Then it follows from (9) that 


C-D(r)—-C: 


Our f Odl 
0 1 — 7 


~™~ const = 


, n 
Lor— J Ldt 


0 
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Thus the number of electrons recombining nonradia- 
tively is proportional to the number of those re- 
combining radiatively at any instant during the rise 
of fluorescence. In other words, if the quenching of 
excitation energy were plotted as a function of time it 
would be similar to the rise curve. 

One can represent this situation with the schematic 
diagram of Fig. 2. The abscissa represents the time axis. 
The true observed light emission is represented by the 
solid curve. After the equilibrium intensity Lo is reached, 
the number of electrons excited into the conduction 
band per second is larger than the number of quanta 
emitted per second corresponding to Lo. The parallel 
solid line at the Lo+(Qp level represents the number of 
electrons created per unit time. The difference between 
the broken line and Zy)+Q, represents the number of 
nonradiative transitions at any moment. The shaded 
area thus represents the number of trapped electrons as 
given by Eq. (6) and should be equal to the glow area. 
This figure clearly shows that when quenching occurs 
the number of trapped electrons is larger than the 
normal deficiency area above the rise curve, that is, the 
area between the light curve and the line parallel to the 
time axis through Lo, and thus is smaller than the total 
shaded area. 

Most of our results can be explained by the assump- 
tion that considerable quenching occurs during the rise 
of fluorescence at low temperature but not during glow 
emission. 

As can be seen from the glow areas in Table I, copper 
activated phosphors contain more traps than silver 
activated phosphors. This is based on the assumption 
that in both phosphors the efficiency of light emission 
during the glow is close to one. Therefore the quenching 
in copper activated phosphors may be expected to be 
larger than in silver activated phosphors if it is due to a 
radiationless recombination of free holes with trapped 
electrons. One would further expect this quenching to be 
especially large with beta excitation, which produces 
more holes than activator excitation. The experimental 
results bear out both expectations. The agreement 
between expectation and experiment is only qualitative, 
however, and there are observations which do not seem 
to fit completely into the scheme. A detailed analysis, 
therefore, is given below. 

One might expect that excitation by 2537 A would 
give results similar to excitation by beta rays, since in 
both cases the excitation occurs in the valence band, but 
apparently this is not the case. The probable explana- 
tion is that this wavelength excites only a very thin layer 
of the phosphor and the bulk of the material is excited 
by the fluorescent radiation, which, for the most part, 
excites the activator levels and does not produce free 
holes directly. Then the question arises as to why the 
glow areas are larger than the deficiency areas with 
4360 A excitation if one assumes that holes are respon- 
sible for the quenching, since holes are not created 
directly by this radiation. Therefore, to understand the 
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TEMPERATURE (°K) 
lic. 3. The variation of the fluorescent intensity with temperature 
for ZnS:Cu under the 4360 A excitation (200 ww/cm?). 


fact that the ratio G/D is of the order of 2, one must 
introduce an additional assumption, that perhaps the 
external exciting light and/or the fluorescent radiation 
partially excites electrons from the valence band into 
ionized activator levels (transition 64 in Fig. 7). This 
will be discussed below. 

That with this exciting radiation quenching indeed 
occurs is borne out by measuring the quantum efficiency 
of fluorescence with this radiation at various tempera- 
tures. Figure 3 shows the variation of the fluorescent 
intensity with temperature for ZnS: Cu under excitation 
provided by the 4360 A line (200 uw/cm*). The results 


indicate that the intensity decreases with a decrease in 
temperature, and the ratio of the intensity at room tem- 
perature to that at low temperature is 2.3. This value 
is 2.5 under weaker excitation intensities such as that 
in Fig. 1. Thus, the quantum efficiency decreases by a 
factor of about 2.5 when the temperature decreases 


from room to liquid nitrogen temperature. This, 
according to our viewpoint, is due to the larger number 
of traps filled at low temperature, which increases the 
possibility of radiationless recombination of trapped 
electrons with holes. 

The quantum efficiency of fluorescence for ZnS:Cu 
under near ultraviolet excitation at room temperature 
is known to be quite high, i.e., 80-90%.15!6 If one as- 
sumes it to be 85%, the efficiency at low temperature 
will be 34%. Then the result that G/D at low tempera- 
ture for 4360 A excitation is 2.3 can be easily understood. 
The result that G,/D, is nearly equal to one is reason- 
able, since the quantum efficiency is 85% at room 
temperature. In the 2537 A excitation the 
quantum efficiency will not be as high as for 4360 A 
excitation ; therefore a value of G/D is expected which is 
larger than that for 4360 A excitation. The energy 
efficiency of fluorescence under high-energy excitation 
B-rays'’? at room temperature is between 10 and 20% 
for zinc sulfide phosphors,'* which is much lower than 


case of 


16 J. Tregellas-Williams, J. Electrochem. Soc. 105, 173 (1958). 
16 Gy. Gergely, Z. physik Chem. 207, 81 (1957). 

17 Energy emitted as light per absorbed energy. 

18 M. Furst and H. Kallmann, Phys. Rev. 91, 766 (1953). 
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that under ultraviolet excitation. The high value of G/D 
obtained for 8 excitation indicates that a very large 
fraction of the excited electrons return to their ground 
state via nonradiative transitions. This is probably due 
to the large number of holes created by this type of 
excitation. 

The variation of the fluorescent intensity with tem- 
perature for ZnS:Ag is quite different from that for 
ZnS:Cu. Under 8uw/cm? of 3650A excitation the 
intensity increases rather rapidly when the temperature 
is lowered from room temperature, passes a small 
maximum at 250°K, decreases a bit, and then stays 
constant until liquid nitrogen temperature. This indi- 
cates that the quenching of fluorescence at low tempera- 
ture does not occur, which is different from the case of 
ZnS:Cu, but that some quenching, probably tempera- 
ture quenching, does take place even at room tempera- 
ture. Therefore the results that the G/D values for 
ZnS: Ag are smaller than those for ZnS: Cu under every 
type of excitation and that the values of G, are almost 
zero can be understood. 

Before we give a more detailed discussion of these 
results we will discuss several other experiments, which 
will provide a clearer view of the underlying processes. 
The full discussion is given in Sec. 3. 


D. Filling of Traps 


The magnitude of the glow area may be dependent on 
the excitation intensity. It is generally assumed that 
with higher excitation intensities all the traps are filled 
to saturation, and that the glow area reaches a satura- 
tion value. With lower intensities, however, the traps 
may not be filled to saturation. This seems to be true 
for the special case of activator excitation, but it is not 
generally true at low temperature, as will be shown in 
Sec. 3. 

Figure 4 shows the relation between the glow area 
and the intensity at low temperature (4360 A). The 
fluorescent intensity, L at low temperature and the 
G/D values are also shown. The glow area becomes 
saturated and the G/D value remains constant with 
intensities above 3 uw/cm®*. In this intensity region the 
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Fic. 4. The relations of the fluorescent intensity (ZL), glow area 
(G), and G/D value against the intensity of the 4360 A excitation 
at low temperature for ZnS: Cu. 
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TaBLE II. Incomplete deficiency and glow area under 4360 A 
excitation of 20 uww/cm for ZnS: Cu. 





Incom- 
plete 


Incom- 

plete 
deficiency glow 
inten- area area 
sity D; G 
(def.) (def. min) (def. min) 


Time 
of 
excita- 
tion 
given 
(min) 


Emis- 
sion 
Ratio of 

glow peak 
heights* 


2.4/2.1 
1.48/1.0 


G;/D; 


1 100 
q 5 250 
6 390 
9 470 
13.5 530 
20 (full 560 (=D) 
excit.) 


120 1 1. 
470 1 1. 
780 1/0.86/0.50 2. 
890 1/0.83/0.40 1. 
1 ¢ 
2 


1010 1/0.80/0.40 


107 1300 (=G) 1/0.70/0.37 


* Listed from low temperature to high temper 


shape of the glow curve is just the same as that shown 
in Fig. 1, and the deficiency area does not change. 

When excitation intensities below 3 uww/cm? are used, 
the glow and deficiency areas decrease and the shape of 
the glow curve changes. D decreases more rapidly than 
G since G/D increases with decreasing intensity. This 
indicates an increase in quenching with decreasing 
intensity which is not yet understood completely, but 
may be due to the existence of killer impurities. The 
heights of the glow peaks at the low-temperature side 
decrease more than those at higher temperature side. 
The ratio of the heights of the three glow peaks in the 
higher intensity region is 1/0.70/0.37 (counted from the 
low-temperature side) as shown in Fig. 1. The values 
of this ratio with intensities of 0.37 and 0.094 pw/cm? 
are 1/1.03/0.68 and 1/2.1/2.0, respectively. This could 
be interpreted to mean that deep traps are filled more 
than shallow traps. However, if the effect of the 
retrapping of the thermally released electrons during the 
glow curve is taken into consideration, another inter- 
pretation is possible. If all the traps are uniformly filled 
but not to saturation, and are equally quenched during 
excitation, then after termination of excitation many 
deeper lying trapping sites are not occupied. If electrons 
are released during the glow, those released first are 
those from the shallow traps. But instead of emitting 
light most of them fall into deeper traps and contribute 
to the light emission only at higher temperatures when 
they are released from the deep traps. Retrapping thus 
makes the peak of the glow curve for the shallow traps 
smaller than it should if it corresponded to the actual 
number of electrons in these traps at the beginning of 
the glow emission, and it makes the peaks of the deep 
traps higher. Thus when the traps are only partially 
occupied, it may not be possible to determine the exact 
distribution of the electron population in each trap at 
the beginning of the glow curve. 

The glow area obtained after §-ray excitation of 
ZnS:Cu at low temperature is smaller than that ob- 
tained with high intensities of 4360 and 2537 radiation. 
One would be inclined to attribute this decreased trap 
filling to the small excitation intensity obtained with 
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our 8 source. This may 
cussed in Sec. 3. 


not be correct as will be dis- 


E. Quenching at Low Temperature 


As was mentioned above, the fluorescence efficiency 
at low temperature of the copper activated phosphor is 
not as high as at room temperature because of increased 
nonradiative recombinations of excited electrons at low 
temperature. The following experiment was carried out 
in order to investigate the nature of this quenching. 

During a rise curve measurement the excitation was 
removed before the fluorescence intensity reached an 
equilibrium value, and a glow curve taken. This was 
repeated for various cutoff times; the results are given 
in Table II. It can be seen that the G;/D; values are 
approximately constant during the rise of fluorescence 
although they are somewhat low in the beginning and a 
little higher in the final stage of the rise. Further one 
sees that the peak corresponding to the shallow traps is 
again relatively low for incomplete trap filling and 
reaches its full value only when trap saturation has 
been accomplished. 

The near constancy of G;/D;=1/y can be used to 
determine the quenching Q. Introducing this in Eq. (10) 
the following formula is obtained 


Q=[(1—n)/n JL. (11) 


From these relations, the following equations are also 
derived. 
C-D(r)=n-n;,(r), 

C-D= n-n*, 


D, deficiency area after time r. 12 
Z) 


D final deficiency area. 


Thus, the total number of trapped electrons m,* or the 
ideal deficiency area can be calculated. 


F. Efficiencies of Phosphorescence 
and Glow Emission 


The efficiency of phosphorescence is defined in a 
manner similar to the efficiency of glow emission (see 
Sec. 2C). The following experiments were performed to 
estimate this value. After the equilibrium fluorescence 
intensity was reached at low temperature the excitation 
was removed, the phosphor was allowed to decay for 
some time, and then excitation was recommenced. The 
ratio of the phosphorescent area P to the deficiency area 


Tas eE III. Ratio of phosphorescent area of ZnS:Cu to corre 
sponding deficiency area under 4360 A excitation of 20 uw/cm? 
at low temperature. 


Time of decay 1.2 3 
(min) 

P/D, 1.3 1.2 

D,/D 0.047 0.073 
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Fic. 5. Experiment of the incomplete glow curve with the 4360 A 
excitation (40 ww/cm?*) for ZnS:Cu; (a) the regular (first) rise 
and incomplete glow curve, (b) the second rise and regular glow 
curve. 


D, (obtained during the rise following the decay) was 
determined. Results of a series of these experiments are 
summarized in Table III, where D is the deficiency area 
for the completely de-excited sample. 

From these results it can be said that the efficiency of 
phosphorescence at low temperature is about 30% 
higher than that of fluorescence for a decay of 1.2 min, 
and that with increasing time it decreases and ap- 
proaches the same value as that of fluorescence. 

Similar experiments were done at room temperature. 
In this case the P/D, values are nearly one, indicating 
that the efficiency of phosphorescence at room tempera- 
ture is rather high. Analogous experiments using 8-ray 
excitation at low temperature showed a P/D, value of 
11 at the beginning, which decreases and approaches 
three for longer decay times. 

The decrease of the ratio P/D, at low temperature 
with prolonged decay periods is probably due to the 
increase of quenching with decreasing trap occupation 
and the fact that the phosphorescence emission is not 
quenched as much as the fluorescence emission, 
especially at the beginning of decay. 

The following experiments were carried out in order 
to investigate the efficiency of glow emission in more 
detail. After measuring the regular rise curve at low 
temperature, the excitation was removed, and the 
phosphor heated to a temperature 7; so that only an 
incomplete glow curve (not all traps emptied) was 
obtained. The phosphor was then cooled to a low 
temperature, the excitation put on again, and a second 
rise curve taken. Finally a complete glow curve was 
measured. The light emission of ZnS:Cu obtained 
under 4360 A excitation of 40 uw/cm* is shown in Fig. 5. 
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The following values were obtained, where the notation 
is that indicated in the figure. 


Gs 'D,= 2.3, 
G,/D.=1.9, 
(G2—G,)/(D,\— D2) =2.7. 


G,/D, is the usual G/D. In taking the incomplete glow 
curve the temperature was raised until only the first 
glow peak appeared. 

The G,/Dz, value may be used to obtain the efficiency 
of the glow emission of the first peak. From Eq. (12) 
above, the number of electrons trapped during the rise 
curve is given by the deficiency area multiplied by the 
reciprocal of the quantum efficiency of fluorescence. 
This also holds for rise curve measurements for non- 
completely de-excited phosphors in which some traps 
are still filled. Therefore if the efficiency of fluorescence 
at low temperature is assumed to be 34% (see Sec. C), 
the efficiency corresponding to the first glow peak is 
calculated from the G,/ Dz» value to be 65% (34% X 1.9). 
In the same way the efficiency for the second and third 
peak can be determined from the (G2.—G,)/(Di— Dz) 
value to be 92%. 

Another experiment of this kind was performed in 
which the first incomplete glow emission was not 
extended for as long as the case depicted in Fig. 5. In 
this case G,/D,=1.4. This means that the efficiency 
of the low-temperature side of the first glow peak is 
smaller than 65%. Similar results were obtained from 
an experiment carried out using 2537 A excitation. 

To explore these processes further the phosphor was 
kept at low temperature for 240 min after the termina- 
tion of 4360 A excitation (20 uw/cm?) and then a glow 
curve was taken. The phosphorescence area P for ‘=0 
to 240 min was 130 def. min, and the successive glow 
area, Gg was 910 def. min, whereas the glow area ob- 
tained immediately after excitation (G) was 1300 def. 
min. Thus (P+Gz,)/G is 0.80 showing that about 20% 
of trapped electrons recombine nonradiatively during 
the long decay period, and that the efficiency of 
phosphorescence at low temperature is considerably less 
than the efficiency of glow emission. The peak heights 
in the glow curves after the long decay were 66, 82, and 
85%, respectively, of those in the glow curve obtained 
from the regular heating schedule. Electrons responsible 
for the long decay at low temperature are for the most 
part released from the shallowest traps while electrons 
in deep traps, corresponding to the second and third 
peaks, are not readily released thermally. However, the 
heights of those peaks were decreased by 18% and 15% 
after the long decay. This indicates that electrons in 
deep traps also recombine nonradiatively without being 
raised to the conduction band. Thus, it may be con- 
cluded that every trapped electron can undergo non- 
radiative transitions at low temperature, probably by 
a recombination with holes (the formation of these holes 
is discussed in Sec. 3); that the efficiencies of phos- 
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phorescence and of glow emission at very low tempera- 
ture are smaller than unity; and that these efficiencies 
increase with temperature and reach very high values 
in the range of 250-350°K. This temperature depend- 
ence of efficiency is similar to that of fluorescence 
intensity shown in Fig. 3. These facts suggest that the 
nonradiative recombination of excited electrons occur- 
ring during fluorescence, phosphorescence, and glow 
emission is caused by the same mechanism. 


G. Influence of Infrared Radiation on 
Fluorescence, Phosphorescence, 
and Deficiency Areas 


The influence of infrared irradiation on excited 
zinc sulfide phosphors has been considerably investi- 
gated.'*-* Infrared irradiation during phosphorescence 
causes stimulation or quenching of the phosphorescence 
or both. Further, it was found recently that excited 
ZnS:Cu phosphors emit infrared fluorescence upon 
irradiation by long wavelength visible or infrared 
light.2-*5 It was suggested that this infrared emission is 
due to a transition between the ground state of the 
copper activator and the valence band. Therefore 
infrared irradiation of the excited phosphors may give 
rise not only to an optical release of trapped electrons 
producing conduction electrons, but also to an excitation 
of electrons from the valence band to the level of the 
ionized activators, thereby producing free holes in the 
valence band. That this process takes place also follows 
from conductivity measurements, which show tremen- 
dous quenching under infrared irradiation.**:*° 

Infrared stimulation and quenching were studied here 
in order to explore, particularly at low temperature, 
the mechanism of the quenching of fluorescence, phos- 
phorescence, and glow emission. The following experi- 
ments were performed: after the fluorescent emission 
had reached equilibrium under 4360A _ excitation 
(20 uw/cm?), the excitation was removed (at ‘=0 min), 
infrared light was put on at ‘/=0.5 min, continued for 
5 min, turned off, and 4360 A excitation was put on 
again at = 6.0 min, and the rise curve obtained. Mono- 
chromatic infrared light between 7000 and 14000 A 
was used with an intensity of 1400 uw/cm? except at 
7000 A where it was 1050 uw/cm?. This was done at 
both low and room temperatures with ZnS: Cu. 

A sharp stimulation peak appears at the instant that 
infrared light of any wavelength is put on. In Fig. 6 
(curve 3) the heights of these peaks are plotted against 


19 G. R. Fonda, J. Opt. Soc. Am. 36, 382 (1946). 
. F, J. Garlick and D. E. Mason, J. Electrochem. Soc. 96, 90 


N. T. Melamed, J. Electrochem. Soc. 97, 33 (1950). 

2H. Kallmann, B. Kramer, and A. Perlmutter, Phys. Rev. 99, 
391 (1955). 

% P. F. Browne, J. Electronics 2, 1 (1956) 

* G. Meijer, J. Phys. Chem. Solids 7, 153 (1958) 

*% G. F. J. Garlick, J. Phys. Chem. Solids 8, 449 (1959). 

26H. Kallmann, B. Kramer, and P. Mark, Phys. Rev. 109, 721 
(1958). 
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infrared wavelength for low temperatures. The height 
at 7000 A was multiplied by 1400/1050 in order to com- 
pare all values for the same incident energy, 1400 
uw/cm*. The peak heights at room temperature are 
quite low, of the order of 1 to 4 def. and could not be 
measured very accurately. A sudden decrease of the 
emission intensity always appears at the instant the 
infrared light is turned off. In the calculated values of 
(S+P)/D, S is the stimulation area, i.e., the area for 
t=0.5 to 5.5 min, P is the phosphorescence area, i.e., 
the sum of two areas, one for /=0 to 0.5 min and the 
other for =5.5 to 6.0 min, and D is the deficiency area 
for the second rise curve. (S+P)/D is plotted against 
wavelength for both low and room temperature (curves 
1 and 2, Fig. 6). 

The (S+P) value should be proportional to the 
number of electrons which are released from traps 
either by radiation or thermally and which recombine 
radiatively with the ionized activators (probably via 
the conduction band); the D value multiplied by 1/7 is 
equal to the total number of electrons which escape 
from traps and return to the ground state either 
radiatively or nonradiatively. In the infrared region of 
7000 to 9000 A the (S+ P)/D value at low temperature 
is quite small and less than 1/». This means that irradia- 
tion with infrared of this wavelength region causes 
considerable nonradiative recombination of trapped 
electrons. Thus, the over-all effect of infrared is quench- 
ing of phosphorescence, although a stimulation peak is 
also observed. On the other hand, in the region of 
11 000-14 000 A, the (S+P)/D value at low tempera- 
ture is rather high, and is largest at 12 000 A where the 
value is 1.64. It is suggested that when (S+P)/D is 
larger than unity the over-all effect of infrared is 
stimulation. The following considerations show that 
electrons released from traps by infrared radiation 
undergo radiative recombination with high efficiency. 
The net stimulation area S* is given by [(S+P)—P’] 
(where P”’ is the phosphorescence area for ‘=0 to 6.0 
min in the case of no infrared irradiation) and is shown 
in Fig. 6. The deficiency area Ds which should be com- 
pared with S* is given by D—D’, where D’ is the respec- 
tive deficiency area in the case of no infrared irradiation. 
Then the S*/Ds value presents information about the 
efficiency of the emission stimulated by infrared. At 
12 000 A S*/Dszg is 2.4, a value which is close to 1/n. 
Therefore once electrons are released from the traps 
into the conduction band, they recombine radiatively 
with a very high efficiency even at low temperature. 
This fact is useful in discussing the mechanism of 
quenching at low temperature. 

In any case, the effect of infrared on phosphorescence 
at low temperature is a superposition of stimulation and 
quenching. Infrared irradiation gives rise to stimulation 
throughout the entire wavelength region, since the 
sharp rise or fall of phosphorescence is observed at the 
instant the infrared is turned on or off for all wave- 
lengths. The curve of stimulation peak heights vs wave- 
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Fic. 6. The (S+P)/D value for infrared stimulation and 
quenching and the stimulation peak height against infrared wave- 
length (1) (S+P)/D at low temperature, (2) (S+P)/D at room 
temperature, (3) Stimulation area at low temperature. 


length seems to show two maxima, one at 7000 and one 
at 12000 A. However, it follows from the curve of 
(S+P)/D vs "wavelength (Fig. 6, curve 1) that the 
quenching “as a function of wavelength has only one 
maximum 8000 A and that infrared beyond 11 000A 
does not give rise to quenching at low temperature but 
only to stimulation. 

At room temperature the situation is different. The 
(S+P)/D values are always less than unity, indicating 
that the over-all effect of infrared is that of quenching. 
A weak stimulation occurs at all wavelengths since an 
increase in light emission upon application of infrared is 
always observed. But quenching predominates over 
stimulation throughout, and this predominence is 
strongest in the region below 10000 A. There are 
decided differences between the effects at low and room 
temperature. The irradiation with infrared of about 
12 000 A induces stimulation at low temperature, but 
at room temperature there is both stimulation and 
quenching, the latter predominating. Thus infrared 
induces two different processes, one to the stimulation 
which may be caused by raising trapped electrons into 
the conduction band optically, and the other the 
quenching, which seems to be caused by some other 
transition. 

The superposition of infrared and visible radiation in 
the steady state was also studied at low temperature. 
Superposition of 7500 A light (570 uw/cm*) causes a 
45% decrease of fluorescence at equilibrium although it 
causes a sharp, short stimulation at the instant that the 
infrared is turned on. The slow rise in fluorescence after 
infrared has been turned off indicates that it had 
emptied many traps. These results show that the 
addition of 7500 A markedly accelerates the non- 
radiative recombination of trapped electrons. On the 
other hand, the addition of 12000A light with an 
intensity of 2400 ww/cm? causes a 5.3% enhancement 
at the equilibrium state, and the deficiency area of the 
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TABLE IV. Phosphorescence, stimulation, and glow area, P, S, 
and G for infrared irradiation during decay of ZnS:Cu. 


Unit: def. min 
Infrared P PorS G 
wavelength t=0-0.5 t=0.5-20.5 ¢>20.5 


Total area 
t>0 


1160 
324 
1140 


No infrared 1: 63 
7500 A 1; 84 
12000 A 15 147 


1230 
423 
1300 


rise curve taken after the infrared has been removed is 
not so large. This shows that the 12 000A radiation 
releases some of the trapped electrons thereby increasing 
the concentration of conduction electrons, but does not 
cause considerable nonradiative recombination. There is 
a sharp dip upon cessation of 12 000 A irradiation since 
the traps emptied by infrared must be refilled. These 
results are in agreement with those mentioned above, 
obtained from infrared stimulation and quenching. 


H. Influence of Infrared on Glow Curve 


Experiments similar to those described in Sec. 2G 
were carried out in investigating the influence of infrared 
on glow areas rather than on the deficiency areas. After 
equilibrium was reached with excitation of 4360 A 
(20 pw/cm?), the excitation was removed (t=0 min). 
Infrared light was turned on at ‘=0.5, continued for 
20 min, and turned off, the phosphor being kept at low 
temperature during this irradiation. The regular heating 
program was then started. The results are shown in 
Table IV, including the case of no infrared irradiation. 
Two infrared wavelengths, 7500 A (570 ww/cm?) and 
12000 A (2400 pw/cm*), were used. Phosphorescence, 
stimulation, and glow areas are listed. It is seen that 
infrared irradiation of 7500 A during the decay causes a 
strong decrease in the glow area, while that of 12000 A 
does not change the flow area, although it causes con- 
siderable stimulation. This result agrees with that 
mentioned in Sec. 2G, and indicates that 12000A 
irradiation does not induce nonradiative recombination 
of trapped electrons at low temperature, but only 
promotes radiative transitions. It is noteworthy that 
despite the increase of light emission (stimulation) using 
12 000 A the glow area is not changed and the total 
area is even larger than in the case of no infrared. This 
may indicate that, unlike fluorescence and phosphores- 
cence, the stimulated light emission is not accompanied 
by nonradiative processes. 

7500 A irradiation, on the other hand, accelerates 
nonradiative recombination of trapped electrons con- 
siderably, thereby reducing the glow area to 28% of 
that obtained without infrared, although this radiation 
also causes some stimulation. These results agree with 
those described in Sec. 2G. The shape of the glow curve 
after 7500 A irradiation is quite different ; as in the case 
of weak excitation, the low-temperature peaks are 
reduced more. 
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I. Determination of Number of Traps 
per Unit Volume 


An attempt was made to estimate the number of 
traps per unit volume by using the deficiency area®-” 
and glow area. The estimate can be made most ac- 
curately for the case of 8-ray excitation, since in that 
case the amount of energy absorbed by the phosphor 
depends only on its mass and therefore can be calculated 
accurately. The mean energy of 8 particles from the 
Sr®— Y™ is about 1 Mev and the mean energy loss is 
1.5 Mev/(g/cm?). The energy efficiency of fluorescence 
under 8-ray excitation may be about 15%'* at room 
temperature. Using these data and the deficiency area, 
the number of traps filled under 8-ray excitation can be 
calculated, if it is assumed that the self-absorption of 
fluorescence is small.* The number of traps filled under 
ultraviolet excitation is calculated by comparing the 
deficiency or glow area under this excitation with that 
under -ray excitation. 

The number of electrons in each trap is obtained as 
follows: The total glow area is divided graphically into 
three parts, each corresponding to one of three traps. 
The efficiency of glow emission for each peak was 
estimated in Sec. 2F, i.e., 65% for the first glow peak 
and 92% for the second and third peaks. Therefore, the 
ideal glow area (by which is meant the area for the ideal 
case with 100% glow efficiency) can be calculated 
for each trap. Comparing these ideal glow areas with 
the deficiency area under §-ray excitation at room tem- 
perature, the number of each trap filled by strong ultra- 
violet excitation is obtained at low temperature and is 
shown in Table V. Of course these values are only 
approximate; probably they 
magnitude. 

The total number of traps corresponds to a mole frac- 
tion of about 10-5, which is almost the same order of 
magnitude as that of the activator. These numbers 
would be larger if self-absorption took place, particularly 
at low temperature when the glow area is saturated. 
However, since the thickness of sample used was very 
small, the effect of self-absorption is not too large. 

A similar determination out using 
ZnS: Ag. In this case some of the glow area at the high- 
temperature side seems to be missing. This is seen from 
the appreciable deficiency area observed at room tem- 
perature, and may be due to a temperature quenching 
of glow emission. Therefore, in order to obtain the ideal 


show only orders of 


was carried 


TABLE V. Number of traps filled under strong ultraviolet 
excitation at low temperature for ZnS: Cu 
Number of traps 
filled (cm~*) 


Glow peak 
temperature (°K) 


150 


1.510"? 
8.5 10'* 
4.5 106 


3 X10" 
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TaBLe VI. Number of traps filled in ZnS: Ag under ultraviolet 
and 8-ray excitation at low temperature. 


Glow peak 
temperature (°K) 
135 


230 
295 


Number of traps 
filled (cm7*) 
1.0 10'* 

2.5 10"® 
3.0 10'5 


4 x10'* 


Total 


glow area, the deficiency area at room temperature is 
added to the observed glow area. The results are given 
in Table VI. 

This correspends to a mole fraction of 1.5 10~® and 
is about 10 times less than that for ZnS: Cu. The effect 
of self-absorption may be more than that for ZnS:Cu, 
because the excitation and emission spectra overlap 
appreciably in this case. 


3. BEHAVIOR OF EXCITED ELECTRONS 
AND HOLES 


The energy band model normally applied to these 
phosphors is depicted in Fig. 7. The band gap of ZnS is 
3.6 ev. An excited state level of ionized copper activators 
may exist just below the conduction band. The decrease 
of ZnS:Cu photoconductivity by one order of magni- 
tude at low temperature*’ could be explained by assum- 
ing a level of this kind. The kinds of electron traps 
indicated by the glow curves are shown as one in the 
figure. This simple model suffices to explain most of the 
phenomena described in this paper. 

Of special importance are the quenching at low tem- 
perature of fluorescence, of phosphorescence, and of 
glow emission. 

We will discuss three possibilities to explain such 
quenching : 


1. There may be special activators which, when 
ionized, recombine nonradiatively with free electrons. 

2. There may be nonradiative transition between 
conductivity electrons and free holes. 

3. There may be nonradiative transitions between 
trapped electrons and free holes. This process was first 
proposed by M. Schon. 


Possibility (1) can explain the fact that quenching 
occurs strongly only during excitation and not so 
strongly during the glow period, if one makes the 
assumption that these activators must be ionized 
(occupied by holes) in order to become quenching 
centers, since during the glow period only few holes are 
available. This also explains the observation that 
quenching is much stronger when excitation occurs in 
the valence band. It cannot, however, explain why the 
quenching is so strong at low temperatures and why it 
occurs so strongly with copper and not with silver 
activators. There is no other property of Cu activated 
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phosphors with which it can be correlated. It cannot be 
that the copper activator itself is affected, for then the 
quenching would occur also during the glow. Further- 
more, assumption (1) cannot easily explain the rela- 
tively small trap occupation under electron excitation 
which is not wholly an intensity phenomenon. 

We are thus inclined to set aside this explanation, 
although it must be kept in mind; perhaps with ap- 
propriate additional assumption it could explain some 
of the effects described. 

Assumption (2) can be discarded since conductivity 
measurements show that the density of conductivity 
electrons is relatively small in copper activated phos- 
phors at low temperature but is high in those activated 
with silver.?? 

It is process (3) which will be discussed in detail. It 
can explain-the following features: Quenching is largest 
at low temperature because under these conditions most 
traps are filled; there is little quenching during the glow 
period because few free holes are then available. 
Irradiation with infrared after excitation causes quench- 
ing because free holes are created by excitation of 
electrons from the valence band into ionized activators 
(release of holes into the valence band indicated by 64 
in Fig. 7); 64 also describes the probability of thermal 
release of holes from the activator. (Figure 6 shows that 
the maximum wavelength of infrared quenching is 
located at about 8000 A. Then it would seem that 
infrared of this wavelength induces the transition 64.) 
Finally, copper activated phosphors have more traps 
than those activated with silver. This could explain the 
most remarkable difference between the two phosphors. 

There still are, however, several features which cannot 
easily be explained by this model without additional 
assumptions. How can quenching occur under activator 
excitation which should produce no holes? How can 
radiationless decay of the phosphor occur during the 
dark period after excitation as was shown in Sec. 2F? 
One could explain both features by the assumption that 
the process described by 64 occurs thermally even at low 



































V 

Fic. 7. Electronic transitions in ZnS type phosphor. A—Acti- 
vator level, A*—Excited state of activator, 7—Electron traps, 
C—Conduction band, V—Valence band. 
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temperature. This is, however, theoretically unlikely. 
The energy difference, activator level-valence band is 
about 0.8 ev for thermal excitation in the case of 
ZnS: Cu. 

The number of free holes p released per second is 


dp (di= P,se~ 2a! 87, (13) 


P, is the number of holes in activators (~ 10'7/cm*); s 
the well-known collision factor which is of the order of 
10", and E, is the energy difference between the 
activator level and the edge of the valence band; 
e~24/®T at low temperature is of the order of 10-”. Thus, 
dp/dt is extremely small (10~"/sec) instead of 10* per 
sec, which would be required to explain the process 
observed. Furthermore, if this process were to occur, it 
would be stronger with silver (because of the smaller 
E,). There is, however, no indication that this is so. 

Another way of explaining the formation of holes 
during excitation with 4360 A is by assuming that the 
exciting radiation produces the transition 7 of Fig. 7. 
This would mean absorption in the valence band bring- 
ing electrons into trap levels. This process would, 
however, produce most quenching at the beginning of 
the rise curve, and this would become small when all 
traps are filled. Our experiments (Sec. 2E) do not 
indicate this. 

Positive holes would also be produced when the 
exciting light or the fluorescent light is absorbed in the 
valence band, bring an electron from this band into an 
ionized activator. The latter would mean self-absorption 
of the fluorescent radiation. We have tested whether 
quenching under 4340 A excitation depends upon the 
thickness of phosphor layer. The values of L,/L, were 
measured using three kinds of sample plates with the 
following thicknesses: effectively infinite, 6.1, and 1.8 
mg/cm?. The corresponding L,/ 1; were 2.8, 2.5 (shown 
in Table I), and 2.3, respectively. In the thinnest sample 
plate the phosphor layer consisted of single crystal 
grains. Thus, the ratio L,/L, is not strongly dependent 
on thickness, indicating that self-absorption is not the 
most important quenching process. 

That self-absorption does, however, partially con- 
tribute to the creation of holes seems to be indicated by 
the quenching of the glow areas during long decay 
periods at low temperatures. If a noticeable amount of 
the phosphorescence radiation at low temperature were 
self-absorbed by the S, transition, this self-absorption 
would lead to a radiationless transition and be lost for 
phosphorescence. Thus, the decrease of the glow areas 
would be larger than that of the light sum of the 
phosphorescence areas. This was found, as was men- 
tioned in Sec. 2F. Whether this assumption can explain 
the observations quantitatively has not yet been 
established. 

The processes at room temperature are easily ex- 
plained with this model. Since the trap occupation is 
low, the quenching is low; self-absorption in the 6, 
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process is low and the holes created recombine pre- 
dominantly with activators. Only if they are repeatedly 
thermally released from ionized activators by 44 does 
quenching occur. This is demonstrated by the non- 
existence of any glow area above room temperature for 
ZnS: Ag. 

But there are still processes at low temperatures 
which do not fit so easily into our picture. ZnS: Ag 
phosphors show much smaller differences between 
deficiency areas and glow areas. than do ZnS:Cu 
phosphors. One would be inclined to explain this by the 
smaller number of trap levels available in ZnS: Ag. But 
this is not the case under electron excitation in ZnS: Cu. 
Here the number of actually trapped electrons is 
certainly not larger than that in the silver case, as is 
easily found by comparing Tables I, V, and VI, and yet 
the quenching is much larger for ZnS:Cu than for 
ZnS: Ag. One way out of this difficulty is to assume that 
y’ is larger for ZnS: Ag than for ZnS: Cu. 

One can give theoretical arguments for this assump- 
tion. The energy freed by the transition :hole — acti- 
vator is considerably smaller for Ag than for Cu. Now 
any energy releasing transition will in general be more 
probably when the energy release is small, because then 
the coupling with the lattice, which has to take over the 
energy, can be less. This may make the hole-activator 
transitions in Ag more probably than in Cu. We have, 
however, no other evidence that this is actually so. 

Another point which will be discussed is the small trap 
filling in ZnS:Cu (3%) by 8 radiation compared to the 
strong filling in ZnS: Ag. It is mostly assumed that trap 
occupation depends upon excitation intensity. This is 
only correct when trapped electrons and holes are 
released during the excitation period in an amount 
comparable to the total number trapped. This is not 
the case in our low-temperature experiments as shown 
by the small phosphorescence over many hours. It was 
shown that about # of the whole glow area persists for 
more than 4 hr. Thus these traps should be filled by 
prolonged @ irradiation. We have found that no further 
trap filling occurs after equilibrium fluorescence is 
reached (about 90 min). Therefore, one must look for 
another reason for the small trap occupation observed. 

Indeed one finds that under certain conditions, traps 
may not be filled to saturation quite independently of 
the intensity of excitation. If the number of electrons 
released from traps is negligible, trap filling reaches 
equilibrium when the number of electrons falling into 
traps equals the number of holes which recombine with 
traps. If free electrons and holes are produced in equal 
number, as the case under 8 excitation, one can derive 
the following equation (see Appendix) : 


vy" 


B(no—n,) 


B(mo—m,)+8*n, yn ty'N 


Equation (14) may be written in a more convenient 
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form: 
No—n, BX y m% 


=—-—-—, 
Nt B vy N 


from which it is seen that when the right-hand side is 
larger than 1, the traps are not saturated while for the 
right-hand side smaller than 1, the traps are saturated. 
At low temperature 6* is approximately the same as 8 
(see Appendix) and n,/N may be of the order of 107°. 
Therefore if y/y’ is larger than 10, the traps are not 
saturated. Thus, we may have the unexpected satura- 
tion of weak band to band excitation at low temperature 
not filling the traps. 

If excitation is not by 6 radiation but rather by 
4360 A, then fewer holes are produced. Thus, a hole is 
not created for each free electron produced, and the 
right side of (14) has to be multiplied by a factor 2<1. 
As a consequence of this trap filling is increased, 
explaining why traps are filled to saturation with 
activator excitation. 

For Ag activated phosphors the situation is quite 
different. Here, apparently, y/y’ is smaller and there is 
apparently no noticeable activator level close to the 
conductivity band, as shown by conductivity measure- 
ments which give as high a conductivity at low as at 
room temperatures. Thus, with ZnS:Ag, traps are 
always filled to saturation at low temperature. 

The last point we wish to mention is the results ob- 
tained when these phosphors were iradiated by infrared 
at low temperatures. It is obvious that two stimulation 
maxima occur, but apparently they cannot be related 
to the various trap levels observed. It is very difficult to 
say why electrons from traps should be released with 
different wavelengths although these wavelengths ap- 
parently are not correlated to the energy levels of the 
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traps involved. The other difficulty is that at room 
temperature both these maxima are accompanied by 
nonradiative transitions. At low temperatures only the 
maximum of short wavelengths is connected with 
quenching. We cannot offer an easy explanation for 
these findings. Perhaps it may be that infrared opens 
another way of light emission which is not based on a 
release of trapped electrons by the infrared radiation. 


APPENDIX 


The time rate of change of electrons and holes is given 
by the following equations (see Fig. 7): 


dn,./di=al—8*n.P4—Bn(no—m), 
dp/dt=al —y'pN—vypn, 


where we have neglected 64 and 6. At equilibrium we 
have 
al al 


n= and P= =, 
y N+ym 


(3) 


B*P4+B(no—m) 
Also at equilibrium 


Bn(No—N;), 


ynip 


since we have assumed these are the predominant 
transitions in emptying and filling traps; substituting 
(3) in (4) we obtain Eq. (14) of page 35, assuming 
Pony. 

All these symbols are explained in Fig. 7 where it is 
seen that for the free electron — activator transition we 
may use the transition probability 6*=8’5,/(é2+4’). 
For 6br«é’, Bt=B'dr/5’~10-48’=10-48, while for 
5p>d’, B* =’. Since dz is not temperature dependent 
while 8’ is, we find 6* approaching §’ at low temperatures. 


(4) 
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A proton magnetic resonance study of polycrystalline HCrO: as a function of magnetic field and tempera- 
ture is presented. HCrO, is paramagnetic, and electron paramagnetic dipole as well as nuclear dipole effects 
lead to line broadening. The lines are asymmetric and over the range of field 470<H)<9400 gauss and 
temperature 77°<7<294°K the asymmetry increases with increasing Ho and decreasing 7. An isotropic 
resonance shift of ~0.03% to lower applied fields indicates a weak isotropic hyperfine contact interaction 
The general theory of resonance shifts is used to derive a general expression for the second moment Mo, of 
a polycrystalline paramagnetic sample and is specialized to HCrOz. The theory predicts a linear dependence 
of M2, on [Ho/ (T+) F, where 6 is the experimentally determined Curie-Weiss constant. The experimental 
second moment M2,’ conforms to the relation M2,’= (3.96+0.06) + (0.084+0.002)[Ho/(7+276) } in 
agreement with theory. Hence, the electron paramagnetic effects (slope) can be separated from the nuclear 
effects (intercept). The paramagnetic dipole effects provide some information on the particle shapes. The 
nuclear dipole effects provide some information on the motions of the hydrogen nuclei, but the symmetry 


of the O—H—O bond in HCrO, remains in doubt. 


INTRODUCTION 


HE magnetic moment of an unpaired electron 

associated nearby may have a tremendous in- 
fluence on the magnetic resonance properties of nuclei. 
It is important to consider and experimentally verify 
this influence since quantitative nuclear resonance is 
becoming increasingly used in investigations of struc- 
ture. HCrO, appeared to be well suited for the study 
of these matters, since it is a normal paramagnet, with 
three unpaired electrons on the chromium, its crystal 
structure is very simple, and the unknown position of 
the hydrogen in the strong O—H—O bond provides 
structural interest. 

We first discuss the 0—H—O bond in HCrOs. We 
then outline the theory of the interaction of para- 
magnetic dipoles with nuclei and show that the theory 
is in excellent agreement with experiment. Indeed it is 
possible to separate electron paramagnetic from nuclear 
effects. The information provided by the electron para- 
magnetic effects is then discussed, and finally the 
nuclear effects are interpreted in terms of various 
motional-modified models of the O—H—O bond in 
HCrO.. 


O—H-—O BOND IN HCroO, 


Theoretical studies of the hydrogen bond'? generally 
agree that the A—H—A bond will be linear in the 
absence of peculiarities of packing in the solid. More- 
over, it will be asymmetric until a certain critical A— A 
distance is reached, below which it will become sym- 
metric. There is ample evidence*® from many sources 
that the F—H—F bond in KHF, is symmetric. The 
F—F distance in KHF-, is 2.26 A.* There is evidence, 


1J. C. Slater, Acta Cryst. 12, 197 (1959). 

2C. Reid, J. Chem. Phys. 30, 182 (1959). 

* See, for example, S. W. Peterson and H. A. Levy, J. Chem. 
Phys. 20, 704 (1952). 

4L. Helmholz and M. T. Rogers, J. Am. Chem. Soc. 61, 2590 
(1939). 


though less convincing than for KHF»., that the 
O—H-—O bond in nickel dimethylglyoxime is sym- 
metric. Here the O—O distance is 2.44 A.° A number of 
semiempirical estimates by various workers! lead to 
the conclusion that the O—H—O bond becomes sym- 
metric when the O—O bond length is about 2.4 to 2.5 A, 
but aside from the possible example of nickel dimethyl- 
glyoxime there have been no convincing reports of 
symmetric O—H—O bonds. Douglass® has studied the 
crystal structure of HCrO: by x-ray diffraction. He finds 
the structure contains an O—H—O bond with the 
O—O distance of 2.55+0.08 A. then, the 
possibility that this O—H—O bond is symmetric, 
although Douglass was unable to determine its sym- 
metry from his x-ray data. 

Douglass found HCrO, to be trigonal, Laue sym- 
metry 3m, with a=4.787+0.005 A, a=36.3+0.1°. 
X-ray and experimental density showed one formula 
unit in the unit cell, corresponding to a paramagnetic 
ion density of 0.029 Cr/A*. The x-ray data did not 
permit Douglass to determine uniquely the space group, 
but a negative test for piezoelectricity led him to 
assume a center of symmetry. Under this assumption 
the space group must be D;4°—R3m and the following 
are the positions of the atoms in the unit cell.’ 


There is, 


Cr in 1(a): 
H in1i(b): 4,4,3; 


O in 2(c): 


0,0,0: 


+ (x,x,x). 


This space group requires the hydrogen bond to be 
symmetric. Douglass found powder intensity calcula- 
tions and measurements to agree best for «=0.405 


5 L. E. Godycki and R. E. Rundle, Acta Cryst. 6, 487 (1953) 

®*R. M. Douglass, Acta Cryst. 10, 423 (1957). 

7 See, for example, Jnternational Tables for X-ray Crystallography 
(Kynoch Press, Birmingham, England, 1952), Vol. 1. 
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+0,003.8 These data lead to a structure in which 
sheets of Cr atoms lie between two sheets of O atoms. 
The O atoms in each sheet are close packed and each 
Cr atom is surrounded by a distorted octahedron of O 
atoms. The O—Cr—O layers are stacked normal to the 
[111] axis with the lower oxygens of one layer directly 
above the upper oxygens of the neighboring lower layer, 
in such a manner that the repeat is every three layers. 
The separate layers are joined together by hydrogen 
bonds. A drawing of the structure is to be found in 
reference 6. 

The gross details of the structure appear reasonable. 
The structure appears to be unique among ROOH 
compounds, but is the same as that assumed by 
HNaF:2(NaHF:).’ The bond angles and distances are 
all within the expected limits and the volume per oxygen 
is about normal. However, the possible absence of a 
center of symmetry not only moves the hydrogen atom 
off (4,3,3), but also allows the oxygen atoms to become 
nonequivalent, with O,; at (%,21,%1) and Og at (.r2,%2,x2) 
(space group C;,°—R3m), where O; represents the 
oxygens on one side of the O—Cr—O layers and O, 
those on the other side. However, any oxygen non- 
equivalence would shorten either the already extremely 
short O,—H—Oz interlayer distance of 2.55 A or the 
non-hydrogen-bonded O,—QOz, interlayer interactions 
which are already quite short at 2.58 A. Hence, it is 
difficult to conceive of a packing of the atoms in this 
material in which the oxygen atoms are far from geo- 
metrical equivalence. The only effect of lack of a center 
would then be to release the hydrogen atoms to occupy 
general, rather than special, positions along the [111 | 
axis. 

If the O—H—O bond is linear then there are three 
reasonable positions for the hydrogen atoms: (1) The 
hydrogen atoms are centered and hence all lie on a 
sheet midway between the oxygen sheets; (2) all hydro- 
gen atoms lie on a sheet, but the sheet is closer to one 
oxygen sheet than to the other; (3) hydrogen atoms are 
asymmetrically placed, either randomly or in an 
ordered way, so that some hydrogen atoms are closer 
to the upper oxygen atoms while others are closer to 
the lower oxygen atoms. Position (2) appears to us to 
be unlikely in view of the absence of a piezoelectric 
effect and on general chemical structural grounds. A 
randomization of ‘‘ups” and “downs” is more likely 
than ordered “ups” and “‘downs” in position (3) since 
the hydrogen atoms are well separated and so the posi- 
tion of one could hardly affect the position of another, 
and also since ordered “up” and “down” implies a 
larger unit cell, for which no evidence exists. Therefore, 
the only unknown structural feature would appear to 
be whether the hydrogen atoms are located sym- 
metrically (1) or asymmetrically (3). 


8 Preliminary neutron diffraction results [W. C. Hamilton and 
J. A. Ibers (unpublished) ] confirm this value of the oxygen 
parameter in HCrOs. ’ F 

»C. Andersen and O. Hassel, Z. physik. Chem. 123, 151 (1926). 
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EXPERIMENTAL PROCEDURES 
Samples 


Douglass prepared his sample of HCrO2 by thermal 
decomposition of aqueous chromic acid at 300-325°C. 
Dr. Douglass was kind enough to lend us about 5 grams 
of his material. This material proved to be unsatis- 
factory, since we could not obtain reproducible results 
on various portions of the sample. Subsequently, we 
learned from Douglass that his sample contained a few 
percent CrO: impurity. Since CrO» is ferromagnetic, we 
felt that any results obtained from the magnetically 
contaminated HCrO, would be suspect. 

Plane” suggested another preparation of HCrO, 
which we used here. 500 ml of 1M aqueous Cr(NOs); 
with 1 g CrO; added are heated in a bomb at 170°C 
for 48 hours." A very fine, gray solid (about 15 g) is 
formed, water-washed by centrifugation, and dried at 
110°C. 

Differential thermal analysis showed a very small 
endothermic reaction at 340°C and a large endothermic 
reaction at 470°C. This latter reaction is in accord with 
the reported decomposition of HCrQ,.":"3 Thermo- 
gravimetric analysis showed a weight loss of 1.8% 
centered at 337°C and another weight loss of 10.8% 
at 463°C. The expected weight loss for HCrOz going to 
H.O and Cr.O; is 10.6%. Mass spectrometric analysis of 
gases evolved upon heating to 410°C indicated nitrogen 
oxides and water vapor. The small reaction occurring 
at 337°C is probably caused by decomposition of 
occluded nitrates, and perhaps by a small amount of 
some hydrous material other than HCrOs:. All subse- 
quent measurements were made on material which had 
been heated to 375°C for one hour. Emission spectra 
indicated 0.01-0.1% calcium and all other impurities 
much lower. Chromium analysis gave 58.8% Cr as 
compared with 61.2% theory. However, HCrO, ad- 
sorbs water from the atmosphere and this may account 
for the low chromium analysis and high total weight 
loss. 

The x-ray diffraction pattern of the material, taken 
with CuKa radiation, indicated the presence of no 
extra lines and was in good agreement with the pattern 
of Douglass. Magnetic analyses by R. G. Meisenheimer 
of this laboratory indicated no ferromagnetic impurities. 
HCrO, was found to be paramagnetic with three un- 
paired electron per chromium atom and a molecular 
susceptibility of 


x (HCrO.) = 3.20(T7+6)' 10-4, 


10 R. A. Plane, private communication, San Francisco American 
Chemical Society Meeting, April, 1958 (unpublished). 

1! J. Kumamoto of this laboratory has found that the yield of 
HCrO; is increased substantially if a small amount of isopropyl 
alcohol is added to the solution and if the bomb is heated at from 
250° to 300°C overnight. 

2 A. W. Laubengayer and H. W. McCune, J. Am. Chem. Soc. 
74, 2362 (1952). 

13M. W. Shafer and R. Roy, Z. anorg. u. allgem. Chem. 276, 
275 (1954). 
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where 6=276°K. For exactly three unpaired electrons 
the coefficient would be 3.10. An infrared spectrum, 
obtained by H. A. Benesi and R. G. Snyder of this 
laboratory, showed bands in the positions found by 
Jones." 

Electron microscopic examination of the HCrO, 
sample showed it to be composed of nearly isotropic 
particles about 0.3u in diameter. The particles appeared 
rough and undoubtedly the single-crystal domains are 
smaller than this. The x-ray data are consistent with 
particle sizes of 1000 A or greater. We found no obvious 
effects due to preferred orientation of the crystallites 
in this sample nor would we expect to on the basis of 
the shape found from electron microscopic examination. 


Nuclear Magnetic Resonance (NMR) 
Measurements 


The magnetic resonance absorption was detected by 
employing a Varian model V-4200 A broad line spec- 
trometer and the associated 12-inch electromagnet 
system.'®!6 One measurement at 40 Mc/sec was ob- 
tained with the Varian model V-4310 unit. A bridged-7 
type of bridge was used in the 10-16 Mc/sec range. The 
rf power level was maintained small enough at all times 
to prevent obvious line shape distortions by saturation 
effects. A modulation frequency of 40 cps with an 
amplitude as small as possible, commensurate with 
reasonably good signal-to-noise quality, was used. 
Background spectra were obtained in all cases. The 
spectrometer was adjusted to minimize the amount of 
dispersion mode mixed in with the absorption signal. 

A single value of the thermal relaxation time 7; at 
room temperature was measured by the progressive 
saturation method. The value of 7; estimated at 470 
gauss was 400+ 200 microseconds. A single measure- 
ment of the spin-spin relaxation time T, was obtained 
at 10 Mc/sec by pulse methods. This measurement was 
obtained by W. Blumberg of the University of Cali- 
fornia, Berkeley, by observing the breadth of the free 
induction decay signal. The value derived was 16 
microseconds. 

Field shifts were derived from the mean value of the 
resonance line, defined as the field about which the first 
moment is zero. 

Second moments of the spectra were computed by 
numerical integration. Corrections were applied for 
modulation broadening, apparatus background, and 
field shift. 

Spectra were obtained over the temperature range of 
77-294°K. For the low-temperature measurements the 
sample was cooled by a cold nitrogen gas flow method 


14. H. Jones in a subsection of reference 6 above. 

16 Varian Associates Instrument Division, Wide Line NMR 
Spectrometer V-4200B (Operating Manual). 

16 A. K. Saha and T. P. Das, Nuclear Induction (Saha Institute 
of Nuclear Physics, Calcutta, 1957). 
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similar to that of Andrew and Eades.'’ The temperature 
was maintained to within about + 2°C for the period of 
time required to make the measurement (usually about 
one hour). One sample, which had been exposed to the 
atmosphere after evacuation at 375°C, showed the 
presence of adsorbed water (about 0.3 wt %) as 
evidenced by a weak resonance line which was very 
narrow at room temperature and which disappeared, 
due to broadening, at low temperature. The data re- 
ported here are either from spectra from which the 
adsorbed water resonance could easily be eliminated or 
from spectra of samples evacuated and sealed off at 
375°C which contain no adsorbed water. 

The measured powder density of the HCrO~ used 
here was about 1.3 g/cm’, approximately one-third that 
of the crystal density (4.10 g/cm*). Such a density 
corresponds to a paramagnetic ion density of about 
0.01 Cr/A’*. 

Spectra were obtained from a powdered sample 
having the shape of a right circular cylinder with a 
height-to-diameter ratio of 4:1. The top of the sample 
was nearly flat and the bottom hemispherical. Spectra 
were also obtained from a sample in a spherical con- 
tainer which was made by blowing a bubble on the end 
of a capillary glass tube. The bubble was filled to the 
top and special precautions were taken to prevent any 
sample from remaining in the capillary. Spectra were 
also obtained from a third sample of HCrOz which had 
been diluted to three times its original volume with 
powdered, anhydrous alundum (a— Al.Os;). This sample 
was contained in a cylindrical container similar to that 
described above. 


RESULTS AND DISCUSSION 
General Considerations 


In the absence of the electron magnetic moments and 
nuclear motion a symmetric proton resonance absorp- 
tion line, whose features are determined solely by the 
equilibrium location of the nuclei, would be expected 
for HCrO»2. However, for a fixed radio frequency v each 
nucleus will absorb energy only when the total magnetic 
field at its location H satisfies the Larmor resonance 
condition H=2mv/7, where y is the nuclear magneto- 
gyric ratio. The effect of the large magnetic moment of 
the unpaired electron is to alter substantially the mag- 
netic field at the nucleus from that of the external field. 
If we consider the instantaneous magnetic field at the 
proton nucleus in HCrOs», a calculation of the proton 
resonance linewidth would indicate several thousand 
gauss. Fortunately, however, in HCrO, as in other nor- 
mal paramagnetic material the average lifetime of the 
electrons in their individual spin states is much shorter 
than the proton spin lifetimes in their respective states. 
Hence, the protons “‘see’’ only the static component of 


17 E. R. Andrew and R. G. Eades, Proc. Roy. Soc. (London) 
A216, 398 (1953). 
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the electron spin. This component is small compared 
with the instantaneous fields. For a single crystal of 
HCrO, all protons are equivalent'* and the effect of 
the chromium ions is to give a net shift to the whole 
spectrum equal to this static component. This static 
component is not uniform throughout space, since it 
results from the dipolar fields and the contact fields of 
the discrete chromium ions. These fields will, in general, 
be orientation dependent. Hence, the spectrum from a 
single crystal will be shifted a different amount for each 
orientation. A powder sample will therefore give a spec- 
trum which is broadened, owing to the superposition 
of spectra shifted by various amounts. One would there- 
fore expect that the spectra would broaden as the static 
electron magnetic moment increases. On the basis of 
dipolar effects alone, one would also predict an asym- 
metric line, with unshifted mean, since the shift for the 
individual crystallite should depend upon an asym- 
metric orientation function (3 cos?y—1). The effect of 
an isotropic contact field alone would be to give a uni- 
form shift to the whole powder spectrum. 

The experimental line shapes are in agreement with 
the above expectation. The lines possess a small iso- 
tropic shift and are, in general, asymmetric, the high- 
field wing being broader and flatter than the low-field 
wing. Both the shift and the asymmetry increase with 
increasing magnetic field and decreasing temperature. 
At the lowest field value used, viz., 470 gauss, and the 
highest temperature used, 300°K, the line shows very 
little asymmetry and possesses a shape which is more 
nearly Gaussian than Lorentzian in character. 


Nuclear Resonance Shifts and Second Moments 
in Paramagnetic Crystals 


We shall now consider the problem of second mo- 
ments of resonance lines obtained for nuclei in para- 
magnetic crystals. Van Vleck’® has shown how the 
interaction of nuclear dipoles leads to line broadening 
and has derived in detail expressions for the second 
moment in terms of positions of the atoms. In this sec- 
tion we are concerned only with the additional broaden- 
ing of the resonance line of powder samples as a result 
of the static magnetic fields of the electron moments. 

The second moment M, of a resonance line about its 
mean value m is given by 


M.=((H-—m)* ET?) —m?, (1) 
where (H*) is the mean-square value of the resonance 
field distribution. It is apparent from (1) that M2 is 
invariant to effects that simply shift the resonance to a 
new mean value leaving the distribution otherwise un- 
altered. For a single paramagnetic crystal m depends 

18 This is strictly true only if the single crystal has the shape of 
an ellipsoid of revolution. In practice this condition is not usually 
fulfilled and nuclei that have different locations relative to the 
crystal boundary will see different static fields. The effect of this 
is to cause a slight broadening of the resonance lines. 

19 J. H. Van Vleck, Phys. Rev. 74, 1168 (1948). 
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upon the orientation of the crystal in the applied field. 
However, for fixed orientation the static electron mo- 
ment leads only to a shift of the entire resonance, and 
the expression for M2, M;°, will be the one derived by 
Van Vleck for the interaction of nuclear dipoles alone. 
The second moment for a powder sample M2, is ob- 
tained, in the absence of preferred orientation effects, 
by an isotropic average of (H*) and m over all crystallite 
orientations : 


M 2p= ((H?))a.g— (m aw 
=(M!) aot (m*)a,g— (mM) a,¢*- (2) 


In order to compute the paramagnetic contribution to 
M>,, one needs an expression for the resonance mean as 
a function of crystal orientation. 

McConnell and Robertson” have derived a general 
expression for nuclear magnetic field shifts of purely 
dipolar origin in paramagnetic molecules. Extending 
their results to include the effects of paramagnetic ions 
in a crystalline lattice and including the effects of the 
contact interaction, we find the mean of the resonance 
line for similarly situated nuclei to be 


Ho 
pons -) L Ay 
T+0/ i 


a. 
of. -) > rij ae cos’a(3 cos?X;;— 1) 
T+6/ i 


m= Hy— (gi? cos’a+g, sinta)c( 


+ g,? sin’a(3 sin®X;; cos? g;;— 1) 
+3(g,,°+-¢,2) sin2a sin2X, cos¢i;], (3) 


where Ho is the applied (z-directed) field and C 
= | 8|*S(S+1) (3k). 8 is the Bohr magneton, S is the 
nuclear spin, and & is the Boltzmann constant. The 
first and second sums in (3) account for the contact 
and dipolar interactions, respectively. A,; is the iso- 
tropic contact coupling constant, defined by the term 
— A jjuj: wi (=yh!| | AijS;- g-1)) in the total spin Hamil- 
tonian Hspin, and (3/8r)A,; is the unpaired electron 
density |¥;(0;)|? of ion 7 at nucleus i. The p’s are mag- 
netic moment vectors and §¢ is the electronic g tensor. 
In the derivation of the dipolar contribution to (3), 
the magnetic fields of the paramagnetic ions are con- 
sidered as fields of point dipoles located at their re- 
spective lattice sites. Moreover, axial symmetry is 
assumed and g,, and g, are the components of the elec- 
tronic g tensor parallel and perpendicular to the figure 
axis. r;; is the length of the vector joining 7 with 7 and 
making an angle X,; with the crystal axis. ¢;; measures 
the azimuthal orientation of r,; about the crystal axis 
and a defines the polar angle of the applied field rela- 
tive to the crystal axis. A Curie-Weiss-formula-type 
approximation, |Es,|<«<k(7T+6), was used in deter- 
mining the average (static) electron spin polarization. 


” H. M. McConnell and R. E. Robertson, J. Chem. Phys. 29, 
1361 (1958). 
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Es, is the energy eigenvalue corresponding to the spin 
eigenvalue S, and @ is an experimentally determined 
Curie-Weiss constant which is related to the exchange 
interaction among the electrons. 

The mean value of the powder resonance m, is ob- 
tained by averaging (3) over all orientations. Thus 


Cs Ho 
my=(m)a,~¢= Ho— -(—) 
3\T+80 


XC (gu?-+2g.2)A+ (gu?—g.) J, (4) 


where 
Amd; Au, Ld Vij *(3 cos’X ;;— 1). (S) 


When we introduce (3) into (2) and perform the in- 
dicated averages, the second moment of the powder 
resonance becomes 


Cy Hy \2 
M2,=M2 +—(—.) 
45\T+0 


X[2(gu?—-g2)A+(2gu?+e.)>0 P, (6) 


where M,2,°, the Van Vleck expression for the powder 
second moment resulting from the interaction of nuclear 
dipoles alone, is 


M2,9=31 (I-41)? De(riv*(3 0080s —1)")a.e (7) 
= $37 (I+1)yh? Se rive. (8) 


The index 7’ accounts for the fact that here we are sum- 
ming over nuclei. 0; is the angle between the rj; and Ho. 

The results expressed in (4) and (6) show that m, 
and M2, should vary linearly with Ho/(T+é@) and 
[Ho/(T+6) , respectively, and that in the latter case 
the zero-field intercept is simply the Van Vleck expres- 
sion for the second moment, in the absence of electron 
paramagnetism. It is clear, then, that in theory it is 
possible to separate the electron paramagnetic dipole 
interactions from nuclear dipole interactions in NMR 
experiments. 

The second and third terms in (4) represent the iso- 
tropic contact shift and the pseudo contact shift, re- 
spectively. The pseudo contact shift results from the 
dipolar interactions and vanishes when g,,=g.. For a 
material with isotropic g factor the shift of the mean 
value of the resonance is thus a measure of the strength 
of the isotropic contact interaction. On the other hand, 
the contact contribution to M2, in (6) vanishes when 
giu=g, and the slope of the linear plot becomes a meas- 
ure of the strength of the dipolar interaction. In this 
latter case the slope of the linear plot may be written 


Lx(T+6)2 Ff, (9) 
where x is the molecular susceptibility. 
The dipole sum 2 is conditionally convergent and a 


sum out to the boundary determined by the sample 
container is required. In performing this sum the 


and 
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effects of the distant dipoles are readily accounted for 
by bulk magnetization formulas, 


T= D+ (44—n)p+ (n—7’)p’, 


where ~° is a finite dipole sum within a sphere of arbi- 
trary radius centered at a measured nucleus; the sphere 
must be contained entirely within the crystallite. n is 
determined by the shape of the individual crystallites, 
and is equal to 47/3 if the crystallites are spherical and 
to 2x if they are cylindrical. n’ is the analogous factor 
determined by the shape of the sample. p and p’ are the 
paramagnetic ion densities in the crystallite and powder, 
respectively. 


(10) 


Dipole Sum and Shift Results for HCrO, 


In computing the dipole sum for HCrQs, the 
O—H-—O bond is assumed symmetric. This is done for 
convenience since the dipole sum is relatively insensi- 
tive to the position of the H atom along the O—H—O 
bond. A displacement of the proton by 0.25 A from the 
center along the bond reduces the dipolar sum by only 
2%. A sum of the nearest 202 Cr ions contained within 
a sphere of diameter 24A gives >°=0.193 A~*. The 
value of 2° oscillates between about 0.19 and 0.21 A-* 
as the diameter is increased. We arbitrarily chose 
0.20 A~* as the value of >°. Using the paramagnetic ion 
density of 0.029 Cr/A® for the crystallite density of 
HCrOs:, we obtain the value of >=0.20+42p=0.32 A-3 
as the dipole sum for a single crystal assumed infinite 
in all dimensions.”* Assuming the individual particles 
to be spherical, as indicated by the electron microscope 
study, and using the measured powder density of 0.01 
Cr/A®, we obtain >=0.20 A~* for the spherical sample 
used, 0.185 A~* for the undiluted cylindrical sample, and 
0.195 A~* for the diluted cylindrical sample. This sum 
is rather insensitive to sample shape but quite sensitive 
to individual particle shape ; this difference in sensitivity 
between particle and sample shape is due primarily to 
the difference in particle and powder densities. Measure- 
ments of the second moment, to be discussed below, 
indicate a spherical shape. 

The g factor for most chromium compounds tends to 
be very nearly isotropic with an apparent value of 
about 1.98,” very nearly that of a free electron. If we 
take a pessimistic viewpoint and let g;,=2.00 and 
g.= 1.96 as an extreme case of anisotropy, the expres- 
sion for the shift, AW=m,— Ho, becomes 


AH = —[3.034+0.04112 JHo/(T+6). (11) 


The shift of the resonance line was small compared 


*1 The dipole sum for an infinite (boundaryless) single crystal 
of HCrO, has also been computed by W. R. Heller of these 
laboratories using the Ewald method, which involves summing 
over both the real and reciprocal lattice. [See, e.g., M. H. Cohen 
and F. Keffer, Phys. Rev. 99, 1128 (1955). ] The value he obtains 
for HCrOy is 0.315 A-. 

a D. Swalen of these laboratories has looked at the electron 
spin resonance of HCrO, and finds an apparent g factor of 1.976. 





STUOZ. OF, POLACRISTALLINE: HCrOs 


with the linewidth and could not be measured accu- 
rately. The results of several room-temperature meas- 
urements at about 3000 gauss are consistent with a 
shift of 1.0+0.5 oersted toward lower applied fields.” 
The shift decreases as the applied field is reduced. If 
we use >=0.20 A~*, this value of the shift leads to 
A=0.060 A~*. Assuming a more realistic case of gi. = gi 
1.976, we obtain 


AH = —3.07AH,/(T+6), (12) 


0.062 A~*. This isotropic contact shift 
factor is therefore rather insensitive to assumptions 
about the anisotropy of g and furthermore is quite 
small compared with the dipolar factor 2. The values 
given above yield 0.0072 A~* for the unpaired electron 
density at the hydrogen nucleus, |Wcr(On)\*. Lack of 
knowledge of the crystal wave functions precludes a 
calculation to check this value, but it may be compared 
with an electron density of 0.087 A~* which would 
result if the three unpaired electrons were uniformly 
distributed throughout the unit cell. 

It should be emphasized that the quantity discussed 
here is the space-average shift. The shift for a particular 
crystal orientation is much larger than this, and it is 
this orientation-dependent shift which leads to a reson- 
ance line broadening. From the form of the shift ex- 
pression in (4) one would predict a linear dependence 
of linewidth on [H./ (T+) }. 

The spin-spin relaxation time 7; may be estimated 
from the linewidth 6H by using the relationédH =2(yT2)" 
which implies a Lorentzian line shape, when the spin- 
lattice relaxation time 7, is long compared with 7>. 


for which A- 








8 10 
H 
T+o 


Fic. 1. The dependence of linewidth on temperature and field. 


% The rather large error in the measured shift value may reflect 
in part a smali admixture of dispersion mode in with the absorp- 
tive signal. 


1625 


An estimate of 400+200 microseconds for 7; was 
obtained by the progressive saturation technique at 470 
gauss and 295°C, while a value of 16 microseconds for 
T, at 2350 gauss and 295°C was obtained by pulse 
methods. The measured linewidth 6H, defined as the 
separation in gauss between maximum and minimum 
on the derivative curve, is shown plotted against 
H/(T-+6) in Fig. 1. The scatter of the data reflects the 
uncertainty in measuring 6H as a result of the flatness 
of the high-field wing of the derivative curve. The open 
circles represent data from the cylindrical, undiluted 
sample. The solid point in the figure represents the 
value of 6H computed from the pulse measurement, 
while the triangle represents the result from the 
spherical sample. The square represents the linewidth 
for the cylindrical, diluted sample. 

The sample shape, demagnetization, and bulk para- 
magnetism have no observable effect on the linewidth. 
Within the rather large experimental error in 6H, the 
linewidth appears to be a linear function of the static 
electron magnetic moment in HCrOs, in qualitative 
agreement with the prediction of Eq. (4). In view of 
the large uncertainty in linewidth measurements and 
the much more reliable second moment data below, no 
quantitative calculations from the linewidths were 
made. 


Second Moments of HCrO, 


The experimental (primed) second moments are 
shown in Fig. 2 as a function of [Ho/(T7+276)}. A 
least-squares fit of the data to a straight line gives 


M,,' = (3.96+0.06) 


+ (0.084+0.002)[Ho/(T+276)?. (13) 


The exceedingly good fit of this line to the data is all 
the more remarkable when one notes that the 40-Mc/sec 
point (upper right-hand corner) was not used in the 
least-squares analysis and yet falls essentially on the 
extrapolated straight line. 

When we perform the indicated sums*™ in (6) for a 
symmetric hydrogen bond, let g;,= 2.00 and g,= 1.96 as 
an extreme case of anisotropy for HCrO:, and use the 
values of 2 and A given in the section above, then 
Eq. (6) becomes 


M>,=3.63+0.077[Ho/(T+6) P. (14) 


If we assume the more realistic case of g;,=g,=1.976, 
we find the slope to be 0.075. The slope calculated from 
the experimental susceptibility [Eq. (9) ] is 0.082. 

In the treatment above we have assumed the lattice 
to be rigid. The zero-point motions of the nuclei will 
affect the dipole sum and hence the theoretical slope. 
We have considered, in a manner analogous to that 
discussed below concerning the effect of motion on the 
zero-field second moment, the effects of motion of the 


* We neglect the contribution to M2 of the Cr nucleus, for 
this contribution is less than 0.1%. 
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Fic. 2. The dependence of sec- 
ond moment on temperature and 
field. (@=276°K.) 














hydrogen nucleus on the contributions to the dipole 
sum of the six nearest hydrogen-chromium interactions. 
We find that these contributions are increased by 
about 3%. It seems likely that the effects of the hydro- 
gen motion on the remaining contributions will tend to 
cancel out when summed. Hence, the theoretical slope 
will be increased by at most about 6% as a result of 
zero-point motion. 

In Table I we summarize the theoretical values of 
the slope obtained from the various equations on the 
assumption that >=0.20 A~*. The agreement with the 
experimental value of 0.084+0.002 (deg-oersted/ 
gauss)? is remarkable. This agreement is even more 
remarkable when one considers that the calculations 
were made on the basis of a point dipole approximation 
for the chromium ions rather than a dipole distributed 
over the chromium d-electron wave functions. Since = 
changes markedly as the particles deviate from sphe- 
ricity, this agreement confirms the approximately 
spherical shape of the particles.”® 

The errors involved in the dipole sum, and hence in 
the theoretical slopes, arising primarily from shape and 


TABLE I. Values of the theoretical slope. 


x (T +6) 
x< 1074 


Slope 
(rigid) 


Slope 
(motion) 
0.083 


0.079 
0.087 


gi £1 
2.00 
1.976 


1.96 
1.976 


0.077 
0.075 
0.082 


3.20* 


® Experimental value. 


28 By particles we here mean those domains whose average 
density is essentially that of a single crystal; this differs markedly 
from the powder density. It is not necessary that these particles 
be single crystals. 


motion effects, preclude, even if the g factors were 
known with certainty, comparison with the experi- 
mental slope to yield information of structural interest, 
e.g., the position of the hydrogen atom along the 
O—H-—O bond. 


Interpretation of the Zero-Field Second Moment 


The lack of agreement between the theoretical M2,° 
(3.63 oersteds? for the case of a symmetric O—-H—O 
bond) and experimental M,,” (3.96 oersteds’) values 
of the intercept requires further explanation. We need 
only consider Van Vleck’s expression for the second 
moment [ Eq. (7) | which involves the interaction among 
the protons. In treating the problem of second moments, 
we have ignored the off-diagonal elements of Hgpin. 
Bloembergen, Purcell, and Pound®® have shown that 
these terms are effective in second order for allowing 
interchange of thermal energy between the spin system 
and the lattice and thereby contribute to the lifetime 
of the individual spin state. The effect of a short 7; is 
to broaden the resonance line by folding in a component 
having Lorentzian character. We assume that the en- 
hanced broadening is equivalent to the characteristic 
breadth (between points of inflection) of a collision 
broadened Lorentz line, viz., (V3y7\)~'. The net re- 
sultant average lifetime of the spins is thus given by 

1/T2=1/T'+1/2V3T), (15) 
where 7,’ is the lifetime determined solely by the 
diagonal elements of Hspin. The effect of 7; on the 
second moment is to make the experimental value too 
large. If we assume a Gaussian line shape, in agreement 


26 N. Bloembergen, E. M. Purcell, and R. V. Pound, Phys. Rev. 
73, 679 (1948). 
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with the observations for HCrO, at low fields, then 
(yT2')~ is the second moment we wish to compare with 
theory and not an experimentally measured value 
(yT:)*. For comparison with theory it is required 
therefore that the experimental second moment be 
changed by a factor of about [1—(7./2v37,) P. In 
order to obtain agreement between the experimental 
moment, 3.96 oersteds’, and the rigid lattice value, 3.63 
oersteds’, T; must be about 100 microseconds. 
lower than the 


This is 
value 400+200 usec found for 7). 
Furthermore, 7, for nuclei in paramagnetic materials 
should be strongly temperature dependent,”’ increasing 
with decreasing temperature. Since we did not observe 
any temperature dependence, other than the static 
dipolar effect, we must conclude that 7) is already quite 
long even at room temperature. It is clear, then, that 
the discrepancy between the second moments cannot 
be due to 7, effects. On the other hand, the value of 
the calculated second moment has been derived on the 
assumption that the lattice is rigid. 

Van Vleck’s formula, Eq. (7), for the rigid lattice 
nuclear dipole-dipole second moment of the resonance 
line must be modified to take account of the nuclear 
motions arising from zero-point energy. [The con- 
sistency of room-temperature and low-temperature re- 
sults (Fig. 2) clearly indicates that motional effects 
arising from other than zero-point energy terms may be 
neglected. | If these nuclear motions are of frequencies 
great compared with the linewidth frequency (for 
example, if they are in the infrared), the appropriate 
modification of Van Vleck’s expression is 


M»,°=31(I+1) yh? 
XE (CK(3 cos*Oiv — Wry 


i’ Ai 


=a 2 ((U ii’) 


Ai 


3 2 
/motion )spac e 


motion) 2 sp me (16) 


It is not possible to write down a complete description 
of the motions of the nuclei in a crystal of HCrOs, and 
certain approximations must be adopted. In addition, 
since the positions of the hydrogen atoms are not known 
with certainty, it is impossible to use the disparity 
between the experimental second moment (i.e., the 
intercept of Fig. 2), and the rigid-lattice second moment 
to evaluate directly the amplitudes of motion of the 
nuclei. Rather we shall examine the consequences of 
assuming certain hydrogen atom configurations on the 
amplitudes necessary to eliminate this disparity, and 
by comparison of these amplitudes with those obtained 
in other studies evaluate the reasonableness of the 
assumed configurations. 

Previous experience with motional corrections in the 
case of the ammonium ion,”* where a comparison of the 
various approximations with a more precise normal co- 


7R. 9g Shulman and V. Jaccarino, Phys. Rev. 108, 1219 (1957). 
*% 7. A. Ibers and D. P. Stevenson, J. Chem. Phys. 28, 929 
(1988). 
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ordinate treatment was possible, led us to adopt here, 
without formal justification, rather similar approxima- 
tions. The first one is that the motions of the hydrogen 
nuclei in HCrO, are uncoupled. The second assumption 
is that the proton motion may be described by a stretch- 
ing vibration along the O—H—O bond and by two 
mutually perpendicular bending frequencies normal to 
this bond. These two assumptions were used success- 
fully for the ammonium ion,”* and there the case for 
uncoupled motion of the protons is far less secure. The 
amplitudes of vibration are small compared with the 
bond length, and so we assume that the bending vibra- 
tions are normal to the bond, rather than that they 
are executed in arcs. This assumption makes the algebra 
tractable. In addition, we assume that motion affects 
only the nearest proton-proton contributions to the 
second moment. These contributions amount to about 
85% of the total moment, and so the relative correction 
to these contributions should be quite close to the 
relative correction to the total moment. 

We take the O—H—O bond to be parallel to the z 
axis, one proton H;, without motion, at (0,0,0) and 
another proton H» at (0,a,5) in the absence of motion. 
b/2 is the displacement of the proton from the sym- 
metric position. The term in the second moment for 
this pair becomes 


{( (l H1H»2) motion)” )sp 


l mud + 


(2b?— a?) ( ors”) - (or), (17) 
(a?+5*)? 
where 

U nyu? a’+b*)?, (18) 


and where (6rs? are the mean-squar? ampli- 
tudes of the stretching and bending vibrations, re- 
spectively. There is evidence” that the O—H distance 
increases as the O—O distance decreases, and with a 
knowledge of with similar O—O distances 
(where the O—H distance is known) we assume an 
O—H of 1.05 A. If we take the O—O distances as 
2.55 A, the O—H of 1.05 A leads to 6=0.44 A. From 
the crystal structure a= 2.984 A. This gives 


> and (6r,”) 


systems 


M>2,(opposed) = cu(((U m#2))*) 


0.474[1+1.234], (19) 


(20) 


and the notation M2,(opposed) represents the con- 
tribution to the second moment (in oersteds*) for a pair 
of protons each of which is closest to a different sheet of 
oxygens. If 6=0 (protons in the symmetric position) 
or if both protons are closest to the same sheet of 
oxygens, 


where 


A= (6rz?)— (ors? 


M2,(adjacent) =0.507[1+1.35A ]. (21) 


O. Wollan, 
Turnbull (Academic 


G. Shull and E. 
Seitz and D. 
1956), Vol. 2 


% See, for example, Table II of C. 
Solid State Physics, edited by F. 
Press, Inc., New York, 
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Taste II. Thermal motions of hydrogen atoms from neutron diffraction data 





Substance 





Ca(OH)>. 
(CsH;CH,COO).KH 
KH.PO, 
Na»CO;-NaHCO;:-2H.0O 
KHF~, 


We pointed out earlier that the two possible con- 
figurations for the hydrogen atoms in HCrO, which we 
would hope to choose between are the symmetric 
(centered) configuration and the random (noncentered) 
configuration. The six nearest-neighbor proton-proton 
interactions in HCrO, are all equivalent if the proton is 
symmetrically placed so 


M:2,(symmetric) = 6M>2,(adjacent) 


= 3.04(14+1.35A). (22) 


On the other hand, in the random, asymmetric model a 
given proton on the average will have three closest 
neighbors ‘‘adjacent” and three “‘opposed”’ and so 


M>,(random) 
= 3(M,,[ opposed |+M>,[ adjacent }) 


= 2.94(1+1.294). (23) 


We assume that the motional corrections for the more 
distant interactions are negligible. The contributions to 
the second moment of these non-nearest-neighbor inter- 
actions amount to 0.59 oersted? for the symmetric 
model and, to a good approximation, the same in the 
random model. We may therefore subtract 0.59 from 
the experimental value of 3.87 (which has been cor- 
rected approximately for 7, effects) and obtain 3.28 
to compare with theory, including motion. Accordingly, 
we obtain 
A(symmetric) = 0.058 A?, 24) 
A(random) = 0.090 A?. (25) 
If we had assumed an O—H of 1.00 A, we would have 
obtained A(random)=0.11 A®. 

Some results on thermal motions’ which are 
typical of those found in neutron diffraction studies of 
hydrogen-containing substances are shown in Table II. 
There is no hydrogen bonding in Ca(OH), and the A is 
positive. The F—H—F bond in KHF; is symmetric; 
the A is approximately zero and the mean amplitude of 
vibration small. The A in potassium hydrogen bis- 
phenylacetate is approximately zero, but the mean 
amplitude of vibration of the hydrogen atom is large. 
In KH2PO, and in sodium sesquicarbonate the A’s are 
negative. Although these data indicate no clear trends 


3 30 


*® W.R. Busing and H. A. Levy, J. Chem. Phys. 26, 563 (1957). 

3G. E. Bacon and N. A. Curry, Acta Cryst. 10, 524 (1957). 

8 G. E. Bacon and R. S. Pease, Proc. Roy. Soc. (London) A220, 
397 (1953); A230, 359 (1955). 

% G. E. Bacon and N. A. Curry, Acta Cryst. 9, 82 (1956). 


( (érs?), A A br? 


0.017 
0.084 
0.082 
0.049 
0.012 


of value in choosing between the symmetric or asym 
metric configurations in HCrO», by their discordance 
they indicate that the thermal motions demanded by 
(24) or (25) are not unreasonable. 

The results of (24) and (25) do give some information 
which was not evident a priori. A symmetric hydrogen 
bond could be interpreted in two ways: (1) by a single 
minimum in a symmetric potential function, or (2) by 
rapid tunneling through a barrier separating two minima 
of equal depth at equal distances from the center. This 
second interpretation can be safely eliminated on the 
basis of the observed positive A: The tunneling would 
result in an effective stretching amplitude much greater 
than the bending amplitude and A would be negative. 
Tunneling is probably the explanation for the negative 
A’s in Table II. Tunneling, if it exists in HCrOs, must 
occur at a frequency lower than the frequency equiva- 
lent of the proton resonance linewidth (about 17 
kc/sec). 

It must be recalled that we have assumed here that 
the O—H—O bond is linear. Results similar to those 
derived above would apply if the bond were assumed to 
be nonlinear. Clearly more data are needed before the 
nature of the O—H—O bond in HCrQ, can be under- 
stood. These resonance results are complementary to 
infrared and neutron diffraction data, and it is possible 
that a combination of information from these diverse 
methods may eventually lead to an unequivocal picture 
of the hydrogen bond in HCrO, and hence to a better 
understanding of hydrogen bonding in general. 


SUMMARY AND CONCLUSIONS 


The dependence of the second moment of the proton 
resonance of polycrystalline HCrO, on applied field and 
absolute temperature has been interpreted on the basis 
of electron-nuclear as well as nuclear-nuclear point 
dipole interactions. The general theory of resonance 
shifts” has been extended to the calculation of second 
moments of powder samples, and excellent agreement 
between theory and experiment has been obtained. 
Some of the conclusions are: 

(1) The line shape is asymmetric, with asymmetry 
increasing with increasing H» and decreasing T. 

(2) The resonance shift is proportional to Ho/(T+8), 
where @ is the experimentally determined Curie-Weiss 
constant and is related to the exchange interaction 
among the electrons. The proportionality constant is a 
function of both the contact interaction and the pseudo 
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contact interaction; both of these interactions involve 
the anisotropy of the electronic g factor. The former 
interaction involves the Fermi constant A; the latter 
interaction involves the paramagnetic dipole sum = 
computed at a nuclear lattice site, and vanishes when g 
is isotropic (i.e., gi1=g.). 

(3) Me, varies linearly with [Ho/(T+6) Ff, the slope 
and zero-field intercept arising from the interactions of 
the electron-nuclear dipoles and the nuclear-nuclear 
dipoles, respectively. In principle, therefore, it is pos- 
sible to effect a complete separation of these inter- 
actions. The zero-field intercept is interpretable in 
terms of the Van Vleck” theory which is usually applied 
to diamagnetic materials. The slope, on the other hand, 
is related in a complex fashion to the Fermi contact 
interaction, the dipole sum, and the g-factor anisotropy. 

It is desirable to be able to separate the A, =, and g 
effects discussed above, for a knowledge of A and g- 
factor anisotropies can give precise information about 
the paramagnetic-ion crystal wave functions. Y depends 
upon the crystal structure, particle and sample shapes, 
and nuclear motions. In general, more information is 
required to make a complete separation of A, », and g 
than can be obtained from the measurements of (2) 
and (3) above. Additional information might be ob- 
tained, for example, from studies involving single 
crystals. 

For HCrO. the results conform to the theoretical 
predictions above. The shift, however, is very small, 
indicative of a nearly isotropic electronic g factor (i.e., 
gicg.) and a very weak contact interaction. On the 
assumption that gi=g,, we derive a value of 2 from 
the experimental slope of M2,’ vs [Ho/(T+6) ? that 
agrees remarkably well with that computed using 
the known crystal structure and certain reasonable 
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assumptions about the particle shape and about the 
positions and zero-point energy motions of the hydrogen 
nuclei. The theoretical slope for HCrO, is rather in- 
sensitive to the location of the hydrogen along the 
O—H-—O bond so that despite the excellent agreement 
between theory and experiment we were unable to 
learn anything about the symmetry of this bond from 
the slope measurements. On the other hand, the theo- 
retical slope is a very sensitive function of the assumed 
partical shape, and the agreement between theory and 
experiment confirms the reasonableness of the particle 
shape we assumed. 

The nuclear dipole second moment (i.e., that value 
obtained from the zero-field intercept) did not allow 
us to distinguish between a symmetric or asymmetric 
O—H-—O bond in HCrOs, but it did allow us to elim- 
inate a model of the bond in which there is rapid 
tunneling of the hydrogen atom between two equi- 
librium positions. In addition, information was ob- 
tained on the amplitudes of vibration of the hydrogen 
nuclei. 

At extremely low fields we would expect the theory 
presented here to be inadequate, for it does not take 
account of exchange interaction between nuclei and the 
electrons. It may be possible to derive information on 
such exchange from measurements of second moments 
and shifts at very low fields. 
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Paramagnetic resonance absorption at 3-cm wavelengths is observed for tetravalent Pa® 


in a single 


crystal of CseZrCls at helium temperatures. The observed spectra correspond to the allowed transitions 
(S;, Iz + S,+1, J.) and the forbidden transitions (S,, 7,—> S:+1, [,1) of a system described by the spin 


Hamiltonian, H,=g8H-S+AI-S—g,'6H-I, with S=}, T=}, |A|/h=1578.641.4 Mc/sec, 


+0,.0014, and | ¢,’| 


g| = 1.1423 


«8X 10~. The errors indicate a smail deviation from isotropy. It is further observed that 


gn'/g<0, indicating that if g,’ is positive, as is strongly indicated by the nuclear shell model, then g is nega 
tive. An additional electron-nuclear double-resonance experiment is used to determine directly the nuclear 
magnetic moment u(Pa*") = 1.96 nuclear magnetons. This value includes a correction of 9% due to perturba 
tions of an excited state about 1900 cm™ above the ground-state doublet of Pa** in its octahedral crystal 
field. A lower frequency double-resonance experiment is used to measure the weak hyperfine interaction of 
the Pa** ion with its Cs™ neighbors, of order A” /h~0.5 Mc/sec. 


I. INTRODUCTION 


ROTACTINIUM probably has an electron con- 
figuration of radon plus 5 f*6d'7s?. The tetravalent 
ion Pa** was expected to be paramagnetic, the magnetic 
electron being either 5/' or 6d'. The observation of 
paramagnetic resonance absorption by Axe, Kyi, and 
Stapleton,! in the crystal Cs.(Zr,Pa)Cl, established the 
existence of a stable Pa* ion in this matrix. The reso- 
nance spectrum is isotropic with a spectroscopic splitting 
factor | g| ~ 1.14 and displays a large hyperfine structure 
of Pa™!, The results favor an f* electron configuration. 
In the present paper, we report on additional work to 
determine the sign of g and describe an electron-nuclear 
double resonance experiment to determine directly the 
nuclear magnetic moment of Pa™!, and a similar experi- 
ment to measure the weak hyperfine interaction of Pa‘*t 
with its Cs neighbors in the crystal lattice. 

The theory of an f' electron in an octahedral crystal 
field is briefly reviewed in Sec. II, as well as the energy 
levels and transitions pertinent to paramagnetic reso- 
nance. Details of the chemical preparation of the 
crystals and a description of the paramagnetic resonance 
apparatus are in Sec. III. In Sec. IV are presented the 
results of magnetic resonance experiments and their 
interpretation using preliminary data from additional 
optical absorption measurements.’ 


Ii. THEORY 


The Pa* ion, when substituted for Zr* in CsoZrClg 
(see Fig. 1), is at the center of an octahedron of Cl- ions 

+ This work was supported in part by the U. S. Atomic Energy 
Commission and the Office of Naval Research. 

1 J. D. Axe, R. Kyi, and H. J. Stapleton, J. Chem. Phys. 32, 1261 
(1960). 

? The optical absorption experiments are described in detail by 
J. D. Axe, thesis, University of California, 1960, issued as Rept. 
UCRL-9293, Lawrence Radiation Laboratory, Berkeley, Cali- 
fornia. 


and the problem at hand is similar to that of Np** in 
UF as treated earlier by Hutchison and Weinstock.* 
The theory of an /' configuration in a crystal field of 
octahedral symmetry has been considered in detail by 
Eisenstein and Pryce,‘ whose notation and results we 
use here. 

It is convenient to consider a Hamiltonian in the form 


H=Hot+Hoatiés:l, (1) 


where the first term corresponds to the spin-independent 
portion of the free-ion Hamiltonian, the second to the 
octahedral potential supplied by the crystal field, and 
the last to the spin-orbit interaction. The second and 
third terms are of the same order of magnitude in the 
present case. Neglecting electronic spin initially, Ho 
leaves degenerate the seven orbital states which we may 
take to be in an |/=3, /,) representation. Upon immer- 
sion in an electrostatic field of octahedral symmetry, the 
degeneracy of the configuration is partially lifted in a 
manner prescribed by the decomposition of the /=3 
representation of the full rotation group into repre- 
sentations of the cubic point group ©. In this case 
l=3-—T.4+I.+Ir; (using Bethe’s notation) and the 
energy levels are shown schematically in Fig. 2(b). If we 
set E([.)=0, E(Il's)= V, and E(l,)=V’, the quantities 
V and V’ may be regarded as the parameters which 
characterize the action of an octahedral field upon / 
electron configurations (analogous to the parameter Dg 
used for d electron configurations in octahedral fields). 

When the intrinsic spin of the electron is taken into 
account, the number of eigenstates is doubled and they 
must now be characterized as basis functions for the 
octahedral double group. Since the spin function trans- 


3C. A. Hutchison, Jr., and B. Weinstock, J. Chem. Phys. 32, 56 
(1960). 

* J. C. Eisenstein and M. H. L 
A255, 181 (1960). 


Pryce, Proc. Roy. Soc. (London) 
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forms according to the representation I's, the new basis 
functions which result transform as T,yXI's=Iy, T4XTV'5 
=Iy+Ts, and 'sXI's=I;+T's. Addition of the spin- 
orbit interaction further removes the degeneracy as 
shown in Fig. 2(c). The splittings shown, Fig. 2(d), are 
the preliminary results of infrared absorption measure- 
ments, to be reported in a later paper. 

It should be remarked that we consider the effect of 
covalent bonding to be negligible in the system which 
we are considering and have set the parameters k and k’ 
which Eisenstein and Pryce introduce to cope with these 
effects to unity. They find it unnecessary to invoke 
covalency in NpFs, and we feel that these effects should 
be even less pronounced in the PaCly= complex because 
of the appreciably longer ligand distances involved. 

The crystal structure of Cs2ZrClg is that of K2PtCle, a 
portion of which is shown in Fig. 1. Whena protactinium 
ion is placed in a Zr** site in this structure, we should 
expect the lowest lying orbital states (in the absence of 
spin-orbit coupling) to be those which most successfully 
avoid the negative charge density about the chloride 
ions lying on the axes of the octahedron. As a conse- 
quence of this we should expect V’>V>0, and if this is 
so it is not difficult to show that upon introduction of 
spin-orbit interaction a doubly degenerate I; state lies 
lowest regardless of the relative magnitudes of crystal 
field vs spin-orbit interaction (see, for example, the 
diagrams presented by Hutchison and Weinstock*). We 
shall therefore principally focus our attention on the 
magnetic properties of I’; states, although as we shall 


see, certain second-order corrections to the nuclear 
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Fic. 1. Crystal structure of Cs2ZrCle; alternate cubes have no 
central ZrCl.~ complex. The wave functions in Eq. (4) are in terms 
of the x, y, s axes shown. 
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Fic. 2. Schematic energy level diagram of Pa‘* ion with various 
interactions: (a) free ion, no spin, 7-fold orbital degeneracy; 
(b) splittings into an orbital singlet and two triplets due to addi- 
tion of crystal field of octahedral symmetry; (c) additional 
splitting due to spin-orbit coupling (total degeneracy shown in 
parenthesis) ; (d) splittings measured in infrared optical measure- 
ments compared to fitted values; (e) splitting of lowest doublet by 
magnetic field; (f) additional splitting due to hyperfine interaction 
with nuclear spin J = 3. 


moment will require some further consideration of the 
excited states of the system. Of course, at helium tem- 
peratures, essential for the observation of paramagnetic 
resonance, only the lowest doublet is populated. 

The two degenerate lowest lying states, |a) and | 6), 
will be linear combinations of the basis states |A), |B) 
and |A), |B): 

| a)=cos6 A)—siné@| B), (2 

| ae 2) 

|b)=cos@|A)—sin#é| B), 
where 

’=141/ 8), B)= [ €))+ | &)+i é3) | /N3, 
A)=1| 8), |B)= [— | &:)+ | €2)—1| €s) //v3. 

Here 8, €::--represent the product of an orbital wave 
function and a spin-wave function, a bar, e.g., 8 indi- 
cating a M,=—}4 state, and the absence of a bar a 
M,== +4 state. The orbital part is given explicitly by the 
Legendre polynomials of third degree: 


(3) 


B« (105) xyz, 

€,< (105) 4z(x?— y?) 
€2< (105) 4x(y?— 2?) 
e,« (105 Ny (2? — x?) x 


The coordinate axes are the symmetry axes of the 
octahedron of Cl- ions, Fig. 1. The mixing coefficient 0 
is determined by diagonalization of the I’; matrix, which 
yields the equation: 


4-(V/O+[L(V/s)2— (V/s) + (7/2)? 7} /2N3. (5) 


If a magnetic field H is applied, the I’; doublet splits 
as in Fig. 2(e). It is straightforward to show that the 
first-order Zeeman effect within the I’; manifold, can be 
written in the “spin Hamiltonian” formalism by re- 
placing the operator 6(1+2s)-H by g8H-S and the 
eigenvectors |a) and |b) by the angular momentum 
eigenvectors |S=}4, S,=}) and |S=}, S,=—}4), re- 
spectively. Similar replacements can be made for the 
magnetic hyperfine interaction, which gives additional 
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Fic. 3. Energy level diagram of ground state of tetravalent Pa* 
in a large magnetic field. The transitions 4,, H2, Hs, and H, 
correspond to the usual allowed transitions in paramagnetic reso- 
nance. The /j2, 23, and A34 transitions are forbidden in zero order. 
The iva, 2a: * * transitions are detected in double resonance experi- 
ments. In the ordering of the states it has been assumed that A 
and g in Eqs. (9) and (10) are negative. 


splitting as in Fig. 2(f). An appropriate spin Hamil- 
tonian for the I’; level should thus be of the usual form, 


H,=g8H-S+A1-S—g,’sH-I, (6) 
with fictitious spin S=4, and 
g= 2a! 1,+2s,|a)=2 cos*®—4(1/3)! sin2¢, (7) 
A= 46'g,(r-*)(a| N,|a)= —6g,(r*)[8(1/3)! sin20], (8) 


where N=Il—s+3(r-s)r/r*, gn=u,/I, and pp is the 
nuclear magnetic moment in units of the Bohr magneton. 
For Pa*', the nuclear spin J= 3.5 The small third term 
in Eq. (6) represents the nuclear Zeeman splitting, 
where we have used an effective nuclear g factor g,’, 
rather than the true nuclear g factor g, because of pos- 
sible corrections® due to the proximity of the I’; state. 

From an experimental viewpoint we consider that the 
magnitudes and the algebraic signs of g, g,’, and A are 
all unknown. For a free-electron spin, g would be posi- 
tive for the sign convention used in Eq. (6). It should be 
noted that from nuclear shell-model theory,’ there is 
good a priori evidence that g, is positive for Pa’, which 
should have a f; proton configuration with a magnetic 
moment roughly between the Schmidt and Dirac limits: 
+3.87>yu,>+2.0 nuclear magnetons. 

In Fig. 3, the levels of Fig. 2(f) are shown to a larger 
scale; we have arbitrarily taken the sign choices A <0 
and g<0. The magnetic states are labeled by their 
strong-field quantum numbers (S,)=M and (/J,)=m. 
For the fields used in our experiment the first term in 
Eq. (6) is dominant and the energy levels are ap- 


5H. Schuler and H. Gollnow, Naturwissenschaften 22, 511 
(1934). 

6 J. M. Baker and B. Bleaney, Proc. Roy. Soc. (London) A245, 
156 (1958). 
™M. G. Mayer and J. H. D. Jensen, Elementary Theory of 


Nuclear Shell Structure (John Wiley & Sons, Inc., 


New York, 
1955), p. 58. 


AND JEFFRIES 


proximately 
W (M,m) = g8HM+AMm-—zg,'8Hm. (9) 


We observe paramagnetic resonance absorption in the 
customary way by placing the crystal in a microwave 
cavity excited at the constant frequency v~ 10 kMc/sec 
and varying the applied dc field H. Absorptions at the 
fields H;, H2, H3, and H, in Fig. 3 correspond to the 
usual magnetic dipole transitions M, m— M+1, m 
induced by that component of the oscillating microwave 
field which is perpendicular to H. In addition, absorp- 
tions at the fields fy, 23, and h34 correspond to the 
“forbidden” transitions M, m — M-+1, m1. They are 
weaker by the factor ~ (4/2g3H) and are induced by 
the parallel component of the oscillating field. Transi- 
tions of the type M, m — M, m+1 can also be induced 
by applying a perpendicular oscillating field at the fre- 
quency v,~ A/2h. Such transitions can be detected very 
conveniently by the electron-nuclear double resonance 
(ENDOR) method of Feher,* wherein one observes the 
change in absorption at a frequency vy of one of the 
microwave resonance lines 17/;, 412, H2- - -due to a popu- 
lation redistribution which occurs when the crystal is 
simultaneously irradiated at an ENDOR frequency ,. 
In principle there are six such frequencies iv», 2v,° + for 
the system of Fig. 3, but their relative observability de- 
pends on unknown paramagnetic relaxation rates. 

The unusually large value of |A| and the precision 
required in our experiments necessitates the use of the 
Breit-Rabi expression for the exact energy levels of 


Eq. (6): 


W (F=I+}4, m;)= —A/4—g,'BHm; 
+A(1+my;x+2*)' ergs, (10) 
where 
x=[(g+gn')8/2A JH, (10a) 
and 


m=M+m=F, F-—1,:--:—F. 


It will be convenient to rewrite Eq. (10) in frequency 
units: 


W/h=w(I+3, m;) = —ja+bHm,; 
+ali+m,CH+CH* }' cps, (11) 
where 
a=A/hcps, b=—g,’8/h cps oe, (11a) 
and 
C= (g+gn')8/2A oe! (11b) 


Ill. SAMPLE PREPARATION AND PARAMAGNETIC 
RESONANCE APPARATUS 


The compound Cs:ZrCls was prepared by refluxing 
stoichiometric amounts of anhydrous ZrCl, and CsCl for 
several hours in methanol saturated with HCl. The 
sparingly soluble product was obtained as a white 
precipitate, which was washed several times with fresh 
methanol and dried in a vacuum desiccator. The poly- 


®G. Feher, Phys. Rev. 103, 834 (1956). 
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crystalline material obtained in this manner was further 
purified by sublimation in vacuo at ~750°C in long 
(6-mm diameter) quartz tubes. The upper portions of 
the tubes containing the sublimate were sealed off (in 
vacuo) and single crystals were grown from a melt by 
slow passage through a crystal-growing furnace similar 
to that described by Gruen et al.° The crystals prepared 
in this way were generally highly transparent, free of 
microscopic flaws, and apparently were unaffected by 
atmospheric moisture. 

Two methods of incorporation of tetravalent pro- 
tactinium into the Cs.ZrCls matrix were used. The first 
method involved conversion of PasOs into PaCl, by re- 
action with CCly, the reduction of PaCls; to PaCl, with 
Ho,"° and regrowth of PaCl,—CseZrCly crystals from a 
mixed melt. A second method which avoided the manip- 
ulation of protactinium halides in vacuo consisted of 
reduction of PasO; to PaO with Ho,” and solution of the 
dioxide in molten Cs.ZrCle in subsequent passage 
through the crystal-growing furnace. We infer that 
PaCl, is formed by metathesis with zirconium chloride 
in the melt, since the PMR spectra obtained from 
crystals prepared by the two different methods were 
identical. The crystals grown by these methods had a 
mass of about one-half gram and contained from ~ 30 ug 
to 3 mg Pa™'. Spectrographic analysis of representative 
preparations of both pure and mixed crystals detected 
essentially equal small amounts (<0.1%) of common 
cationic impurities (Al, Ca, Mg, Fe, Na, and Si) in both 
samples. 

A suitable cr¥tal was encased in polystyrene and 
placed in the microwave cavity (Fig. 4) of a standard 
paramagnetic resonance spectrometer. The cavity is a 
brass cylinder, operating in the T7E£,,,; mode at ~9.3 
kMc/sec and is immersed in and filled with liquid helium. 
A 12-in. electromagnet provides the dc field H, directed 
in a plane perpendicular to 2”, Fig. 4. Relative values of 
H were measured by a motor driven flip-coil fluxmeter 
to an accuracy of ~0.05%. The derivative of the 
paramagnetic rescnance absorption was observed in the 
usual way by applying a small modulation field at 155 
cps. A small piece of diphenyl-picryl-hydrazyl (DPH) 
was always placed on the sample holder to provide an 
absorption signal for the calibration of the fluxmeter. 

An oscillating field at the ENDOR frequency v, (500 
to 1200 Mc/sec) was applied to the sample by a one-turn 
wire loop about it (Fig. 4), so oriented that the coupling 
to the field of the cavity mode was negligible. The loop 
was driven by a General Radio Type 1021-P2 uhf signal 
generator equipped with a motor-driven frequency con- 
trol. The frequency was measured every 5 Mc/sec or 
less, by beating with the harmonics of a standard quartz 
oscillator. 


*D. M. Gruen, J. G. Conway, and R. D. McLaughlin, J. Chem. 
Phys. 25, 1102 (1956). 

10 P. A. Sellers, S. M. Fried, R. E. Elson, and W. H. Zachariasen, 
J. Am. Chem. Soc. 76, 5935 (1954). 
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Fic. 4. Cavity of paramagnetic resonance apparatus, showing 
microwave magnetic field lines of T7111 mode (v~9.4 kMc/sec), 
sample, and loop for applying fields at ENDOR frequency vn. The 
crystal may be rotated about the 2” direction. 


IV. EXPERIMENTAL RESULTS AND 
INTERPRETATION 


Figure 5 shows the paramagnetic resonance absorp- 
tion derivative spectrum for Pa** in a single crystal of 
CsoZrCle at 1.6°K and v=9.168 kMc/sec. No other 
resonance lines were seen for a field variation of 
0<H<8.3 kilo-oersteds, except for the DPH field 
marker line. The four strong lines labeled Hi, Ho, H3, 
and H;, correspond to the allowed transitions of Fig. 3 
and confirm that the nuclear spin /(Pa™')= 3. The 
weaker lines labelled /y2, 423, and 434 correspond to the 
forbidden transitions involving a simultaneous electron 
spin flip and nuclear spin flop. An identical spectrum 
was observed in several protactinium-containing crys- 
tals prepared in various ways, but was absent in “blank” 
crystals of CsoZrCle. The lines are not observable at 
77°K and have a temperature-independent width in the 
region 1.6°K<7<4.2°K of about 20 oersteds peak to 
peak on the absorption derivative. 

The crystal was rotated about the 2” axis of Fig. 4 and 
only a very small anisotropy in the spectrum was ob- 
served. The directions of the crystal axes were generally 
unknown, however, and we have not measured exactly 
the components of the g and the A tensors, but instead 
have simply established that they are isotropic to 
within one part in at least 300. Table I gives the 
measured values, within 1 oersted, of the allowed and 
forbidden lines for several angles. The field was cali- 
brated in terms of the DPH resonance, using g= 2.0038. 

We assume the Pa‘ spectrum is explicable in terms 
of the spin Hamiltonian, Eq. (6), and attempt to de- 
termine the three parameters A, g,’ and g using Eq. 
(11); actually we determine the three related parame- 
ters a,b, and C. This may be done by considering allowed 





1634 AXE, 
transitions, e.g., the high-field line H, in Fig. 3, for 
which 


v=w(M=—43, ms= —2)—w(M=}, m;=—1) 
= —bH,—al(1-—2CH.4-CH 2)! 
+(1-CHit+CH?)*)}. (12) 


This assumes that a<0 and C>0, but the same fre- 
quency (for the same sign of 5) is obtained for a>0 and 
C<0 because the order of the states becomes changed 
about. However, a different frequency results for a, C>0 
or a, C<0. We wish to point out that it is considerably 
simpler and less ambiguous to use the forbidden transi- 
tions to determine |C| and |a|, since the frequency is 
independent of the sign choice and also d is not involved. 
From Eq. (11) we see that 


v=2/a|[1+|C|hist+C%hy2? }'= 2) a| [1+C*%he3? }! 

a 2 | a [1 7 iC | hsat+Chse }', 
from which we may directly determine |C| and |a| 
using the measured quantities v, /y2, h23, and 34, without 
solving quadratic equations. For example, |C| =/y:/ 
(h23’—/t2”), etc. Proceeding in this fashion we calculate 
from the data of Table I the values of |C| and |a| in 
Table II. There is a small consistent, angular variation 
of |a| of about 0.1%, which may reflect a real anisotropy 
in the hfs A tensor. The average value is 


(13) 


|A|/h=|a| =1578.641.4 Mc/sec, (14a) 


where the error represents deviations from isotropy 
rather than experimental error. From this value of | a! 
we calculate |a|/c=0.05265+0.00005 cm. 

Having so determined good values of |a| and |C|, we 
substitute these into equations like Eq. (12) for various 
sign choices, and, using the measured values of v, Hi, 
H,- ++ for the allowed transitions, we determine |6| and 
also the sign of g,’ relative to g. The result is |b| = 1.2 
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Fic. 5. Derivative of paramagnetic resonance absorption of 
1% tetravalent Pa*™! in a single crystal of CseZrCl, at v=9.168 
kMc/sec and T=1.6°K. The lines H;, H2---are M,m— M+1, m 
transitions; the lines /y2, hes, and hy are M, m— M+1, m¥1 
transitions. The DPH line is that of diphenyl-picryl-hydrazil. 
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TABLE I. Measured values of the paramagnetic resonance lines 
Hj, hye, etc., for tetravalent Pa™ in CseZrCl, at »=9.267 kMc/sec 
and 7 =1.6° K. The orientation refers to an arbitrary rotation of 
the crystal about the 2” axis of Fig. 4. 


Relative orientation 
30° 90 


Line koe koe 2 koe 


Ay 4.1740 
hye 4.5520 
Hs 4.9910 
hos 5.4500 
HH; 5.9840 
hss 6.5250 
Hy, 7.1520 


4.1810 
4.5590 
5.0000 
5.4600 
5.9960 
6.5380 
7.1685 
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+0.2 (Mc/sec) (koe)~, and g,’/g<0. The absolute or 
relative sign of a= A/h is not determined. Since there is 
strong evidence from the shell model that the nuclear 
magnetic moment is positive, corresponding to g,’>0 
and b<0, we conclude that g is negative. From |C| and 
the value of g,,’=7.7410~ as determined in ENDOR 
experiments described below, we calculate g from Eq. 
(11b). It also shows a slight consistent angular varia- 
tion, perhaps representing a real anisotropy of the g 
tensor of about 0.2%. The average value in Table II is 


g= —1.1423-+40.0014. (14b) 


This value uniquely determines @= 40.9° in Eq. (7) and 
corresponds to a value of V/¢=1.004 in Eq. (5). This 
value of @ inserted into Eq. (8) yields 


A=—4.572,8(r-*), (14c) 


showing that the sign of A should be negative. Note that 
the expressions in Eq. (8) and Eq. (14c) neglect any 
s-state contributions to the hyperfine splitting, since 
there is at present no reliable estimate of this effect for 
5f configurations, although it is presumed to be of minor 
importance. 

In an attempt to determine g,’ more precisely, an 
ENDOR experiment was performed by observing the 
change in the intensity of the H, line at high microwave 
power upon application of asecond frequency in, 2Yn°**. 
At a microwave frequency v~ 9.44 kMc/sec, H,~4.294 
koe, and 7~1.6°K, a small effect (< 1%) was observed 
at the frequencies v,~580 Mc/sec and »,~656 Mc/sec, 
which agree, respectively, with calculated values of sv, 
and ,v, (Fig. 3) using the values of lal, |b], and IC 
previously determined and assuming g,’/g<0. Similar 
results were obtained for the lines at H», and H3, and 
although they confirm the relative sign determination, 
gn’ /g<0, these measurements do not provide data which 
yield a much more precise value of g,’ because none of 
the ENDOR frequencies observed formed a “lucky 
pair’'!; From Eq. (11) it follows that if H is constant 
5¥n—1¥n= 2|6|H, so that the observation of this pair of 
frequencies will yield |b| and hence |g,’| directly and 
independently of |a|, |C|, etc. Presumably the para- 


J. Eisinger and G. Feher, Phys. Rev. 109, 1172 (1958). 
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TABLE IT. Values of |C| and |a! calculated from data of Table I 
using Eq. (13), and values of |g| then calculated from Eq. (11b), 
using gn =7.74X10~. The errors for the average values indicate 
the limits of anisotropy. 





Relative 
orien- 
tation 


|C| in (koe)~ |a| in Mc/sec g 


0° 0.50684+0.00003 1577.27+0.01 
30° 0.50646+0.0002 1578.4 +0.1 
60° 0.5057 +0.0001 1579.3 +0.1 
90° 0.5051 +0.0003 1579.6 +0.2 
Average 0.5060 +0.0009 1578.6 +1.4 


— 1.14324-0.00007 
— 1.1430+0.0005 
—1.1421+0.0002 
— 1.1409+0.0007 
— 1.14233-0.0014 


magnetic relaxation rates for this spin system are such 
that saturation of the allowed transitions does not 
produce a very large population difference between 
levels connected by “lucky pair” ENDOR frequencies. 
Then when the oscillating field at v, is applied, the 
populations cannot be changed sufficiently to allow for 
detection. Since it is known from dynamic nuclear 
orientation experiments” that saturation of the for- 
bidden transitions is a much more effective way of 
producing large population differences between adja- 
cent hfs states, we then performed an ENDOR experi- 
ment by observing the change in intensity of a partially 
saturated forbidden line, 423, which had a signal to noise 
ratio of 100:1. A large effect (~ 10%) was observed, as 
shown in Fig. 6, for v,= 684.6 Mc/sec and v,= 696.2 
Mc/sec, corresponding, respectively, to yw,» and 5rp. 
Another lucky pair, 2v,, and 4v,, was also observable, but 
the effect was smaller. The experiments were done by 
fixing the field at either the positive or negative peak of 
the derivative of the absorption curve and then re- 
cording the change as the General Radio oscillator fre- 
quency was slowly varied in the neighborhood of iv, and 
sY¥n. The results of several runs are summarized in 
Table IIT. In order to eliminate the error introduced by 
the fact that the data are taken at either the low or the 
high side of the fy; line rather than at the center, we 
average the values of (5v,—1,)/2H to obtain 

b| = 1.0830.01 (Mc/sec) (koe)~', (15) 
yielding |g,’|=7.74X10~ and {yn’| =J|g,’| (1836) 
=2.13 nuclear magnetons. Within the experimental 
error of ~1%, |b| was found to be independent of 
crystal orientation in the H field. Similar ENDOR ex- 
periments on the /y2 and hy, lines gave a value of || in 
agreement with Eq. (15). 

In adopting the spin Hamiltonian formalism, no 
allowance is made for the mixing of crystal quantum 
states due to the magnetic field or hyperfine interaction. 
Although these second-order effects are small, Baker 
and Bleaney® have pointed out that they may be com- 
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parable with or larger than the direct nuclear Zeeman 
interaction. In the present case, nonvanishing matrix 
elements of the form 


2¢.8%Xr)[(T7| (1+-2s)-H|T 1 ;|N-1\T;) 

+(P|N-1|P,Xr,| +2s)-H|r;)] (16) 
(where |I;) refers to the ground-state doublet and |T’,) 
to the excited f! levels of the complex) produce isotropic 
energy shifts proportional to H- I in the I; states. These 
effects appear in the parameter g,’ in the spin Hamil- 
tonian along with the true nuclear g factor. Since the 
terms in Eq. (16) are isotropic, they may be evaluated 
most conveniently by placing H=H,, in which case the 
correction to the nuclear g factor becomes: 


. (T7\/, +2s,|0 5X1 | A 
on! =n +0.0460 © fut 
i E(T;)— E(T2) 


’2|T'2) 
———, (17) 


where E(';)—E(T;) are expressed in cm™, g,@*r-*) 
being evaluated by means of Eq. (14c). Although we 
shall postpone the details and discussion for a future 
publication, for purposes of the above correction we 
shall report the following conclusions obtained from a 
study of the near infrared spectrum of the PaCl, 
—CseZrClg system. A comparison of three observed ab- 
sorption bands with the theoretical fit obtained using 
the values £= 1490 cm—!, V= 1496 cm=!, V’= 2160 cm—! 
is shown in Fig. 2(d). These values were chosen so as to 
also give the observed g value for the I’; level. Adopting 
these values, the summation in Eq. (17) gives 


gn! —gn=0.6296X 10-4, (18) 


from which we find for the nuclear magnetic moment 
of Pa”! 


bn=1gnX (1836)= 1.96 nuclear magnetons. (19) 
Nearly the entire correction is due to the nearest lying 
I's level approximately 1900 cm! above the ground 
state. Although this level has not yet been detected 
optically, its existence is strongly indicated by the good 
fit for the higher levels. 
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Fic. 6. Intensity of the /3 line of Fig. 5 as a function of the 
second frequency vn. The ENDOR “lines” at v,=684.6 Mc/sec 
and »v,=696.2 Mc/sec correspond to the iv, and sv, transitions of 
Fig. 3. 
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TaBLe III. Summary of ENDOR experiments on the /23 reso- 
nance line of tetravalent Pa®! in CseZrCl, at v=9.168 kMc/sec, 
T=1.6°K. The first column gives the relative orientation of the 
crystal about the 2” axis, Fig. 4. The second column gives the field 
value and indicates whether it was slightly above or below the line 
center. The third, fourth, and fifth columns give the average of the 
measured values, 1¥,, sv, and (s5¥,—1v,)/2H for about 4 runs. 


Relative 
orien- 
tation H =hau 
o° 5.408 koe 
(high side) 


(svn —1¥n)/2A in 


tn in Mc/sec svn in Mc/sec (Mc/sec) (koe)™ 


684.57 +0.03 696.22 +0.02 1.077 +0.008 


0° 5.3855 koe 
(low side) 


684.25 +0.07 695.98 +0.01 1.090 +0.002 


45° 5.3895 koe 
high side)* 


684.69 +0.05 696.31 +0.01 1.078 +0.01 


* The center of the Aes resonance 
crystal 


e has shifted due to the rotation of the 


Substitution of our measured values of g, and A into 
Eq. (14c) yields an ‘“‘experimental”’ value of 5.53 atomic 
units for (r~*). This value may be compared with 3.89 
atomic units obtained from a SCF (without exchange) 
calculation for neutral uranium"; and 4.8 atomic units 
obtained for Np** using an approximate Thomas-Fermi 
potential.* Our value seems somewhat too large to be in 
really good agreement with the theoretical numbers 
although it is perhaps not unexpected in view of the 
approximations involved in obtaining both our valueand 
the theoretical ones. 

Since there was good reason to believe that the Pa**t 
ion might have a small hfs interaction with the six 
Cl nearest neighbors and the eight Cs next nearest 
neighbors, etc., a low-frequency ENDOR experiment 
was performed by observing the change in the intensity 
of the microwave line at 1,;=4007+5 oe while applying 
a second frequency »,” in the range 350 kc/sec 
<v,/’<50 Mec/sec. An effect, shown in Fig. 7, was 
indeed observed centered about »v,’’=2.244+0.005 
Mc/sec, which we identify with the calculated Cs'™ 
nuclear resonance frequency v= 2.238+0.003 Mc/sec, 
in the A, field. A similar ENDOR pattern, centered 
about the Cs nuclear resonance frequency was observed 
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Fic. 7. Intensity of the 77, line of Fig. 5 as a function of the 
second frequency v,’’. These low-frequency ENDOR lines reveal a 
hfs interaction of Pa*t with Cs! in Cso(Pa,Zr)Cle. 
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for the microwave line at H;=5.814 koe. No other lines 
were seen although a nonreproducible line near 32 
Mc/sec sometimes appeared. The spectrum at H,; was 
recorded for two angular positions of the crystal in the 
magnetic field differing by 30°. The pattern changed but 
remained centered at the same central frequency. At 
least 40 lines were observed and appeared to fall into 8 
groups symmetrically paired about the center. 

The central ENDOR line appeared to have a much 
longer characteristic decay time than the symmetrically 
paired lines, and we associate it with Cs nuclei so far 
removed from a Pa* site that there is negligible hfs 
interaction and a correspondingly longer nuclear relax- 
ation time." We must add to Eq. (6) the term 


—g,BH-1”, (20) 


where the double primed quantities refer to Cs. The 
other lines we associate with the eight Cs nuclei at the 
corners of the cube, Fig. 1, which may have in addition 
to Eq. (20) a hfs interaction with the central Pa‘* ion of 
the form 

A"'T2,"S2;4 B’' (I ee (21) 
where the directions 2), 22: - -represent the four body-di- 
agonal directions. If this term is small compared to 
Eq. (20), then the low-frequency ENDOR transitions 
corresponding to M, m, m"’ — M, m, m’’+-1 occur at the 
frequencies 


” | gn BH 1 as 
Vn (@)=|- _—— + [A 
h 2h 


> cos’é; + B’” sin’; |! (22) 


where @; is the angle between ind H. The + sign 
arises because of M=+}. The ENDOR spectrum thus 
should consist of a pair of lines centered approximately 
about v,=gn”BH/h for each of the four z; directions. 
These lines could be further split by Cs" (J=#) inter- 
actions with the electric field gradient, resulting in the 
groups shown in Fig. 7. We have not attempted to 
analyze the spectrum in detail, but from the maximum 
and minimum spacings of the groups for various crystal 
orientations we estimate that A” /# and B’/h have the 
order of magnitude of 0.2 to 0.8 Mc/sec. 

The assumed form of Eq. (21) has a theoretical justi- 
fication: One may use the I’; ground-state functions 


4 This central line is basically distinct from the usual ENDOR 
lines and is due to the fact that our observation of the electron 
resonance is a few oersteds below or above the peak; this induces 
forbidden transitions which simultaneously flip electron and 
nuclear spins and the distant Cs nuclei become dynamically 
polarized. An analysis [O. S. Leifson and C. D. Jeffries (to be 
published) ] of the rate equations for the whole system yields the 
transient behavior of Fig. 7, the decay time of central line being 
roughly 7; for the distant Cs nuclei. The phenomenon is similar to 
that of R. W. Terhune, J. Lambe, G. Makhov, and L. G. Cross, 
Phys. Rev. Letters 4, 234 (1960). 
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LEq. (2) with = 40.9°] to show that the angular distri- ACKNOWLEDGMENTS 

bution of the electron charge density is proportional to We wish to acknowledge with much thanks the stimu- 
2,252 . «tite offat » ite Meek 3 a . m . 

x*y’z* plus other terms like 2?(x*+-y'), etc. This distribu- jating advice and help of Professor B. B. Cunningham 
tion points along the body diagonals of the Cs cube and on the preparation of Pa‘t in a solid matrix; the assist- 
gives rise to the Patt—Cs"™ hfs observed in Fig. 7. We ance of Professor Roy Anderson on the design and 
note in passing that the resolution is very high, splitting construction of the paramagnetic resonance apparatus; 
(presumably quadrupolar) as small as 10 kc/sec being and the helpful collaboration of Dr. Ru-tao Kyi on 
resolved in some cases. preliminary resonance experiments. 
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Electrical Resistivity of Lanthanum, Praseodymium, Neodymium, and Samarium* 


J. K. Austap, R. V. Cotvin,f S. LeGvoLp, AND F. H. SPEppING 
Institute for Atomic Research and Department of Physics, Iowa State University, Ames, Towa 
(Received November 9, 1960) 


The electrical resistivities of polycrystalline samples of La, Pr, Nd, and Sm are reported in the temperature 
range 1.3°K to 300°K. La exhibits a superconducting transition at 5.8°K. The curve for Pr has slope changes 
at 61°K and 95°K. The Nd curve shows small jumps at 5°K and 20°K. Sm shows slope changes at 14°K 
and 106°K. 


EASUREMENTS on the resistivities of the light other polycrystalline rare-earth metals, and completes 

rare earths were reported by James ef al.'in 1952. _ the work. 
Improved techniques for producing metals of higher The samples were prepared from arc-melted buttons 
purity have led to the measurements on La, Pr, Nd, of the metals. These were turned to cylinders approxi- 
and Sm reported here. Some improvement has also been mately 4’ inch in diameter by 2 inches long. The results 
made in the experimental procedure and apparatus. of analyses for impurities are shown in Table I. The 
The present work is an extension of the results of Colvin _ resistivities of the samples were measured in the cryo- 
et al? and Curry ef al.’ on the electrical resistivity of the 





he i oe oe ee A ed ed ee A ll bd iis ed Bull 
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ras_e I. Analysis (in LANTHANUM 4 
, , 120 
Impurities (determined from spectrographic 
Element and vacuum fusion analysis) 


Lanthanum Ce<0.03, Pr<0.03, Nd<0.02, Ca<0.01, 
Fe<0.15, Si<0.01, Mg<0.01, Ta <0.2. 
Cu, Ni,Sm, trace present. 


Praseodymium Nd<0.02, Ce<0.1, La<0.005, Ca <0.1, 
Fe<0.02, Mg<0.01, Si<0.025, Ta<0.2, 
Cr<0.01, 0<0.094, H<0.0005, 
N <0.0920. Ca, Cu, Mn, Ni, Ti, Y 
trace present. 


Neodymium Sm <0.06, Pr<0.08, Ca<0.05, Mg<0.01, 


Fe<0.005, Si<0.025, Ta<0.1, Cr<0.01 
0<0.035. B, Mn, Ni, trace present. 


Samarium Ca <0.03, Fe<0.005, Mg<0.01, Si<0.01, 
Cu<0.05, Gd<0.02, Nd<0.02, Eu<0.005 





* Contribution No. 951. Work was performed in the Ames 
Laboratory of the U. S. Atomic Energy Commission. 

+ Now at the Edgar C. Bain Laboratory of the U. S. Steel 
Corporation, Monroeville, Pennsylvania. 

1N. R. James, S. Legvold, and F. H. Spedding, Phys. Rev. 88, 
1092 (1952). ae ee | 

2 R. V. Colvin, S. Legvold, and F. H. Spedding, Phys. Rev. 120, €9 100 140 0 220 20 300 
741 (1960). °K 

3M. A. Curry, S. Legvold, and F. H. Spedding, Phys. Rev. 1]7, 
953 (1960). Fic. 1. The electrical resistivity of La vs temperature. 
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Fic. 2, The electrical resistivity of Pr vs temperature. 


stat described by Colvin e/ a/.? The standard four-probe 
method was used; the potential contacts were 2.5 cm 
apart. Temperatures were measured with a copper- 
constantan thermocouple; any temperature in the 
range from 4.2°K to 300°K could be maintained by 
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means of an automatic temperature controller. The 
probable error in the resistivity of a given sample varied 
from 1.5% at room temperature to 0.1 microhm-cm 
at 4.2°K. The temperature was known to within one- 
half degree throughout the range. 

The resistivity of lanthanum is shown in Fig. 1. Aside 
from the superconducting transition, the curve is well 
behaved over the temperature region investigated. The 
transition temperature was found to be 5.8+0.3°K, as 
shown in the inset. This is in agreement with Anderson 
el al.‘ It is likely that both the face-centered cubic struc- 
ture, which is stable above 300°C, and the hexagonal 
close-packed structure were present in this sample. 
The residual resistivity (1.0X10-* ohm-cm) of the 
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Fic. 4. The electrical resistivity of Sm vs temperature. 


present sample was significantly lower than the 10X 10-® 
ohm-cm reported by James ef al.' for their sample. 

The praseodymium data (Fig. 2) show an abrupt 
slope increase at 61°K and a slope decrease at 95°K. 
This is in contrast with earlier work' which indicated 
no abnormal behavior in the electrical resistivity in the 
low-temperature region. Lock® reports no indication of 
anomalous behavior in the magnetic susceptibility. 
The specific heat data,* however, show a broad peak 
covering the 60°K to 100°K temperature region. Since 
the more distinct slope discontinuities displayed by the 
present sample (together with the lower residual re- 

*G. S. Anderson, S. Legvold, and F. H. Spedding, Phys. Rev 
109, 243 (1958). 

5 J. M. Lock, Proc. Phys. Soc. (London) B70, 566 (1957). 

* D. H. Parkinson, F. E. Simon, and F.. H. Spedding, Proc. Roy. 
Soc. (London) A207, 137 (1951). 
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sistivity) are thought to be consequences of improved 
sample purity, it would seem advisable to investigate 
the magnetic susceptibility of this sample over the tem- 
perature region in question. A temperature hysteresis 
effect was noted in the resistivity ; that is, later runs on 
the same sample gave lower resistivity values at the 
Same temperatures. 

Figure 3 shows the behavior of the low-temperature 
resistivity of neodymium. The inset is a blow-up of the 
region from 0°K to 30°K showing more clearly the two 
jumps in the resistivity at 5°K and 20°K. Measure- 
ments of magnetic susceptibility,®.” thermoelectric 
power® and heat capacity® also indicate abnormal be- 
havior near these temperatures. Lock® suggests that 
neodymium undergoes a magnetic transition near 7°K, 
being antiferromagnetic below this temperature. 

The resistivity of samarium (Fig. 4) shows a knee at 
14°K and a sharp change in slope at 106°K. Measure- 


7D. R. Behrendt, S. Legvold, and F. H. Spedding, Phys. Rev. 
106, 723 (1957). 

5H. J. Born, thesis, lowa State University, Ames, Iowa, 1960 
(unpublished). 
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ments of specific heat® and thermoelectric power* show 
abnormal behavior near the higher temperature; 
maxima have been reported in the specific heat and 
magnetic susceptibility® curves near 14°K. The sugges- 
tion has been made® that samarium is also antiferro- 
magnetic below 14°K. 

From a comparison of the results reported here with 
those reported earlier, it appears that the low-tempera- 
ture resistivity of a rare-earth metal is very sensitive to 
the presence of impurities. The rare earths are very 
effective “getters” for negative impurities such as 
oxygen, carbon, nitrogen, and hydrogen; it is believed 
that very small amounts of these materials in the earlier 
samples drastically affected their resistivities. 
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Visible Luminescence of Rare-Earth Yttrium Gallium Garnets 


S. P. Ketter Anp G. D. Pettit 
International Business Machines Research Center, Yorktown Heights, New York 
(Received October 3, 1960) 


Yttrium gallium garnet (Y;Ga;O.2) has been prepared with small percentages of different rare earths 
substituted for yttrium. Garnets activated with Pr, Sm, Eu, Tb, Dy, Ho, Er, and Tm are all luminescent. 
The emission and excitation spectra of the samples have been measured at 77°K. The data have been ana- 
lyzed in terms of the atomic energy levels of the impurity ions and the effects of crystalline field and of 
phonon interactions. Wherever possible, comments are made about whether the crystal field can be treated 


as possessing cubic or lower symmetry. 


I. INTRODUCTION 


N previous works! we have reported on visible 

fluorescent emissions of SrS and BaTiO; singly acti- 
vated with rare-earth ions. We analyzed the data in 
terms of the energy levels of the rare earths and the 
perturbations effected by the crystalline field potential. 
Because of the present widespread interest in garnet 
materials and because of the possibility of observing 
interesting magnetic interactions in iron garnets, we 
undertook a similar fluorescent investigation of these 
materials. 

Previous data indicate that the rare earth has a free 
ion structure and that the crystal field potential effects 
a small perturbation on it. This is indicated by the simi- 
larity of optical data for different materials containing 
the same rare earth species. The similarity is especially 

1S. P. Keller and G. D. Pettit, J. Chem. Phys. 30; 434 (1959). 

2S. P. Keller and G. D. Pettit, J. Chem. Phys. 31, 1272 (1959). 


evident for short wavelength data involving transitions 
of 4f electrons, which are well shielded from the lattice 
by filled 5s and 59 orbitals. Lest it be thought that all 
materials containing rare earths possess the same 
optical properties, it must be pointed out that excitation 
spectra’ can be very different for different materials. 
In order to measure emissions from rare earth sites, 
there must be an energetic excitation of the site. There 
are two simple and important mechanisms for getting 
energy to the site. One mechanism involves an excita- 
tion of the host lattice by means of the creation of an 
electron hole pair. The free electron and hole can then 
recombine at a rare-earth site thus imparting energy to 
the rare earth, exciting it, and causing fluorescent 
emissions. For such a mechanism the excitation spec- 
trum should be indicative of the host lattice and should 


3 An excitation spectrum is defined as the dependence of the 
intensity of emitted light on the wavelength of the incident light. 
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show a broad peak characteristic of the absorption band 
of the host material. If the lifetime r or the mobility 
uw of the charge carriers of the host material is un- 
favorable, the exciting energy may never arrive at the 
rare earth and hence exciting energy must be pumped 
directly into the rare earth from the incident radiation. 
In this second mechanism an excitation spectrum 
would be characteristic of the rare earth and would 
consist of multistructured peaks and bands. The first 
mechanism is found in materials like SrS and in rela- 
tively good photoconductors with appropriately good 
values of +r and uw. The second mechanism is found in 
materials with either short lifetimes, very low mobili- 
ties, or generally in poor photoconductors, like BaTiO; 
and, in the present case, Y3GasOn. 

With either mechanism of excitation the fluorescence 
results from optical transitions between excited states 
and lower states, including the ground state, of the 
activator. The gross structure of the fluorescence can 
be correlated with energy level spacings of the rare 
earths, whereas the fine structure can be correlated with 
Stark splitting of certain levels due to the internal 
crystal field. The magnitude of the splitting is, of course, 
related to the strength of the field, and the number of 
Stark components is related to the symmetry of the 
field surrounding the ion. A further complication may 
arise from phonon interactions as will be discussed later. 

In summary, we can derive from optical data of rare 
earth activated materials, the following: 

(a) the ‘“‘goodness” or ‘‘badness”’ of a photoconductor 
from its excitation spectrum, (b) the probable sym- 
metry of a site, (c) likely term signatures of various 
states of one or more configurations, (d) energy level 
spacings of rare earth ions, and (e) phonon interactions. 

The present work describes and discusses data ob- 
tained from yttrium gallium garnet activated with a 
particular rare-earth ion. We have been able to obtain 
fluorescent samples with trivalent Pr, Sm, Eu, Tb, Dy, 
Ho, Er, and Tm ions. The excitation and fluorescent 
spectra contain a large number of structures. The major 
importance of the paper consists of the data which may 
be of value to various workers. At this point interpre- 
tations are rather conjectural and measurements ob- 
tained at other temperatures are necessary in order to 
remove this conjecture. We have tried to correlate the 
gross data with energy levels characteristic of the par- 
ticular ion. The validity of the correlation can be de- 
termined by comparison with the results of many other 
workers in the field. In some cases we have been able 
to make the correlation with little ambiguity. On the 
other hand often the fine structure presents complica- 
tions in interpretations due to phonon interactions and 
effects due to Stark components of excited states. In 
most cases we could make conjectures about certain fine 
structures and their possible causes. However, their 
origin is unresolved and for definitive answers we shall 
have to await data obtained at temperatures other than 
77°K, the temperature of the present measurements. 
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The chemical preparations and the instrumentation 
are described in Sec. II. The data, discussion, and con- 
clusions are presented in Sec. III, under separately 
marked subsections for each ion. Section IV contains 
certain over-all conclusions. 


II. CHEMICAL PREPARATION AND 
INSTRUMENTATION 


“Five nines pure” Ga,O; was obtained from Eagle- 
Picher and “‘five nines pure” Y,O; was obtained from 
Lindsay Chemical Company. The materials were inti- 
mately mixed in appropriate amounts with solutions 
of rare-earth oxides of spectroscopic purity obtained 
from Johnson Mathey. The mixture was fired in air for 
1.5 hr in a quartz boat, at 1300°C. The concentration 
of the activators was varied from 0.02 to 2.0 molar %. 
The fluorescence spectrum did not change in structure 
but it did in intensity, in that the higher percentages 
resulted in more intense emissions. All data reported 
here are for 2.0 M % concentrations. Samples were 
prepared with each of the 13 rare earths. The eight 
reported on here were the only ones that were visibly 
luminescent. We do not know the reasons for our in- 
ability to obtain luminescent samples with the other 
five rare-earth ions. It is assumed that in each sample 
the rare-earth ions occupy only the yttrium site. It is 
possible that small percentages actually occupy gallium 
sites, or even interstitial positions which might explain 
certain aspects of the data. We shal! continue with this 
assumption until we understand the data 
degree that we have reason to doubt its validity. 

The data were obtained at 77°K by means of a glass 
Dewar described elsewhere.! A Cary 
model 14, was used in all of the measurements. The 
spectral resolution is 1 A in the visible and ultraviolet 
region of the spectrum. The reproducibility is 0.5 A and 
the wavelength calibration is accurate to 4 A. 

For the fluorescence measurements, the sample was 
excited by light focused onto it from a Bausch & Lomb 
grating spectrometer with a high-pressure dc Osram 
Xe lamp as the light source. The fluorescent emission 
was focused into the entrance slit of the Cary spec- 
trometer and accordingly analyzed. For the excitation 
measurements, the Cary was operated in the single 
beam manner, the Xe lamp was placed at the entrance 
slit, and the sample was placed in the monochromatic 
beam near the 1P28 photomultiplier tube. The fluores- 
cent emission from the sample was focused into the 
photomultiplier tube while the exciting light was elimi- 
nated by means of filters. 

Fluorescent emissions for different wavelengths of 
exciting light and excitation spectra for different wave- 
lengths of emitted light were determined. There were 
no quantitative differences in the various data. We were 
able to determine long wavelength excitation peaks by 
observing long wavelength emission peaks. In this way 
we were able to minimize problems arising due to re- 
flected light. The fluorescence data presented here were 
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Fic. 1. Fluorescence spectrum for Pr?*+. The wavelength scale is in millimicrons and t 


> numbers written 


above the structures denote the energy in electron volts 


excited with those wavelengths that gave the most 
intense emissions. 


III. EXPERIMENTAL RESULTS AND DISCUSSION 


If we assume validity of term signatures we can assign 
to any state a total angular momentum. As is well 
known the application of a crystalline field perturbation 
can remove some of the degeneracies associated with a 
particular state and various separated Stark com- 
ponents of that level will result. Group theory enables 
us easily to predict how many Stark levels are derivable 
from a state of a given angular momentum if the sym- 
metry of the crystal field is known. In particular, if we 
assume that the ground state is obtained by means of 
Hund’s rules and if we know that the final state of a 
particular optical transition is the ground state, then 
we may be able to determine what the predominant 
symmetry of the field is. The local symmetry around the 
yttrium is known to be orthorhombic. Some people have 
treated the problem as if the field were cubic and others 
have treated it as if the field were orthorhombic. The 
potentials derived from these symmetries would effect 
different splittings, and hence an analysis of the data 
as to the dominant symmetry of the field may prove 
useful. In the following sections, the data and discus- 
sions for each rare-earth ion will be presented separately 
together with the electron configuration, the Hund 
ground state, and the number of levels expected from 
cubic symmetry or less than cubic symmetry. 

Certain general comments can be made about the 
excitation and fluorescence spectra. In the case of the 
former, if the ground state is separated from its nearest 
lying level by more than &7, the excitation spectrum 
should be indicative only of the excited state spacings. 
There may be regularly spaced structure to the long or 
short wavelength side of major peaks due to an absorp- 
tion or emission of a phonon during the transition. The 
former should be quenched at low temperature. If there 


are states lying close to the ground state and if more than 
one level is occupied, the excitation spectrum should 
indicate this multiplicity. 

In the spectrum, if the 
spacings of the excited levels are small, one expects 


case of the fluorescence 
rapid thermal equilibration by means of phonon inter- 
actions. Hence, the fluorescence would be due to transi- 
tions from a single excited state (or several Stark com- 
ponents, if present, and if their energy separation is less 
than kT to ensure occupation) to various lower levels. 
(The energy of the transition from this excited state to 
the lowest lying state should show up in the excitation 
spectrum. This is not seen due to the fact that reflected 
light problems do not allow us to go to the long wave- 
lengths in the excitation spectrum. Ideally, one should 
view a certain wavelength emission and seek the longest 
wavelength excitation that would excite this emission, 
but reflected light prevents this.) If the spacings of 
excited levels are such that thermal equilibration can- 
not ensue, then one should see identical emission bands 
displaced from each other in energy due to transitions 
from several excited states to the same set of low-lying 
levels. The emissions may be complicated by an ab- 
sorption or an emission of phonons during the transition 
resulting in subsidiary structures to the short and long 
wavelength sides of the emission peak, respectively. 
The former should be quenched at low temperatures. 
If various structures on emission peaks are due to Stark 
splitting of excited states, then occupation of these 
states is temperature dependent. The same is true for 
the excitation spectrum where structure may be due to 
occupation of Stark components of a ground state. 
Hence, measurements at various temperatures can be 
definitive. 

The excitation data will not be presented because 
they are too lengthy and involved and in most cases 
somewhat unrewarding. Instead, there will be a de- 
scription of the pertinent facts obtainable from the data. 
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The ground state is *H, with a 4/? electron configura- 
tion. This ion has been investigated by a number of 
other workers.‘ If the field possesses predominantly 
cubic symmetry, four Stark levels would be expected 
and lower symmetry can result in nine levels. Figure 1 
presents the fluorescence spectrum. The wavelength 
scale is millimicrons and the numbers written above the 
structures denote the energy in electron volts. (This is 
true for all spectra in the paper.) The break in Fig. 1 at 
around 4800 A indicates a change in the intensity scale. 

The emission and excitation spectra are rather com- 
plicated and not too definitive. The emission spectrum 
has a strong doublet at 2.5521 and 2.5492 ev which is 
very close to an excitation spectrum doublet at 2.5524 
and 2.5497 ev. Since this is on the short wavelength side 
of the fluorescence spectrum, it may well involve the 
ground state and hence the doublet can be due to either 
two Stark components of the ground level or of an 
excited state. Since the doublet energy spacing is less 
than kT and since the excitation spectrum does not show 
this structure throughout, this doublet must be due to 
Stark components of an excited state. The short wave- 
length peak is down in intensity by an amount that 
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Fic. 2. (a) Fluorescence spectrum for Sm**. The wavelength 
scale is in millimicrons and the numbers written above the struc 
tures denote the energy in electron volts. (b) Energy level diagram 
for the ground *H multiplet. The spacings are not to scale. 

‘J. Brochard and K. H. Hellwege, Z. Physik 135, 620 (1953); 
C. B. Ellis, Phys. Rev. 49, 875 (1936); F. H. Spedding, Phys. Rev. 
58, 255 (1940); E. V. Sayre, K. M. Sancier, and S. Freed, J. Chem. 
Phys. 23, 2066 (1955); B. R. Judd, Proc. Roy. Soc. (London) 
A241, 414 (1957); G. H. Dieke and R. Sarup, J. Chem. Phys. 29, 
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would be expected considering the Boltzmann popula 
tion of the two excited states. 

The emission peak around 2.55 ev is almost certainly 
due to a transition between the *P, and one of the 
37145,6 levels. The region between 2.6229 and 2.3970 ev 
in Fig. 1 undoubtedly contains peaks due to other 
transitions from the *P to the *H The small 
structure near 2.33 ev may be due to *?; <> *H; transi 
tions as reported in the work cited in footnote 2. 
Probably the origin of the structures around 2.22 ev 
are the *P, <> °H; transition, the 2.09 and 2.08 ev peaks 
are the 'D. <> *H, transition, and the peaks at 2.01 ev 
are the *P) <> *H, transition, as reported in the work 
cited in footnote 2. 

In neither the emission nor the excitation spectrum 
can we say much about phonon interactions. Measure 
ments at temperatures other than 77°K are needed to 
distinguish between different effects. The data presented 
were obtained with the exciting radiation, from the 
Bausch & Lomb, peaked at 4.46 ev. Excitation at 3.37 
ev resulted in the same fluorescence. These two energies 
were two of many peaks in the excitation spectrum. In 
all runs, exciting wavelengths were similarly deter- 
mined from excitation spectra. 

In an earlier work,® we reported on short wavelength 
emission for Pr*+. These results have not been made 
consistent with data reported here and in the works 
cited in footnotes 2 and 4 


levels 


2. Sm 


The ground state is *H; with a 4/° electron configura- 
tion. There have been several investigations of this ion 
by other workers.* For a cubic field one expects two 
resultant levels and for a field of less than cubic sym- 
metry three Kramers doublets could result. The excita- 
tion spectrum is rather complicated and not consistent 
with the energy level scheme that Dieke and Hall 
present. It appears that there are repeated energy sepa- 
rations of about 0.0053, 0.0066, and 0.0130 ev. However, 
the separated peaks do not have proper relative heights, 
they do not appear in wavelength regions where they 
might be expected and they are not repeated sufficiently 
to be definitively due to either phonons or Stark split- 
tings of various levels. The 0.0053-ev spacing often seems 
to lie on the long wavelength side of major peaks. If 
this structure is due to phonon interactions, then a 
phonon must be emitted to the lattice in the transition. 
This situation would be expected to be independent of 
the temperature of the lattice and hence the measure- 
ments will have to be made at He and at room tempera- 
741 (1958). 

5S. P. Keller and G. D. Pettit, Phys. Rev. 113, 785 (1959). 

*A. Benton and E. L. Kinsey, Phys. Rev. 75, 888 (1949); 
S. Freed and J. G. Harwell, J. Am. Chem. Soc. 55, 54 (1933); 
F. H. Spedding and R. S. Bear, Phys. Rev. 46, 308, 979 (1932); 
G. H. Dieke and L. A. Hall, J. Chem. Phys. 27, 465 (1957); 
K. Oshima, S. Hayakawa, H. Nagano, and M. Nagusa, J. Chem 
Phys. 24, 903 (1956). 
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lic. 3. Fluorescence spectrum 
for Eu**. The wavelength scale is 
in millimicrons and the numbers 
written above the structures de- 
note the energy in electron volts 


RELATIVE INTENSITY 
OF EMITTED LIGHT 





OF RARE-EART 


—_.= 





420 440 


tures to decide its nature. The over-all spacings in the 
excitation spectrum are small enough that one would 
expect rapid thermal equilibration to prevail. If this is 
the case, the emission spectrum should be due to transi- 
tions from a single excited state to multiple lower states. 
But as we shall see, this is apparently not true. 

If we examine the fluorescence spectrum, shown in 
ig. 2(a), we see that the short wavelength emission 
has too much structure to be due to transitions from a 
single excited state to components of the *H; state of 
which there can be at most three. The spacings and 
intensities are such that the data cannnot be explained 
as transitions from Stark components of an excited 
state. It is concluded that some of the peaks are due to 
these transitions, and the remaining structures are due 
to transitions from some higher excited state to various 
lower states. One can divide the sharp emission peaks 
into groups (2.1768 and 2.1712 ev), (2.0564, 2.0354, 
and 2.0160 ev), and (1.9047 ev). These are probably 
due to transitions from a single excited state to two 
Stark components of the °H; level, three components of 
the °H7)» level, and a single level of the *Hy/2 level. These 
conclusions are summarized in Fig. 2(b). The spacings 
are consistent with what others have reported'®® 
(except for the work of Oshima e/ al.). There remain the 
broad and short peaks to account for. As already stated 
these can be due to transitions from different excited 
states to various lower states belying the idea of thermal 
equilibration of excited states. The splittings are con- 
sistent with a field of cubic symmetry. The data pre- 
sented in Fig. 2(a) were obtained with the exciting 
radiation peaked at 3.05 ev. Excitation with 3.41-ev 
and 3.28-ev radiation gave the same emission spectrum. 


3. Eu** 


The ground state is 7F» with a 4/°* electron configura- 
tion. Since it is a nondegenerate state, there will be no 
splitting by any field. The excitation spectrum is rather 
complicated with no striking periodicity, although there 
appears to be an energy separation of about 0.0080 ev 
that is rather prevalent. Since the ground state is non- 
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degenerate, the excitation spectrum cannot show peri- 
odicity due to Stark components of the ground state. 
As will be seen, the 7/; state lies well above the 7Fo, 
compared to kT, and hence there will be no contribu- 
tions to the excitation spectrum from this state. The 
separation of the peaks in the excitation spectrum are 
small and hence one would expect thermal equilibration 
among the excited states. 

he fluorescence is presented in Fig. 3, in which the 
bands at 590 and 610 my are probably due to transitions 
from the §D,; and from the °Dpo levels to the 7F; level, 
respectively. The first set of transitions would exhibit 
nine lines and the latter three, if the field were of low 
symmetry. The data show five or six for the former and 
two for the latter. This would lead one to believe that 
the 7F; is split into at least two levels. It may well be 
that there are actually three levels with all degeneracy 
removed. The energies of the transitions are consistent 
with the data of Dieke and Hall.® 

‘he data obtained in Fig. 3 were obtained with 
exciting radiation peaked at 4.94 ev. Irradiation with 


3.42-ev or 3.14-ev light gave the same emission spectra. 


4. Tb** 


The ground state is ‘Fs with a 4/* electron configura- 
tion. The data presented here are similar to what has 
been reported earlier' and more involved than that 
reported by Dieke and Hall.* A cubic field would split 
the ground state into six levels and a field of lower 
symmetry could split it into 13 levels. The excitation 
spectrum is involved and shows no repetitive spacings 
or structures to enable us to say anything about fine 
structures. 

The emission data are presented in Figs. 4(a) through 
4(f). The intensities of the peaks of Figs. 4(d) and 4(e) 
are about five times those in the other regions. The 
spectra are fairly involved but certain conclusions can 
be offered. One is tempted to associate the emission 
between 380 and 390 my with transitions to the ground 
7F. state in which case the 12 observed structures are 
consistent with a complete removal of degeneracy, the 
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thirteenth peak being unresolved. The two lowest levels 
are separated by 0.0060 ev, which is approximately 
equal to kT and hence might give rise to doublet struc- 
tures on excitation peaks. This is not seen, nor is there 
any clear-cut association of this emission band with 
bands in the excitation spectrum. The spacing of about 
0.0060 ev is common in this band as in other emission 
bands. This is also true of spacings of 0.0019, 0.0028, 
and 0.0057 ev. As a result one is tempted to associate 
these spacings with phonon interactions or with Stark 
components of excited states. The spacings are not that 
widespread nor are the intensities of various structures 
proper to be consistently amenable to such explanations. 
As in other cases, further temperature measurements 
are needed. 

Continuing with the emission spectrum, one can con- 
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Fic. 4. (a)-(f) Emission spectra for Tb**. The wavelength scale 
is in millimicrons and the numbers written above the structures 
denote the energy in electron volts. Note. Figures 4(e) and (f 
appear on p. 1645. 


jecture that the band around 415 my of Fig. 4(b) is due 
to transitions from the same excited state to the Stark 
components of the ’F; level. This leads to a separation 
between the 7F; and 7F¢, states of about 0.29 ev, which 
agrees with an earlier work! and with Dieke and Hall.® 
The number of structures seen is 11, which is consistent 
with the assumption of a low symmetry resulting in the 
removal of all the degeneracy. 

The emission peaks between 430 and 470 my of 
Fig. 4(c) are numerous and probably due to transitions 
from the same excited state, as mentioned above, to 
the 7F, and the higher *F3. levels. The spacing 
between the 7, and 7F; levels is about 0.16 ev which 
again agrees with previous work. 

Continuing, the structure around 490 mu of Fig. 4(d), 
is probably due to transitions from a lower excited state 
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Fic. 4. Continued from p. 1644. 


to the ‘Fs, level. There are too many structures and 
hence there must be phonon interactions and/or several 
excited states. The similarity of this spectrum to that 
shown in Fig. 4(a) is not what one would expect if the 
end states of the transitions were the same. The emission 
around 545 my, in Fig. 4(e), is perhaps due to transitions 
to the ‘F; level, but again the similarity between this 
spectrum and that in Fig. 4(b) is not what it should be. 
The widths of the bands around 380 and 490 mu agree, 
but those of the bands at 545 and 415 my do not. The 
energy difference between the former pair is about 
0.700 ev and the energy difference between the latter 
pair is about 0.715 ev, which is not a tremendous 
discrepancy. 


OF RARE-EARTH Y;GA;0:1:2 1645 

The emission between 580 and 630 my in Fig. 4(f) is 
similar to that in Fig. 4(c), in numbers of peaks, com- 
plexity, and over-all groupings, but not in detailed 
structure. The difference between the two 


spectra is about 0.720 ev and so perhaps these are also 


energy 


transitions from the same lower excited state to various 
levels in the 7F multiplet. 

The data presented in Figs. 4(d), (e), and (f), may 
be due to the presence of a Tb** site inequivalent to the 
one responsible for the spectra presented in Figs. 4(a), 
(b), and (c). The inequivalence of the sites can easily 
result from crystal imperfection. 

Independent of the explanations it is undoubtedly 
true that the symmetry is lower than cubic. It is also 
true that there are certainly phonon interactions in that 
there are shifts of energy between the excitations and 
the emissions, as in the case of the other ions. Again, 
measurements at other temperatures will shed further 
light on this problem. 

The data presented in Figs. 4(a)-(f) were obtained 
with the exciting radiation peaked at 3.40 ev. When 
3.27-ev exciting radiation was used, the fluorescence was 
the same with the exception that the emission bands 
shown in Figs. 4(a) and (b) were not present. 


5S. Dy” 


The ground state is °H 15/2 with a 4/* electron configura- 
tion. As in the case of the others, this ion has been 
studied extensively.’ A cubic field would split this level 
into five states and a field of lower symmetry can result 
in eight Kramers doublets. The excitation spectrum 
shows no repetitive short or long wavelength subsidiary 
structures, although spacings of about 0.0038 and 0.0063 
ev are common, as in the case of other ions. 

The fluorescence spectrum is presented in Fig. 5 and 
it is seen that the two shortest wavelength peaks are 
separated by an energy greater than kT. If these two 
peaks are due to transitions to ground-state levels, only 
the lowest will be appreciably occupied at 77°K. As a 
result the excitation spectrum results from transitions 
only from this lowest level and should be indicative of 
excited state spacings. The spacings in the excitation 
spectrum are rather close and one would expect thermal 
equilibration to prevail, so that only one excited state 
or several Stark components of it will be the initial 
states for the fluorescence transitions. As a result the 
fluorescence should be somewhat uncomplicated and it 
is seen to be so. Dieke and Singh measured Stark com- 
ponents of the *Fi;/2 excited state separated by 0.0096 
and 0.0152 ev. A splitting of the latter magnitude would 
not be observable in an emission spectrum since it 
would not be appreciably occupied at 77°K. 

Even though the fluorescence data in Fig. 5 contain 


7]. Heogschagen, Th. G. Schotte, and S. Kruyer, Physica 
11, 504 (1946); E. J. Meehan and G. C. Nutting, J. Chem. Phys. 
7, 1002 (1939); G. H. Dieke and S. Singh, J. Opt. Soc. Am. 46, 
495 (1956); R. A. Ford and M. M. R. Williams (private 
communication). 
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considerable fine structure there is little doubt that the 
band around 480 may is due to transitions to the Stark 
components of the *H15/2 level and the band around 580 
my is due to transitions to the Stark components of the 
®H 3/2 level. The measured spacings between these 
multiplet states is consistent with Dieke and Singh and 
with Ford and Williams. There is present less structure 
than was reported in the work cited in footnote 1, but 
the present data are consistent with those in the work 
cited in footnote 2. The *H 5/2 level and the ®Hj3). level 
should lead to 8 and 7 Kramers doublets, respectively, 
if the field is of low symmetry. We see that the 480 mu 
band has 15 peaks and the 580 my band has 14 peaks. 
Undoubtedly, all of the allowable degeneracy has been 
removed by the crystal field and the extra lines seen 
may be due to two Stark components of an excited 
state, probably the *F 1:2. state. The data show 0.0060 
ev as a repeated energy separation, as in the case of 
other ions. However, the data are not definite enough 
to allow this as a definite proof of two Stark levels of 
an excited state separated by this energy. It is also 
possible that this separation is caused by phonon inter- 
actions but again the data are not substantiative enough 
for a definite conclusion. There seems to be short rather 
than long wavelength structure on the sides of promi- 
nent peaks. If anything, one would expect long wave- 
length structure at this temperature, since the major 
process would be an emission of a phonon rather than 
an absorption of one. If the 0.0060-ev energy separation 
is due to two Stark components of an excited state, then 
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Fic. 6. Fluorescence spectrum for Ho*+. The wavelength scale 
is in millimicrons and the numbers written above the structures 
denote the energy in electron volts, 


since AE/kT™~1 the ratio of short wavelength to long 
wavelength peaks of the doublets should be approxi- 
mately 3. This is almost borne out with many of the 
peaks. Again, measurements at other temperatures are 
needed to shed more light on the general problem of 
phonons versus Stark components. 

The data presented in Fig. 5 were obtained using 
exciting radiation peaked at 3.39 ev. Other excitation 
spectra were obtained using radiation peaked at 3.80 
ev, 3.52 ev, and 3.21 ey 
all similar, 


The resultant emissions were 


6. Ho 


The ground state is *J; with a 4/" electron configura- 
tion. A cubic field would result in a splitting of this level 
into 7 states, whereas a complete removal of degeneracy 
is possible with lower symmetry resulting in 17 states. 
The excitation data are very detailed and involved. 
There are two short wavelength peaks separated by 
0.0097 ev for which e~”/*7~0.2 and hence the second 
lowest level is not greatly populated. If one assumes 
these to be due to a doublet in the ground level then one 
might expect to see doublet structure in the excitation 
spectrum with the long wavelength structure down in 
intensity by the factor of 0.2 which would be difficult 
to observe. In fact, no such structure is seen. In the 
excitation spectrum the spacing of about 0.0035 ev is 
fairly widespread but not enough to be supportive of 
phonon interactions. This same spacing has been ob- 
served with other ions. The spacings between major 
excitation peaks are sufficiently small so that thermal 
equilibration can be attained via phonon interactions 
and one would expect the fluorescence to be due to 
transitions from a single excited state to lower levels. 
The simplicity of the fluorescence bears this out. 

The fluorescence, shown in Fig. 6, has no structure 
that can be associated with phonons or Stark compo- 
nents of excited states. According to reference 1, the 
end state in this transition is not the °/s state, but 
rather the °J, state. According to Dieke and Hall in 
reference 6, the energy is too small for the °Js ground 
state to be the end state in the transition and so it is 
likely to be the J; state, which should be split into 4 
levels for a cubic field and 11 for one lower than cubic, 
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The data in Fig. 6 were obtained with exciting radia- 
tion peaked at 3.44 ev. Other excitations were obtained 
with 2.96 ev and 2.73 ev as the exciting radiation, but 
the resultant emissions were all similar 


7. Er** 


The ground state is *J;5,. with a 4f'' electron con 
figuration. A cubic field would split this state into 5 
levels, whereas a field of lower symmetry could remove 
all but the Kramers degeneracy and could result in 8 
levels. The excitation spectrum is quite complex, but 
shows no obvious repetitive structure that can be 
ascribed to either phonon interactions or occupation of 
several Stark components of the ground state. Th 
spacings of about 0.0035 and 0.0050 ev seem prevalent 
as in other ions, but not so prevalent that they can be 
explained, with any certainty, as due to phonons. The 
spacings between levels are sufficiently small that one 
would expect appreciable interactions with phonons 
that thermal equilibration would ensue. ,The 
fluorescence is uncomplicated and this 


such 
supports 
conclusion. 

Che fluorescent data are shown in Fig. 7 and they 
are not sufficiently definitive so that we can say any- 
thing concrete about them. Again, a spacing of about 
0.0050 ev is fairly common. This fact together with the 
fact that the same spacing is common in the excitation 
spectrum supports the idea of phonon structure, but 
the support is far from satisfying or adequate. Other 
temperature measurements are necessary. 

Based upon earlier work'” the peaks at 2.2855, 2.2812, 
and 2.2760 ev are probably due to transitions from an 
excited state to the split 7 level and the peaks at 
2.2329, 2.2289, and 2.2174 ev are: probably due to 
transitions to the split ‘/y,. level. The remaining struc- 
ture is too much for field splitting of these levels. 

Fluorescence spectra were obtained with exciting 
radiation peaked at 3.41 ev, 3.29 ev, and 3.25 ev. The 
spectra were all similar and Fig. 7 presents the one 
obtained with the 3.25-ev excitation. 


8. Tm 


The ground state is *H. with a 4/" electron configura- 
tion. This ion has been investigated by other workers. 
\ cubic field would split this ground level into six levels 
and a field of lower symmetry could split it into 13 
levels. In the excitation spectrum there is no periodicity 
of the levels nor repetition of spacings. Long wavelength 
energy spacings are small enough that thermal equili- 
bration among these states probably ensues. This is not 
necessarily true for the levels associated with short 
wavelength excitations. An excitation band shows up 
around 3.45 ev that bears good agreement with the 


8 


8H. A. Bethe and F. H. Spedding, Phys. Rev. 52, 454 (1937) ; 
I’. H. Spedding Phys. Rev. 58, 255 (1940); J. B. Gruber and 
J. G. Conway (private communication); U. Johnsen, Z. Physik 
152, 454 (1958). 
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Fic. 7. Fluorescence spectrum for Er**. The wavelength scale 
is in millimicrons and the numbers written above the structures 
denote the energy in electron volts 


Spedding and Gruber and 
Conway,* which they attributed to the ‘J. level. 
Spedding lists this as 3.43 ev above the ground state, 
which compares with our value. The excitation band 
we see is split into 6 structures with an over-all separa- 
tion of 0.0353 ev. The splitting Spedding reports is 0.02 
ev (for the hydrated sulfate). The significant aspect is 
that the splitting indicates six levels which is what is 
expected if the field were predominantly cubic. The 
remainder of our excitation spectrum bears no obvious 
relationship to Spedding’s data. 

The fluorescence spectrum is presented in Fig. 8. 
The energies of the emission peaks do not agree with 
that of Keller and Pettit,' but they do with Dieke and 
Hall® and are in fair agreement with the data of 
Spedding.* If the short wavelength structures are associ- 
ated with the lowest lying levels, then the energy separa- 
tion between the two lowest levels is appreciably greater 
than kT and hence the excitation spectrum would be 
uncomplicated by doublet structures, which turns out 
to be true. The long wavelength structure at 2.5586 ev 
is too far removed from the other emission peaks to be 
a Stark component of the ground level and it is rather 
close to be an adjoining multiplet level. (It perhaps is 
due to a transition from the pronounced 'J¢ level to one 
of the higher levels of the *H multiplet. According to 
Spedding the *//; level lies 1.02 ev above the *H level. 


spacing proposed by 
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is in millimicrons and the numbers written above the structures 
denote the energy in electron volts. 
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The 'Z¢ level lies 0.80 ev above the 'G;, level. If we 
assume the main emission located near 2.73 ev is due to 
transitions from the 'G, level to components of the 
°H, level, then a transition from the 'J, level to the 
°H; level would be shifted to longer wavelengths by 
0.22 ev. We see that the 2.5586-ev peak is shifted by 
0.18 ev and so this assignment is not unreasonable based 
upon energy spacings.) 

There is no obvious phonon structure in the fluores- 
cent spectrum. Since there are undoubtedly such inter- 
actions with excited states, one would expect to see 
phonon structure on the emission curve. 

If one assumes a field of cubic symmetry, then the 
location of six levels derivable from Fig. 8 cannot be 
made to check with the spacings derived in the work 
of White and Andelin® in the limit of a=0. (The results 
of White and Andelin are unapplicable to the other 
ions mostly due to the fact that they appear to possess 
less than cubic symmetry whereas White and Andelin 
assumed cubic symmetry.) 

As in the case of other ions, data are needed at other 
temperatures. 

The fluorescence shown in Fig. 8 was obtained with 
exciting radiation peaked at 3.45 ev. 


IV. CONCLUSION 


The excitation spectra of the various samples have 


indicated to us that the rare earths must be directly 
excited and that energy transfer from the garnet lattice 
is inefficient. The fluorescent emissions, in many cases, 
can be related grossly to energy level assignments. The 
fine structure on the spectra pose quite different prob- 


®R. L. White and J. 
(1959). 


P. Andelin, Jr., Phys. Rev. 115, 1435 
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lems. We have tried to analyze them in terms of crystal 
field splittings of ground and of excited states. We have 
also invoked phonon interactions in that the rare earth 
could absorb or emit phonons coincident with a transi- 
tion. Many conclusions can at best be conjectural and 
it must be remembered by the reader that the major 
contributions of this paper are the experimental data 
and the potentiality of the line of investigation. More 
work must be done in order to obtain definitive results. 
We plan to undertake measurements at room and at He 
temperatures in order to determine more about crystal 
field effects and phonon interactions, 
present somewhat obscure. 

We have assumed that the rare-earth ions occupy 
substitutional positions in place of the yttrium sites. 
Some of the fine structure might be due to the invalidity 
of this assumption in that a small percentage of the 
rare earth might be in gallium sites. Under the confines 
of our assumption, we have analyzed the data with a 
goal of determining whether a simple cubic field or one 
of lesser symmetry (e.g., orthorhombic) is the better 
approximation to the predominant symmetry of the 
site. The results indicate that simple cubic symmetry 
applies to Sm and Tm whereas less than simple cubic 
symmetry is necessary to explain the data for Pr, Eu, 
Tb, Dy, Ho, and Er. Why there is this difference 
remains an unanswered question. 

There are further questions about the data which 
shall have to await their answers in additional data; 
e.g., why don’t the same phonon interactions occur for 
all rare earths over a broader wavelength region? 


which are at 


ACKNOWLEDGMENT 


We wish to thank Dr. B. Calhoun for many helpful 
discussions. 





PHYSICAL REVIEW 


VOLUME 121, 


NUMBER 6 


Isotope Effect in Intermetallic Diffusion*} 
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Ten measurements of the isotope effect for diffusion of Fe®® 
and Fe® in pure single crystals of silver and copper have been 
made over approximately a 300°C temperature interval below the 
melting point. The measured isotope effect was found to be abcut 
;, Significantly less than the value of unity expected from conven 
tional reaction rate theory. 

It is shown from Vineyard’s extension of reaction rate theory 
that the measured isotope effect is to a good approximation a 
product of the Bardeen-Herring correlation factor and the fraction 
of the total translational kinetic energy associated with the dif 
fusing tracer in a tracer-vacancy exchange. It is shown that the 
ring, interstitialcy, crowdion, and relaxion mechanisms are not 
responsible for diffusion in the systems studied. 


I. INTRODUCTION 


YRING’S! general theory of reaction rates has been 

applied by Zener? and Wert*® to the problem of 
diffusion in the solid state. By considering the diffusion 
process to be represented by an atom moving over a 
potential barrier, Wert shows that the average jump 
frequency, I’, varies as m~', where m is the mass of the 
diffusing atom. In addition to assuming a one-body 
model, the theory presumes that a state exists at the 
top of the barrier with a sufficient lifetime that thermo- 
dynamic properties can be defined for the activated 
complex, and that the irreversible nature of the dif- 
fusion process enters through some unspecified mecha- 
nism whereby an atom which crosses a diffusion barrier 
loses most of its energy before it can cross the barrier 
in the opposite direction. 

Prigogine and Bak‘: have recently proposed a theory 
of diffusion which shows how irreversibility may result 
from the nonharmonic interactions between the crys- 
talline normal modes and a moving particle. A model is 
used that presumes that a particle moves in a one- 
dimensional parabolic well and is annihilated when its 
energy reaches a certain critical value. The theory 
predicts that the diffusivity is proportional to m~, in 
contrast to the m=} dependence predicted by reaction 
rate theory. Prigogine and Bak point out that altering 
the assumption of an unperturbed harmonic potential 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

+ Based on a thesis submitted to the University of Illinois in 
partial fulfillment of the requirements for the degree of Doctor of 
Philosophy in Physics. 
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The three-frequency theory of correlation for vacancy diffusion 
in fee lattices is extended to show that the relative frequency 
factors are completely specified by a knowledge of the correlation 
factor and the diffusion coefficients. An expression for the differ- 
ence in the Airhenius Q and the activation energy due to the tem- 
perature dependence of the correlation factor is derived. This 
theory is shown to be inconsistent with the observed isotope effect 
if many-body effects are neglected. It is shown that a “long 
range”’ repulsive interaction between the vacancy and impurity 
would be necessary if the measured isotope effect is to be explained 
purely in terms of correlation. 


may change the dependence of D on m, although it will 
probably be larger than m 

In neither of the above two theories is the motion of 
the barrier atoms taken into account. This effect has 
been incorporated explicitly in reaction rate theory by 
Vineyard.® Vineyard’s theory differs from that of Zener 
and Wert in that the motion of the host atoms is ex- 
plicitly taken into account by considering the diffusion 
process as the motion of a representative point over a 
potential barrier in the .V-dimensional configuration 
space of the crystal containing .V/3 atoms. In this 
theory, as in conventional reaction rate theory, the 
assumption of an equilibrium state at the top of the 
barrier is still incorporated, and the question of irre- 
versibility is not treated explicitly. Vineyard’s analysis 
indicates that the solute-vacancy exchange frequency is 
proportional to (m*) 


* is an effective mass 
whose value is bounded by the smallest and largest 
mass of the entire system. 


?>, where m 


Rice ef al.7 have also examined the many-body 
aspects of the diffusion process. This treatment differs 
from that of Vineyard in that the assumption of an 
equilibrium state at the top of the barrier is removed. 
However, thus far it has not been possible to use this 
model to calculate the dependence of the jump fre- 
quencies on the many-body effects for any realistic case. 

The measured mass dependence of the diffusivity will 
also be affected by the diffusion mechanism in the fol- 
lowing two ways: (1) in cases where several atoms move 
simultaneously, m*, and hence the jump frequency, 
will be altered ; (2) correlation effects, such as occur in 
vacancy diffusion, will modify the rates of isotopic dif- 
fusion in a solid, since the correlation factor depends on 


®°G. H. Vineyard, J. Phys. Chem. Solids 3, 121 (1957). 

7S. A. Rice, Phys. Rev. 112, 804 (1958). 

8S. A. Rice and N. H. Nachtrieb, J. Chem. Phys. 31, 139 (1959). 

’ A. W. Lawson, S. A. Rice, R. D. Corneliussen, and N. H. 
Nachtrieb, J. Chem. Phys. 32, 447 (1960). 

10S. A. Rice and H. L. Frisch, J. Chem. Phys. 32, 1026 (1960). 
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TABLE I. Previous measurements of the isotope effect. 








Reference 


Tracer or solute Host material Ep 


0.96-£0.3" 


11 Ni (stable isotopes Cu 
12 Fe, Fe® Ag 4.3 +1.0 

13 Cd" Cd! Ag, Cu 0.0 +0.1 

14 Na™, Na” NaCl ~1 

15 Li’, Li’ Si 0.94+0.25 
16 H', H? Pd 0.85+0.3* 
17 Li®, Li? W 0.88+0.25 


* The error in these cases is the present author's estimate. 


the solute-vacancy exchange rate which is in turn 
function of the isotopic mass. 

To date, there have been very few measurements of 
the effect of isotopic mass on diffusion. Table I gives a 
list of the measurements which have been reported in 
the literature.''~'’ Most of these measurements are not 
sufficiently precise to permit many of the theoretical 
questions to be answered. The isotope effect /, in 
Table I, is defined by 


1—Dp/Dz 


Ep= 


- (1) 
1— (m4/mp)! 


The present investigation is an attempt to determine 
precisely the isotope effect for diffusion in a substitu- 
tional solid system. The isotopes chosen for this experi- 
ment were Fe®® and Fe*’, and the crystalline matrices, 
silver and copper. The two isotopes were diffused simul- 
taneously into the silver and copper crystals in order to 
eliminate the errors in the measurement of temperature 
and penetration depth. Since both isotopes diffuse under 
identical conditions, the temperature and penetration 
depth errors, which are dominant in the measurement 
of the diffusion coefficient, are negligibly small in the 
measurement of the isotope effect. 

The iron isotopes were selected as tracers in this ex- 
periment for the following reasons: (1) These isotopes 
are easily obtained with very high purity; (2) they have 
a large, 7%, mass difference; (3) they have very dif- 
ferent decay schemes which permitted the use of the 
novel differential counting technique described later; 
(4) the study of diffusion of these two isotopes per- 
mitted a careful re-examination of the anomalously 
large isotope effect reported by Lazarus and Okkerse.” 

The iron isotopes were diffused into the host crystal 
from a very thin (10 to 30 A) plane layer originally on 
the surface. The concentration of iron c, after diffusing 
a time /, is given as a function of tracer penetration 


4 W. A. Johnson, Trans. Am 
144 (1946). 

12 -, Lazarus and B. Okkerse, Phys. Rev. 105, 1677 (1957) 

13 A. H. Schoen, Phys. Rev. Letters 1, 138 (1958). 

144M. Chemla, Ann. Phys. 1, 959 (1956). 

15 E. M. Pell, Phys. Rev. 119, 1014 (1960). 

16 W. Jost and A. Widmann, Z. physik. Chem. B29, 247 (1935). 

17G. M. McCracken and H. M. Love, Phys. Rev. Letters 5, 
201 (1960) 
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into the crystal x by the equation 
Co 


exp(—2°/4Di 
(rDt)? 


where D is the diffusion coefficient, and co the initial 
concentration of iron at the surface. Since both isotopes 
are diffused simultaneously, the relative concentration 
of the two isotopes as a function of position will differ, 
if Dss is not the same as Ds. From Eq. (2) the relative 
concentration as a function of penetration is given by 


C55 Ds 
In—= constant+ (1 
C59 . Ds5" 4D 


diffusion 


to determine the 


In this experiment, the of the Fe 
was first measured 
Then, by measuring the ratio of 
tivities as a function of 2°, it was possible to evaluate 
the term 1—Dyp/D55, which, by Eq. (1), is proportional 
to the isotope effect /ss 


: isotope 
factor 1 4D aeot. 


+} ; ; 
he two isotopic ac 


II. EXPERIMENTAL PROCEDURES 
A. Determination of Fe” Diffusivity 


The silver and copper single 
vestigation were grown in vacuum from 99.99% pure 
Handy and Harmon silver and 99.998% pure American 
Smelting and Refining Company copper. Crystals were 
grown, about 0.75 inch in diameter and 3 to 4 inches in 
length, in specially machined AUC grade graphite 
crucibles. The single crystals were cast into bakelite 
cylinders with plaster of Paris and sectioned into smaller 
cylinders of about $-inch length with a water-cooled 
cutoff wheel. The specimens were alternately etched 
and polished with progressively finer emery paper 
until a mirror surface of 4/0 smoothness was obtained. 
The polished crystals were annealed in a vacuum 
furnace at 100°C below the melting point for at least 
24 hours. Only specimens which did not recrystallize on 
anneal were used in the experiment. 

Both the Fe*®® and Fe®™ isotopes were received from 
Oak Ridge National Laboratory in the form of chlorides. 
Both isotopes were combined in the plating bath, which 
consisted of a saturated ammonium oxalate solution 
whose pH was reduced to four by the addition of oxalic 
acid. About 3 to 10 atom layers of radioactive iron were 
plated on each of the specimens. This moderately heavy 
plating, in addition to the use of hand-polished quartz 
flats placed against the ends of the specimens during 
diffusion, eliminated the effect of evaporation of the 
iron isotope from the surface of the specimens that was 
observed by Mackliet'** and Lazarus.” The plated 
specimen with attached quartz flats was placed in a 
Vycor or quartz tube which was closed at one end, and 


crystals used in this in- 


%C. A. Mackliet, 
(unpublished). 
9 C, A. Mackliet, Phys 


Ph.D. thesis, University of IIlinois 


Rev. 109, 1964 (1958 
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maintained in an atmosphere of pure argon during the 
‘“‘necking-down” procedure. The specimen was finally 
sealed off in a vacuum of less than 10-° mm Hg. 

The encapsulated specimens were placed in diffusion 
furnaces for periods of 3 hours to 1.5 months depending 
on the temperature. The time of anneal was usually 
chosen so that the concentration of iron tracer at a 
penetration of 0.01 inch would be approximately 1/50 
the surface concentration after the diffusion anneal. 
The temperature of each specimen was measured during 
the course of the diffusion anneal with a chromel-alumel 
thermocouple, which was calibrated at the time of the 
experiment against a standard Pt-Pt 10% Rh thermo- 
couple. The furnace temperatures were maintained by 
resistance-bridge and Tag Celectray controllers to 
within about +1°C. After the diffusion anneal was 
completed, the specimens were quickly removed from 
the furnace and quenched in cold water. 

The diffused specimens were mounted on a precision 
lathe with an adjustable chuck, which was oriented so 
that the plane face of the specimen was perpendicular 
to the axis of rotation. To eliminate the iron tracer 
which had diffused from the sides of the specimen, a 
layer of 0.03-inch to 0.05-inch thickness was removed 
from the sides of the cylindrical specimen. After turning, 
sections were taken from the face of the specimen, which 
were typically 0.0007 to 0.001 inch thick. The chips 
were collected by surrounding the specimen and section 
ing tool with a paste-board enclosure. 

The chips from each slice were placed in stainless- 
steel counting planchets and weighed on a Mettler 
semimicro balance which gave readings to 0.01 mg. To 
check that no chips were lost in handling, the specimen 
was weighed before and after sectioning. The difference 
in weight usually checked with the sum of the weight 
of the slices to within 0.1 to 0.3%. The thickness of each 
slice was determined from the diameter of the specimen 
before sectioning and the weight and density of that 
slice, rather than using a dial gauge reading. 

The diffusivity of Fe was determined by counting 
the 1.1-Mev y ray from Fe** which can readily be dis- 
tinguished from the 5.9-kev x rays of Fe. The Fe 
activity was determined by using a scintillation spec- 
trometer, with a single-channel pulse-height analyzer 
and lead shielded, 13-inch diam by 13-inch thick 
Nal(TI) crystal as a detector. 


B. Determination of the Relative Diffusivity 
of Fe®® and Fe*® 


Because the 5.9-kev x ray from Fe* is almost com- 
pletely absorbed by the copper and silver chips, it was 
necessary to remove the iron tracer chemically from 
each slice of the solvent material, and then electroplate 
the iron onto flat copper planchets in order to determine 
the relative diffusion rates. The iron tracer was sepa- 
rated from the host material by dissolving the chips 
from each section in nitric acid, adding 3 mg of iron 
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carrier, and precipitating the iron as a hydroxide. It was 
necessary to make the solution strongly basic to avoid 
precipitation of the copper and silver ions. The iron 
hydroxide was centrifuged, and the decant containing 
the silver, or copper, was Uiscarded. Residual silver was 
removed by dissolving the iron hydroxide in hydro- 
chloric acid. In order to eliminate residual copper, the 
iron hydroxide was dissolved in HCl, diluted, and the 
iron reprecipitated as a hydroxide. The repurified iron 
hydroxide was redissolved in HCl and combined with 
a saturated ammonium oxalate solution in a simple 
electroplating cell, using a Pt anode. In the chemical 
separation, the tracer iron atoms were never trans- 
ferred from the centrifuge tubes in which the chips were 
originally placed, until the oxalate solution containing 
the Fe tracers was added to the electroplating cell. The 
plating was carried out at 7 volts for 4 hour then at 

for approximately one to two hours. During the 
plating, oxalic acid was added to prevent the pH from 
becoming sufficiently high to precipitate the iron as a 
hydroxide. The plating was not continued longer than 
the minimum time necessary for completion, as exces- 
sive plating led to a decomposition of the oxalate ion 
and the subsequent deposit of a carbon film. Properly 
plated specimens exhibited a luster similar to platinum. 

After the plating was completed, the cells were dis- 
mantled and the planchets washed in water and alcohol 
and wiped dry. Activity deposited on the edge of the 
planchets was taken off with fine emery paper. The 
stems of the planchets were then cut off and the re- 
sulting specimen glued onto a flat planchet holder. 

The relative ratio of the two isotopes for each slice 
of the sectioned specimen was measured with a single 
halogen-quenched, argon-filled, GM detector. A 200 CB 
Amperex tube was used because it did not give spurious 
counting effects and was sensitive to both beta and 
x rays. To distinguish between the 5.9-kev x ray of Fe® 
and the beta radiation from Fe®*, a 0.036-inch thick 
beryllium absorber and a 0.0002-inch thick gold ab- 
sorber were used. These absorbers were mounted on a 
slide which was enclosed in a standard lead shield. The 
slide passed between the specimen being counted and 
the GM detector, making it possible to interchange the 
two absorbers in a reproducible manner without moving 
the specimen or counter tube. When the gold absorber 
was placed between the specimen and absorber, the Fe 
x rays were highly absorbed. When the beryilium ab- 
sorber was placed between the specimen and detector, 
the Fe® betas were highly absorbed. 

Consider a specimen which has both isotopes Fe® 
and Fe®*. If the counting rate for this sample is Vp 
when the Be absorber is placed between the sample and 
the GM tube, and V4, when the Au absorber is in this 
position, then both Vy. and V4, will consist of two 
components, i.e., 


VBe = Nest NV 59, N Au— Net N55, 


\V;; is the fraction of Fe®® radiation which is 


5 volts 


and 


where 
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counted through the Be absorber, .V9 the fraction of 
Fe® radiation which is counted through the Au ab- 
sorber, «** the counting rate of a pure Fe” source 
through the Be absorber as compared with the rate 
through the Au absorber, and e®* the counting rate of a 
pure Fe source through the Au absorber as compared 
with the rate through the Be absorber. The solution of 
these two equations for .V55/ V9 is 


Nis V 59= (Vp, = @*\ Au) (NV ian Vp, ). (4) 


Since the sensitivity of the GM tube is not the same 
for both isotopes, and the fraction of Fe radiation 
which is transmitted by the Be absorber is not the same 
as the fraction of Fe** radiation transmitted by the Au 
absorber, the ratio, .V55/.Vs59, determined by Eq. (4), is 
not equal, but only proportional to the relative concen- 
tration of the two isotopes. This multiplicative constant 
does not alter the form of Eq. (3), however, and hence 
a plot of In(.V55/.Vss) vs 2°/4D59l gives the same slope, 
1—Ds9/Dss. 

To measure the transmission coefficients, € and °°, 
it was necessary to prepare a pure Fe source and a 
pure Fe source. These were made with the identical 
geometry and with the same electroplating technique 
as the specimens used in measuring the ratio, .V55/.V 59. 
The values of the transmission coefficients were deter- 
mined to be e&*®=0.025 and 0.020 and «*=0.047 and 
0.048 for the two counting systems used. Both ¢° and 
«** were measured repeatedly with at least two pure 
Fe and Fe* sources, to an experimental uncertainty of 
at most 5%. 

In the early stages of the experiment a Robot camera 
was used to take pictures of the scalers at 17-minute 
intervals, while the specimens were being counted. By 
calculating the standard error from the total number of 
counts, and independently from the deviation from the 
mean of the number of counts in each interval, it was 
possible to show that no spurious counting effects were 
occurring in either the scaler or detector. After the mag- 
nitude of the effect was clearly established, self-con- 
sistency of the data was taken as an adequate check on 
the counting. 

To maintain a constant high voltage on the GM tube, 
a harmonic-free Sola transformer was used to regulate 
the line voltage to the high voltage supply and scalers. 


C. Treatment of Data and Examination of Errors 


The error in measurement of the temperature is typi- 
cally 1°C and at most 2°C. A 1°C error in T corresponds 
to a 2.5% error in D, for iron diffusing in silver and 
copper. The error in the measurement of x, the pene- 
tration distance, is estimated to be of the order of 1%. 
This contributes a 2% error in x”, and hence a 2% error 
in D. From all causes, the uncertainty in the measure- 
ment of D(T) is typically 3 to 5%. 

The diffusion profiles for Fe® diffusing in silver indi- 
cate a curvature at low temperatures. This curvature 
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progressively increases as the diffusion anneal tempera- 


ture decreases and is believed to be caused by the 


extreme insolubility of iron in silver at these tempera- 
tures. In these cases D was estimated from the asymp- 
totic slope of the diffusion profile. Here the error may 
be as great as 10 or 20%, although the self-consistency 
with the higher temperature data seems to indicate a 
much smaller error. 

The diffusion parameters Dy and Q in the Arrhenius 
relation, D= Dy exp(—Q/RT), were determined by a 
least-squares fit of the data, assuming that the weight- 
ing factors for all of the D’s were equal. In the case of 
copper, Mackliet’s data were included with the present 
data, except for the lowest temperature point, where 
the shape of Mackliet’s diffusion profile indicated that 
a considerable amount of iron had probably evaporated 
from the surface of the specimen. If this point is dis- 
carded, the curvature in the Arrhenius plot for iron 
diffusing in copper, noted by Mackliet, appears to be 
negligible within the experimental errors. 

Since 2° is in error by 2%, and 1/4Dsf by 3%, the 
systematic error in the isotope effect due to errors in 
x*/4ADsol is about 4%. 

The most serious error in the determination of Fg is 
the statistical error due to the fact that 
practical limit to the number of counts which could be 
taken for any given specimen. Typically, 50000 to 
300 000 counts were taken for each specimen measured 
through each absorber. 

The background error was also important for speci- 
mens with low activity. Background was measured for 
both absorbers for each measurement of Fs. It was 
found to vary by about 0.3 count per minute, and this 
was taken as the background error rather than the 
smaller statistical error indicated by the total number 
of counts. 

The standard error due to the limited number: of 
counts and background fluctuations were combined to 
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Fic. 1. Diffusion profiles for Fe™ diffusing in copper. 
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Fic. 2. Diffusion profiles for Fe® diffusing in silver. 


determine the standard error and weighting factor for 
each point. 

The slope of the In(.V55/.Vs59) vs a°/4D5of curve was 
determined by a least-squares analysis of the data, 
using the above-mentioned weighting factors for each 
point. The resulting statistical error, which was typi- 
cally 10% for Ey, and the 4% error in 2°/4Dy9l, are 
believed to be the only significant errors in the experi- 
ment. However, because of the importance of an accu- 
rate evaluation of the errors in this experiment, other 
possible sources of error will be examined in the subse- 
quent discussion. 

Four corrections were made to the raw data. They 
were (1) dead time correction, (2) background correc- 
tion, (3) correction for finite transmission coefficients, 
and (4) correction for the decay of Fe®® and Fe*’. Except 
for the background correction all of the other correc- 
tions were determined to sufficient accuracy that they 
did not make a significant contribution to the error in 
the measured isotope effect. Because of conflicting 
values cited in the literature, the half-life of Fe® was 
remeasured and found to be 45.1 days with a maximum 
error of 1%. This is in excellent agreement with the 
value quoted by Schuman and Camilli.”” 

It was also shown that the long-term high-voltage 
drift of 3 volts at the operating voltage led to a negli- 
gible error in the measured isotope effect. No significant 
contamination of the Fe*® and Fe** sources was indi- 
cated in the Oak Ridge specifications. Also, the meas- 
ured half-life and gamma spectra did not reveal any 
other radioactive impurities. To check against any pos- 
sible radioactive contamination in the chemistry and 
electroplating, a dummy specimen was always pre- 
pared as a control. The dummy, which received the 
same chemistry and electroplating treatment as the 
other specimens, in no indicated 
contamination. 

To show that no significant errors resulted from ab- 


case radioactive 


2 R. P. Schuman and A. Camilli, Phys. Rev. 84, 158 (1951) 
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sorption of the Fe® x ray due to the 3 mg of iron carrier 
which was added in the radiochemical separation, the 
following calibration experiment was performed. Using 
equal amounts of Fe® and varying the amount of iron 
carrier from 1 mg to 6 mg, six specimens were plated. 
When these were then counted, it was found that there 
was no x-ray absorption for any of the specimens within 
the limits of accuracy of the experiment. It was also 
shown that the plating was quantitative, so that any 
small absorption coefficient for the x rays was the same 
for all specimens, and hence did not contribute to the 
error in V55/ N59. 

In another calibration experiment, five specimens 
were prepared from a stock solution with the same ratio 
of Fe®® to Fe® activity, but different net activities. The 
ratio, \Vs5/Ns was found to reproduce to within an 
average deviation from the mean of 0.2%, which estab- 
lished the accuracy of the counting. 

In a final calibration experiment, the relative ratio of 
Fe®® to Fe**® was arranged in the proportion 1:2:3:6. 
These relative ratios reproduced to within the pipetting 
error, which was taken as a final check on the accuracy 
of the proc edures used. 


lil). EXPERIMENTAL RESULTS 


Six measurements of D were made for Fe diffusion 
in copper, and six measurements of D for Fe® diffusion 
in silver. The plots of In (concentration) vs square of 
(distance from origin) are shown in Figs. 1 and 2. It 
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Fic. 3. Fe® diffusion in copper. The Arrhenius parameters for 
self-diffusion were taken to be Dp=0.20 cm?/sec and Q=47.1 
kcal/mole. 
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TABLE II. Diffusion of Fe®> and Fe™ in copper and silver 








Host 
material 


1/4D ot 
(108 cm=*) 


Temperature 
toy 
Cc 1056.1 
{ 1056.1 
Cc 927.4 
Cu 927.4 
Cu 707. 
Cu 716 
Ag 
Ag 
Ag 
Ag 
Ag 
Ag 


>) 


927 
880 
880 
797 


tn tn tn 


Nun UUme 
tn te 6 t 


mh 
oul 
we Ww 


~~ 


.99 





4.38 10° 
4.46 10° 
5.16 107" 
5.11 10-" 
2.10K10"" 
5.76X 107" 
2.82X10~° 
1.24 10° 
1.2110 
2.25 10-" 
4.40 10-" 
3.74 10-" 


Div 


(cm?/ sec) 


i- Dso/ Dss 
0.0256+0.0018 
0.0235+0.0012 


0.742+0.052 
0.681+0.036 


0.0234+0.0015 
0.0224+0.0010 
0.0203+0.0018 
0.0259+0.0023 
0.0168+0.0030*" 
0.0168+0.0024 
0.0212+0.0020 
0.0261+0.0027 


0.679+0.043 
0.650+0.028 
0.590+0.053 
0.751+0.068 
0.487 +0.087" 
0.487+0.070 
0.615+0.060 
0.757+-0.078 








* Because of the small number of points, the error was estimated in this case instead of using the least-square value 


should be noted that in no case do these diffusion pro- 
files indicate that activity left the surface of the speci- 
mens during the diffusion anneal. 

The least-squares vdlues of the parameters in the 
Arrhenius relation are Do(Cu)=1.01+0.23 cm?/sec, 
QO(Cu)=50.95+0.46 kcal/mole, Do(Ag)=2.42+0.23 
cm?/sec, 0(Ag) = 49.04+0.21 kcal/mole. 

The actual error in the case of silver is possibly two 
to three times the value indicated, since the low-tem- 
perature diffusion coefficients for silver are almost 
certainly less accurately determined than the self- 
consistency of the data would indicate. Arrhenius plots 
of the data are given in Figs. 3 and 4. 
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Fic. 4. Fe® diffusion in silver. The Arrhenius parameters for 
self-diffusion were taken to be Do=0.40 cm?/sec and Q=44.1 
kcal/mole 


Recently, Tomono and Ikushima” reported a gross 
disagreement with the diffusion data for iron in copper 
given by Mackliet. Except for one point, the present 
diffusion data are in complete agreement with those of 
Mackliet. The discrepancy between the results of 
Tomono and Ikushima and that of Mackliet and the 
present investigation may result from inadequate 
attention to inhibition of oxidation of the iron tracer 
in the former experiment, as evidenced by the extremely 
small penetration depths observed, or to poor control 
in counting the weak x ray from the Fe* tracer. 
Ikushima ef al.” plan to repeat the experiment using 
Fe® as a tracer. 

Ten measurements of the isotope effect were made. 
The plots of In(.V55/.Vs50) vs 2°/4Dsf, for diffusion in 
copper and silver are shown in Figs. 5 and 6. 

The measured values of Dsg and Fy are given in 
Table II. Except for the two lowest temperature silver 
points, the least-squares standard error is an accurate 
estimate of the actual error in the isotope effect, Hs. It 
does, however, neglect the possible 4% error due to 
inaccuracies in 2?7/4Dso/. 

It may be noted that the values of the isotope effect 
measured in the present experiment are of the order of 
0.7, far below the value reported by Lazarus and 
Okkerse” for Fe** and Fe*® in silver. Apparently the 
earlier experiment gave a spurious result. Part of the 
discrepancy may have resulted from evaporation of 
tracer during the diffusion anneal, since the diffusion 
profiles showed curvature of the type that is associated 
with tracer leaving the surface. This would have in- 
creased the apparent isotope effect, since Fe®® would 
leave the surface more rapidly than Fe®. Later attempts 
by the writer to duplicate the earlier result using the 
same techniques proved unsuccessful, and indicated 
that fairly large errors were inherent in the methods 
used for isotope separation and counting. This experi- 
ence prompted the development of the new techniques 
used in the present investigation. 


21'Y. Tomono and A. Ikushima, J. Phys. Soc. Japan 13, 762 
(1958). 


* A. Ikushima (private communication 
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5. Relative rates of diffusion of Fe®* and Fe® in copper 


IV. DISCUSSION 


A. Implications of the Data on the Theory 
of Prigogine and Bak 


According to the theory proposed by Prigogine and 
Bak, D«m-*. Hence, it follows from Eq. (1) that 
Es9=4 by their theory. Since the observed value of Fxg 
is only about §, a factor of 6 smaller than that predicted 
by the Prigogine and Bak theory, a serious descrepancy 
exists between the theory and experiment. As mentioned 
earlier, the model which they use to calculate the dif 
fusivity, while explicitly taking into account irreversi 
bility, may be too unrealistic a description of the 
diffusion process. Rice® has pointed out that if the collec- 
tive motion of the shell atoms is taken into account, 
there will be a reduction of the isotope effect predicted 
by this model. The inclusion of this effect, however, 
can hardly account for the factor of 6 discrepancy 
between the theory and experiment. 


B. Connection between Many-Body Effects, 
Correlation Effects, and the 
Isotope Effect 


Schoen™ and Tharmaligam and Lidiard* have shown 
that when diffusion occurs by a correlated mechanism, 
such as the vacancy or interstitialey mechanism, the 
isotope effect is, in general, smaller than for a non- 


%K. Tharmalingam and A. B 


1959) 


Lidiard, Phil. Mag. 44, 899 
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correlated mechanism. For crystals with the proper 


rotatiogal symmetry, such as the fcc lattice, the corre- 
lation factor for vacancy diffusion is shown to be 


fe=(1—Dp/Da)/(1—p), (5) 
where fg is the correlation factor for the isotope B, Dg 
is the diffusion coefficient for isotope B, D4 the diffusion 
coefficient for isotope A, and p is the ratio of the solute 
vacancy exchange rate for isotope B compared to iso- 
tope A. 

From Vineyard’s extension of reaction rate theory, 
the factor p can be expressed in terms of the masses of 
the two isotopes, m4 and mp, and the fraction of the 
translational kinetic energy which the solute atom has 
compared to the total translational kinetic energy asso- 
ciated with the motion of a representative point crossing 
the barrier in the .V-dimensional configuration space of 
the crystal, AA. In the N-dimensional configuration 
space the potential energy of the entire crystal is repre- 
sented as $(m,'x,---mytxn), where corre- 


X1°°°XN 


sponds to the .V degrees of freedom associated with the 
\/3 atoms, and m; is the mass corresponding to the 
We can consider vacancy diffusion as 
represented by the motion of a point in this configura- 
tion space moving over a barrier in the potential func- 
tion @. A hypersurface S is defined such that it passes 
through the saddle point of the barrier and is every- 
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where perpendicular to the lines of constant ¢. The 
kinetic energy associated with motion of the repre- 
sentative point at the saddle point can be considered 
to be composed of two parts; the first may be thought 
of as a vibrational kinetic energy corresponding to 
motion “parallel” to the hypersurface S, and the second 
a translational kinetic energy corresponding to motion 
“perpendicular” to S. Calling the velocity in this latter 
direction ¢, the total translational kinetic energy, 7, is 
given by >01"3m;(c,f)?, where c, is the direction cosine 
of the angle between € and x;. Making use of the re- 
lation }°c?=1 and orienting the axes so that two of 
the c’s are eliminated, it follows that for a solute of 
mass m, at the saddle point in a host crystal, whose 
atoms are of mass my, that 7 is given by 

T =4[ePm+ (1—c?) m2 JP =4m'*?, (6) 
where m* is an effective mass associated with the motion 
perpendicular to S, and c, is the cosine of the angle 
between the normal to S and the axis 1, which is asso- 
ciated with the direction of motion of m, at the barrier. 
The first term of the right-hand expression represents 
the translational kinetic energy of the solute m, and the 
second term represents the translational kinetic energy 
of the solvent atoms. The factor AX is the ratio 
(c;2m,)/m*. If we now consider two solute isotopes, A 
and B, we can write for the fraction of the translational 
kinetic energy carried by the solute atoms B, 
AK z= (crmg)/mpz*. Also, from Eq. (6) we have 
mp*=cYmpt+(1—c?)me, and m4*=cPmat (1—c)me. 
From these three equations it follows that 

AK p= (1—m,4*/mp*)/(A—ma4/mp). (7) 
This equation in principle gives the desired information, 
since p= (m,4*/mp*)! the above relation gives 
p(AKx,m,,mp). This leads to a rather complicated con- 
nection between the quantities fg, AKg, and the meas- 
ured isotope effect Zz. A simplification occurs, however, 
if the masses m4 and mz are of comparable magnitude, 
as is true in the present investigation. In this event, 
from Eq. (7) we can write to a good approximation that 


and 


AKg=(1—p)/[1—(ms/me)*}. 


Using this expression we can eliminate (1—p) from 
Eq. (5) with the result, 
Ep=fpdKa. (8) 
Hence, within the framework of reaction rate theory, 
as extended by Vineyard, it has been shown that the 
measured isotope effect is to a good approximation 
equal to the product of the correlation factor and the 
fraction of the translational kinetic energy which is 
possessed by the solute as it crosses the saddle point. 
Since the measured isotope effect in the present investi- 
gation is about 3, it follows that the correlation factor 
is at least 3, and that the solute atom possesses at least 
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% of the total kinetic energy associated with the solute 
jump. 

It would be valuable to measure the isotope effect 
for self-diffusion, where the correlation factor is known, 
and AK, could be directly determined. 


C. Mechanisms which are Incompatible with 
the Experimental Data 


In Vineyard’s® discussion it is shown that when a 
group of atoms move simultaneously, as in the ring 
mechanism, the mass dependence of the jump frequency 
is to first order inversely proportional to the square 
root of the sum of the masses of the group which makes 
the jump, provided the jump process is equivalent to 
the motion of a representative point over a single po- 
tential barrier in configuration space. For Fe® and Fe® 
this means that to first order 

P55 {Ms t+(n—1)me2\3 

I's9 Ms5+ (n—1)m ) , 
where n—1 are the number of host atoms which jump 
and mz is the mass of each host atom. It is of interest 
to note that for all values of n= 2 or higher the predicted 
isotope effect would be smaller than 0.5 for copper and 
0.35 for silver. Since the measured isotope effect is 
larger than these values in all cases, all mechanisms are 
excluded which involved the simultaneous jumping of 
one or more host atoms. This restriction presumably 
precludes all forms of the ring mechanism, the inter- 


stitialcy mechanism, the crowdion mechanism,™ and 
the relaxion mechanism.”® 


D. Extensions of Weak-Binding 
Theory of Correlation 


In impurity diffusion the Bardeen-Herring correlation 
factor depends on the crystalline geometry and the 
jump frequency of atoms in the region of the impurity. 
Lidiard**” has proposed a model of impurity diffusion 
for the fcc lattice which depends on three jump fre- 


‘quencies vj, v2, and v3, where »; is the jump frequency 


of the solute atom into a vacancy, v2 is the jump fre- 
quency of each of the four solvent atoms which are 
nearest neighbors of the solute and the vacancy, and 
v; the jump frequency of each of the seven atoms which 
are nearest neighbors of the vacancy but not of the 
solute. In the limit of very short range interaction 
between the vacancy and impurity all other frequencies 
may be taken as vp. Manning*® has used this model to 
calculate f; with the result 


fi=1/(at+1), where a=v;/(v2+3.5F 3), (9) 


“4H. R. Paneth, Phys. Rev. 80, 708 (1950). 

28 .N. H. Nachtrieb and G. S. Handler, Acta Met. 2, 
26 A. B. Lidiard, Phil. Mag. 46, 1218 (1955) 

27 A. D. Leclaire and A. B. Lidiard, Phil. Mag. 1, 
8 J. R. Manning, Phys. Rev. 116, 819 (1959) 


797 (1954) 


518 (1956) 





ISOTOPE EFFECT IN 
F being the fraction of the vacancies which “effectively” 
do not return to the site where the dissociative jump 
occurred. In the limit of a nearest neighbor interaction, 
F is a constant which can be explicitly calculated; i.e., 
3.5/= 2.575. For long-range interactions between the 
vacancy and impurity, F will depend on many jump 
frequencies. The analysis used by Manning does require 
that proper crystalline symmetry conditions be met. 
Also, any relaxation around the vacancy must be such 
that the rotational symmetry about the solute-vacancy 
exchange direction is not altered. 

In the following analysis it will be shown that one of 
the frequencies can be eliminated from Eq. (9) for the 
weak binding limit and an expression for the difference 
between the activation energy and the Arrhenius Q 
due to the temperature dependence of the correlation 
factor will be derived. Manning” has shown by a nu- 
merical calculation that it is not unreasonable to expect 
this correction to be large. The following analysis is 
somewhat more general than Manning’s in that the 
equations derived do not contain any assumptions about 
the pre-exponential factors for v2 and v3 jumps, which 
Manning took to be the same as for a vp jump. 

If D; is defined as the diffusion coefficient for an im- 
purity, and D, the coefficient of self-diffusion of the 
host atoms, then 


D;/D.= vipifi/vopsfs, (10) 


where p; is the probability that an impurity will have a 
vacancy for its nearest neighbor, p, is the probability 
that a given host atom will have a vacancy as a nearest 
neighbor in self-diffusion, and /, the self-diffusion corre- 
lation factor. Now p;/p, is equal to /;/t,, where /; is the 
average time required for the vacancy to dissociate from 
an impurity atom, and /, the average time required for 
the dissociation of a vacancy from a given host atom in 
self-diffusion. These times are inversely proportional to 
the dissociation jump frequencies, however, so that 


pi/p.=ti/t 


Combining Eqs. (10) and (11) gives 


(11) 


= Vo/ V3. 


Vi/ V3 (12) 


=Difs D, fi. 
. (12) is used to eliminate »; in Eq. (9), we obtain 
fDi 


a e, 


s(1— fi) 


575. 
(13) 


It is seen from Eqs. (12) and (13), that in those cases 
of vacancy diffusion where f;= /, the relative frequen- 
cies, v;/v3 and v2/v3, are explicitly determined in this 
model. 

It is found experimentally that diffusion coefficients 
obey the Arrhenius relation D= Do exp(—Q/RT). The 
activation energy for an atomic jump is defined by 


* J. R. Manning, Phys. Rev. Letters 1, 365 (1958). 


INTERMETALLIC 


DIFFUSION 1657 
H=-—d\nI'/d(1/RT), and is equal to the energy of 
motion of a tracer plus the energy of formation of a 
vacancy next to the tracer. It is common for f to be 
considered equal to 1, or constant as in the case of self- 
diffusion, in which case H is identical with Q. A tempera- 
ture dependence of / will alter this relation, however, 
so that H=Q+(1/f)df/d(1/RT). The difference 
between H and Q can be calculated explicitly for im- 
purity diffusion in the weak-binding limit. The result 
follows directly from Eq. (13). It is 


H-O- (14) 


i—} | 
fi 1+2.575p3/ve2 


where £32 represents the difference in the energy of 
motion for a v3 jump and a v2 jump. It is clear that this 
factor will, in general, be different from zero. It will be 
most important when the difference in impurity and 
self-diffusion Q’s is large. 


E. Comparison between the Three-Frequency 
Correlation Factor and the Measured 
Isotope Effect 


As noted, the isotope effect is not, in general, a 
measure of the correlation factor, but represents the 
product of the correlation factor and the fraction of the 
translational kinetic energy possessed by the solute 
atom at the top of the barrier. In the limit that the 
solute possesses all of the kinetic energy associated 
with the jump, AKg=1, and Eg=f;. Hence, it is of 
interest to try to make a comparison of the correlation 
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factor and the isotope effect. To make this comparison, 
the weak-binding model developed in the previous 
section will be used. 

Using Eq. (13) and the self-diffusion data®* shown 
in Figs. 3 and 4, it is found that no value of the parame- 
ter v2/v3 can be chosen which gives agreement between 
Eg and f;. The best agreement is obtained by taking 
v2/v3=0. A comparison between experiment and theory 
for this case is shown in Figs. 7 and 8. Clearly, even 
with this extreme assumption, the disagreement 
between theory and experiment is outside of the experi- 
mental error. 

It is of further interest to note that the slope of the 
sg vs 1/RT curve for the case of copper does not agree 
with the value given in Eq. (14), except in the Jimit that 
/; approaches unity. It is not possible to choose £32 and 
v/v. in a self-consistent manner, such that the last 
bracketed term is negative and of the same magnitude 
as the positive quantity Q;—Q,, provided the relative 
pre-exponential factors for v, and v3 jumps do not differ 
by more than one order of magnitude. 

There are two possible explanations for this discrep- 
ancy between f; and Fijy. The first is that the many- 
body effects may be the main cause of the observed 
isotope effect, in which case a correspondence between 
f; and Es would not be expected. Another possibility 
is that more than three frequencies are altered from the 
self-diffusion jump frequencies, which would mean that 
the solute-vacancy interaction distance is greater than 

* A. Kuper, H. Letow, Jr., L. Slifkin, E. Sonder, and C. T. 


Tomizuka, Phys. Rev. 98, 1870 (1955). 
3! C, T. Tomizuka and E. Sonder, Phys. Rev. 103, 1182 (1956). 
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a nearest neighbor distance. That this interaction must 
be of a repulsive character, in order to allow an identi- 
fication of f; with 59, can be shown from the following 
argument. Define the frequency that a vacancy makes 
the reverse of a vs jump to be vs. This will modify 
Eq. (11) in such a way that 


feDi/D,(v0/ v4) 


fs=1- (15 


vo/v3+3.5F (v4) 


The dependence of F on vs is quite complicated in 
general. It can be estimated, by considering the frac- 
tion of vacancies which effectively do return to the 
site where a dissociative jump occurs, i.e., F’=1—F. 
Consider F,,’ to be the contribution to F’ due to vacan- 
cles returning on the nth jump after a dissociative 
jump. Now F,,' =Bywa/ (va +1100) + Bevs/ (2441079) 
+83v4/(4vs+8ro), where the §’s are, in general, a 
function of vs. For the main term F’, however, the §’s 
are constants which can be determined from the geome- 
try of the crystal. The form of F,,’ and particularly Fy’, 
make it reasonable to approximate F’ by the linear 
relation F’=8y4/v. A reasonable choice of 8 is 0.26, 
which requires F’ to be correct in the limits v4/v»o— 0 
and v4/vo— 1. Hence F’~1-0.26 v4/vo, in this linear 
approximation. It should be noted that this approxi- 
mation is very poor as »4/vo becomes large, but it is an 
adequate estimate in the range 0< 4/v»9<2, for present 
purposes, since it will overestimate the over-all sensi- 
tivity of F on »4/vo in this range. Using this linear ap- 
proximation for F in Eq. (15), it is seen that the factor 
in the numerator, o/s, controls the dependence of / 
on vs. Hence vs must be less than vo if the measured 
isotope effect is to be explained purely in terms of cor- 
relation. The condition that v4< 
between iron atoms and vacancies. Such a repulsion is 
qualitatively in agreement the predictions of 
Lazarus,” considering the effects of electron screening 
on solute diffusion. 


vo indicates a repulsion 


with 
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Observations of Electron-Hole Current Pinching in Indium Antimonide 
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The temporal variation at high electric fields of the current and voltage in n-type InSb is examined. The 
observations show the behavior characteristic of self-pinching of the electron-hole plasma current. There is 
good agreement with theory for the observed times for the pinching process as a function of current. The 
calculated sum of the average energies of the electrons and holes in the plasma is 0.037 ev. Oscillations in 
the electric field of apparently different character are observed during the pinch, and when a longitudinal 


magnetic field is applied. 


N an earlier communication! it was suggested that 

some observations of the current-voltage character- 
istics in m-type indium antimonide could be explained 
in terms of a “‘self-pinching” of the electron-hole plasma 
at high currents. In this article we report observations 
of the current and voltage as a function of time which 
provide substantial corroboration for the occurrence 
of pinching. In addition, there is evidence for the oc- 
currence of oscillations and instabilities of a character 
like that found in gaseous plasma pinches. 

The material used was n-type indium antimonide in 
single crystalline form, cut in a bridge shape (see Fig. 1), 
typically of width 0.042 cm, thickness 0,040 cm, and 
length between arms 0.25 cm. All measurements were 
made at 77°K. Two different sets of crystals were used : 
one set (4) had electron concentrations of 2X 10" cm 
while the other set (6) had electron concentrations in 
the range 1-410" cm At low electric fields the 
electrons had mobilities in the range 3.5 to 6.510 
cm*/v-sec, 

Current pulses were produced by discharging a co- 
axial line through the crystal and its associated circuit, 
shown in Fig. 1. The pulses had rise times of the order 
of 0.02 usec, and had durations in the range 0.25 to 
1.4 usec. Observations of the voltage differences between 
points A and B and between points C and D allowed a 
display of the current and voltage along the crystal. 
The resistance R; and R, maintained constant current 
conditions in the crystal. 

The essential features of the behavior of n-type InSb 
at high electric fields have been detailed by several 
authors.*~* At electric fields of several volts/cm, the 
current-voltage relationship becomes nonlinear, be- 
cause of a heating up of the electrons to energies in 
excess of thermal equilibrium. At fields of the order of 
200 v/cm, the electrons produce electron-hole pairs in 
high density, and this pair density increases rapidly 
with increasing electric fields. The effects investigated 
in the present work occur only after the field is suffi- 


1M. Glicksman and M. C. Steele, Phys. Rev. Letters 2, 461 
1959). 

2 M. Glicksman and M. C. Steele, Phys. Rev. 110, 1204 (1958) 

3A. C. Prior, J. Electronics and Control 4, 165 (1958). 

*M. C. Steele and M. Glicksman, J. Phys. Chem. Solids 8, 242 
(1959). 

* Y. Kanai, J. Phys. Soc. Japan 13, 967 (1958); 14, 1302 (1959). 


ciently high to produce an electron-hole plasma of a 
density such that the conductivity is affected. The varia- 
tion of the sample’s conductivity with time thus affords 
a means of studying the variation of the plasma contri- 
bution to the conductivity with time. 

Typical photographs obtained with the crystals A 
are shown in Fig. 2. The current and voltage at fields 
too low to cause impact ionization are displayed in 
Fig. 2(a). The pulses are smooth functions of time, and 
both current and voltage behave in a similar manner. 
The rise time of about 0.04 usec is due to the observing 
oscilloscope. In this figure the applied voltage is too 
small to produce an observable increase in carrier 
density, as detected from the current pulse and from 
other measurements of the Hall coefficient. However, 
Fig. 2(b) shows the behavior of the current and voltage 
at fields high enough to show an appreciable increase in 
the carrier density. The breakdown at 1 is due to the 
production of electron-hole pairs in densities comparable 
to the initial electron concentration, and this causes the 
large decrease in voltage observed. As can be seen from 
the voltage pulse, the breakdown occurs in a time not 
much smaller than 0.01-0.02 usec. The amplifier is too 
slow to follow the initial rise of the voltage pulse to its 
peak, especially at the higher currents. At the lower 
currents, a plot of peak voltage as a function of current 
falls on an extrapolation of the intermediate field curve 


“| 10M 

im i 
| _PULSE FORMING LINE 
. prensa 


HV. 
POWER 
SUPPLY 


] | 
ee 
VIBRATOR | 


InSb 
CRYSTAL 


Frc. 1. Schematic diagram of measuring circuit. All lines are 
coaxial cable, and R; and Re are chosen to give approximately 
constant current conditions through crystal. R; is varied to match 
the line impedance. Pulses A-B and C-D are observed simultane 
ously with two high-speed differential amplifiers and a Tektronix 
dual-beam oscilloscope 
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Fic. 2. Current and voltage pulses. Upper trace is proportional to the current through the crystal; the lower trace is proportional to 


the voltage along the crystal. Time scale is 0.1 wsec/division. Currents are (a) 1.4 amp, (b) 5.5 amp, (c) 7.3 amp, an 


d) 9.7 amp 


Sensitivities for the voltage pulse are 39 v/cm div for (a) and 79 v/cm div for (b), (c), and (d) 


which holds when no breakdown The field 
which sustains the breakdown is about 200 v/cm, in 
agreement with previous measurements. However, it 
is noted that after the time / the voltage rises again by 
an amount which is seen to be a weak function of the 
current. It is also seen that the time /. decreases as the 
current is increased, as shown in Figs. 2(c) and 2(d). 
A similar series of photographs has been obtained for 
crystals B, with only quantitative differences in the 
time /. (which will be discussed below) and the height 
of the voltage increase. 

The electron-hole pairs produced by the breakdown 
in the crystal are able to move about in the crystal in 
a way very similar to the motion of electrons and ions 
in a plasma of ionized gas. At sufficiently strong currents, 
it is thus expected that the self-magnetic field of this 
electron-hole plasma will be able to pinch it down to a 
volume smaller than the dimensions of the crystal. On 
being pinched down, the resistance of the plasma will 
be increased because of the increased electron-hole 
scattering and because of the increased magnetoresist- 
ance in the larger azimuthal magnetic field. The increase 
in resistance which takes the time /, to occur is of just 
the character that would be expected for pinching. Two 
points of comparison with theory may be used to verify 
this conclusion. One is the functional dependence of the 


occurs, 


time /. on the current, and the other is the magnitude of 
the resistance increase. 

In our case the dominant terms in the equations of 
motion of the plasma are the magnetic pressure and 
the collisional contribution to the momentum. The solu- 
tion of the equations, ignoring the smaller terms, yields 
the qualitative result that the time for pinching should 
be about 0.1 usec.' The smaller terms are of importance 
mainly at the initiation and halt of the pinch. An analy- 
sis including all of the terms® yields equations from which 
the time /: may be calculated as a function of the plasma 
current J,. From the complete analysis, it can be seen 
that the radially inward velocity of the pinch rises from 
0 to values of 10°-10° cm/sec in about 10~-" sec. If the 
pinch is assumed to be adiabatic, the velocity increases 
little for weak pinches, and only by factors of 2 or 3 
for the strongest pinches, during the pinch process. 

The measured values of the time /, as a function of 
I, are shown in Fig. 3. The current due to the electrons 
originally present has been subtracted out, using the 
values for current measured at fields below breakdown 
and a small extrapolation to the fields after breakdown. 
The subtracted currents are in the range 2.8 to 4.0 amp 
for crystals A, and 0.72 to 0.83 amp for crystals B. 


§ M. Glicksman (unpublished). 





ELECTRON 

It is seen that both crystals A and B yield curves 
which give the f2= © value of /, of 1.0 amp. J, at (= « 
is equal to J,’=3ck(T.+T7))/2ev, where v is the electron 
drift velocity, and 7, and 7) are the electron and hole 
temperatures, respectively. There is excellent agreement 
of this value for crystals with such a large difference in 
initial electron concentration. Thus, these measurements 
yield a more precise value for k(7.+7)) than that 
quoted earlier.! The new value is 0.037 ev and indicates 
a transverse random energy of the electrons comparable 
to the optical phonon energy’ of 0.025 ev. The partition 
of energy between the electrons and holes will depend 
on the importance and effectiveness of the electron-hole 
scattering. 

Also shown in Fig. 3 are two curves calculated from 
a numerical solution of the equations of motion for the 
pinch.® The adjustable parameter, the value of 7.’, was 
chosen as 1.0 amp, as forced by the data. There is an 
excellent fit with experiments on crystals B with a value 
of hole mobility u4,= 10 000 cm?/v-sec; to fit the results 
for crystals A requires a hole mobility of about 7000 
cm*/v-sec. It is expected that the crystals A (with 
larger impurity concentration) will have a lower hole 
mobility than crystals B, and these values are in fair 
agreement with measured hole mobilities* in p-type 
InSb. 

The check on the magnitude of resistance change is 
less quantitative. The pinch equations yield a value 
for the minimum radius of the pinch. This radius can 
be used to calculate the expected change in resistance 
due to the magnetoresistance effect alone, and the result 
is in reasonable agreement with observation at the higher 
currents, but gives too small a value of the resistance 
increase at the lowest currents. The relative changes 
observed are much. larger in crystals B than A, since 
the plasma contribution to the conductivity is much 
larger in crystal B. 

As can be seen in Figs. 2(c) and 2(d) oscillations are 
present in the “pinched” condition, of a frequency 
which increases with increasing current. These oscilla- 
tions are coherent in phase from pulse to pulse, and 
are believed to be caused by the expansion and contrac- 
tion of the pinch about its equilibrium radius. They are 
damped out after several periods at most currents, but 
persist for many periods at the higher currents. 

The application of a longitudinal magnetic field B, 
causes significant changes in the pinch. In the absence 
of the field, the pinch is apparently stable for periods 
at least as long as 1.4 usec. With a B, as small as 10 
gauss at low currents, this stability disappears after 
the first pinching down and the voltage shows oscilla- 
tions phased randomly with respect to the pulse. As 

7H. Ehrenreich, J. Phys. Chem. Solids 2, 131 (1957). 


8H. P. R. Frederikse and W. R. Hosler, Phys. Rev. 108, 1146 
(1957). 
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Fic. 3. Reciprocal of the pinch time as a function of plasma 
current. Curves are calculated for different values of the hole 
mobilities: solid line, 4,= 10000 cm*/v-sec; broken line, u,= 7000 
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B, is increased, the magnitude of the resistance change 
during the pinch is decreased and all signs of pinching 
disappear for a value of B, which depends on the current ; 
in this case the random-phased oscillations occur im- 
mediately after breakdown. It is believed that these 
oscillations are of the same character as those described 
by Larrabee and Steele’; they may also be related to 
instabilities observed to occur above certain critical 
magnetic fields in gas discharges."° 

The general behavior of the pinching in a longitudinal 
magnetic field is only partially analogous to that of a 
gaseous plasma, in that pinching is inhibited at strong 
fields. The oscillations (which may be related to effects 
at the surface®) play a vital role. It is observed, for 
example, that a small transverse magnetic field causes 
oscillations and apparently inhibits formation (or obser- 
vation) of pinching. Further studies of these effects are 
continuing. 
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The thermal conductivities of single-crystal bars of several ferrites have been measured over the tempera 


ture range 1.4 


to 25°K in both zero external magnetic field and in a field of about 9.4 kilo-oersteds. For 


each specimen the zero-field conductivity is a smooth function of the temperature over the entire range 
considered. The magnitudes of the conductivities of the manganese and cobalt-zinc ferrite specimens are 
quite low, approximately 1.5 mw/cm-°K at 4°K. Upon application of a magnetic field parallel to the direc 
tion of heat current flow, the conductivities of the manganese ferrite and cobalt-zinc ferrite specimens are 
increased. The magnetoconductivities are rather large. For example, AK/Ko=0.2 for manganese ferrite 
at 2°K. Such a field produces no detectable change in the conductivity of the manganese-zinc ferrite. The 
experimental results are interpreted on the basis of the assumption that the heat current is primarily a 


phonon current limited by phonon-magnon. scattering. 


INTRODUCTION 


EAT conduction in many solids is adequately 

described in terms of energy transport via elec- 
trons and/or quantized lattice vibrations (phonons), 
with due allowance for the interaction of these 
“excitations” with one another and with impurities, 
imperfections, or crystal boundaries. Other types of 
elementary excitations are thought to occur in certain 
solids, and it is natural to inquire what role, if any, 
these may play in the transport of heat. Theoretical 
speculation on the subject has been, until recently, quite 
limited. 

An excitation which may well produce observable 
effects is the magnon, or quantized spin wave, occurring 
in spontaneously magnetized solids at temperatures 
below their Curie points. Rezanov and Cherepanov! 
have calculated the thermal conductivity of a ferro- 
magnetic metal, treating the magnons present as Bose- 
Einstein particles. The conductivity is found to be 
essentially electronic, the magnons serving primarily to 
scatter electrons, thus reducing the electronic conduc- 
tivity in much the same way as do phonons. The 
isolation and identification of the magnon effect in this 
situation is probably difficult and has not been at- 
tempted. 

A more attractive experimental possibility is that 
pointed out by Sato.? He compares the thermal con- 
ductivity due to magnons with the phonon conductivity 
in a ferromagnetic insulator, assuming no phonon- 
magnon interaction or ferromagnetic anisotropy. It is 


* This work has been supported in part by the National Science 
Foundation, the Office of Naval Research, and the Alfred P. Sloan 
Foundation. A preliminary account has been reported in abstract 
form [Bull. Am. Phys. Soc. 3, 226 (1958) ]. Much of this material 
is contained in a thesis submitted by D. Douthett to the College 
of Engineering and Science, Carnegie Institute of Technology, in 
partial fulfillment of the requirements for the degree of Doctor 
of Philosophy. 

t Presently with Ramo-Wooldridge, 
Canoga Park, California. 
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1A. J. Rezanov and V. J. Cherepanov, Proc. Acad. Sci. U.S.S.R 
93, 641 (1953). 

*H. Sato, Progr. Theoret. Phys. (Kyoto) 13, 119 (1955). 
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further assumed that at sufficiently low temperatures 
the magnon free path and the phonon free path become 
boundary limited, temperature independent, and of 
equal magnitude. For a typical substance, then, it is 
found that the magnon conductivity, varying as 7°, 
exceeds the phonon conductivity, varying as 7°, in the 
liquid helium temperature range. To the extent that 
real ferromagnetic insulators satisfy the simplified condi- 
tions of the calculation, it should be possible to detect 
magnon conductivity in the liquid helium region, identi 
fying it perhaps merely by its temperature dependence. 

It would appear to be possible to test this picture by 
measuring the low-temperature thermal conductivities 
of ferrimagnetic crystals. Of the substances in this cate- 
gory, ferrite crystals are the most easily prepared in a 
form suitable for measurement. These materials are 
semiconductors and many compositions behave essen- 
tially as insulators at liquid helium and hydrogen 
temperatures. While the interactions among magnetic 
ions in a ferrite may all be antiferromagnetic, analysis 
of the spin-wave spectrum shows that the important 
branch at low temperatures is one for which the dis- 
persion law is of the same form as for a ferromagnet. 
As a result, the magnetization and the magnon specific 
heat and thermal conductivity of a ferrite crystal should 
show the same temperature dependence as for an 
idealized ferromagnetic insulator. 

The practicality of testing Sato’s speculations by 
simply measuring the low-temperature thermal con- 
ductivities of ferrite crystals is doubtful. Even in the 
unlikely event that the simplifications of the model are 
reproduced in a given substance, the magnitude and 
temperature dependence of the conductivity over the 
available temperature range would not provide un- 
ambiguous identification of the mechanisms involved. 
The significance of the experiment is greatly increased, 
however, if we introduce an adjustable parameter, 
namely, an externally applied magnetic field. If such a 
field were found to produce any appreciable change in 


lso T. A. Kaplan, 
Phys. Rev. 109, 782 (1958) 
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the thermal conductivity of an insulating ferrimagnet, 
the presumption would be strong that the magnetic 
spin system was participating in some way in the 
process of heat transport. A substance describable by 
the independent-excitation model, for example, would 
exhibit a magnetoconductivity of characteristic sign 
and magnitude. It is instructive to make a rough 
calculation of this particular limiting value of the 
magnetoconductivity in order to appreciate the fea- 
sibility of experiments of this type. 

Calculations of the specific heats of ferrites by Kouvel 
and Brooks‘ show that at a given temperature the 
magnon specific heat may be significantly reduced upon 
application of a magnetic field. An analogous effect 
occurs in the magnon thermal conductivity. This 
becomes evident if one repeats Sato’s calculation in- 
cluding in the expression for the energy of a magnon of 
wave number k the Zeeman term, i.e., 


i C+ gull, (1) 


where C is a constant proportional to the exchange 
energy, g is the spectroscopic splitting factor, » the 
Bohr magneton. For appropriate crystalline directions, 
H, as used in this expression, may be regarded as the 
resultant of an external field and an anisotropy field. 
he magnon contribution to the conductivity, as 
sumed independent of phonon contribution, can be 
calculated from the general expression deduced by 
Klemens,°® viz 


K = 


au ;(k,T) 
$2 f ——ty;(k)/;(k)dk, (2) 
j oT 


where the summation is over all possible polarizations. 
dU ;(k,T)/AT is the contribution to the specific heat, 
vyj(k) is the group velocity, and /;(k) is the mean free 
path of particles of wave number k. If one assumes an 
effective magnon mean free path, /,, independent of k 
(wave number), then this expression yields for the 
magnon thermal conductivity at low temperatures, 


l.T? « gull \*1 4ouH\ 1 6 
EG) )sa] 
3ahC n=1 al JN «T Je 
npg 
xep(-= ), 
xT 


which, for H=0, reduces to the result implicit in 
Sato’s work, 


Ksu= 


K sy =0.7651x°T2/ItC. (4) 


Using Eq. (2) and the Debye model, we calculate the 
phonon conductivity at low temperatures assuming 
again a constant mean free path /,. The result is 


K p= 326«'1,T?/h'v’. (5) 


4 J. S. Kouvel and H. Brooks, Technical Report No. 198, Cruft 
Laboratory, Harvard University, May 20, 1954 (unpublished). 

5’ P. G. Klemens, in Handbuch der Physik, edited by S. Fliigge 
Springer-Verlag, Berlin, 1956), Vol. 14, p. 198. 


S=RRIMAGNETIC CRYSTALS 


PABLE I. Summary of specimen properties. 


MnFe.,0, Co(Zn)Fe2xO, Mn(Zn)Fe2O, 
38.4Fe 55 49.2 Fe | 
33.7 Mn 20.95 Mn 
6.17 Zn 


Major metallic compo 
nents (wt. %) : 
6.46 Zn 
\verage resistivity 
(ohm-cm) 


Room temp. 0.2 


77°K 3 53 
4.2°K 3X10" 
Length (cm) 4.37 
Cross section (cm*) 0.329 
Room-temperature 99.2 
saturation magnetiza 
tion (cgs units/g) 
Orientation of the long 


axis 


Here v is the average sound velocity « is Boltzmann’s 
constant. 

Let. us estimate the magnitude of the conductivity 
expected for an ideal ferrimagnetic insulator at helium 
temperatures assuming independent phonon and mag- 
non contributions and mean free paths limited by 
boundary scattering. For a typical ferrite C~10~*5 
erg-cm’, so that Eq. (4) gives Kse~0.30X 104,77? mw, 
cm-°K. The average sound velocity will be roughly 
v~3X10° cm/sec, so that from Eq. we find 
K ,~0.45X10%,7° mw/cm-°K. Equating /, and 1, to 
the mean diameter of the specimen rod, say 0.5 cm, 
we find at 2°K the total conductivity in the absence of 
any external field to be Ko= Kso+K,~2.4X10* mw, 
cm-°K. Using now Eq. (3), we may estimate the frac- 
tional change in the conductivity produced by applica- 
tion of a field of 10* oe to the same idealized crystal. 
This magnetoconductivity, AK/Ko(=Ksn—Ks0/K>p 
+Kgo), is equal to —0.07 at 2°K. At 3°K, AK/Ko 
would become —0.03 while Ay would increase to 
~7.4X10* mw/cm-°K. Note that AK/Ko would not be 
changed by making /, and /, shorter so long as they 
remained equal to one another 

The thermal magnetoconductivity, AK/Ko, in the 
independent excitation limit is thus expected to be 
rather large. This has suggested the possibility that 
even in real ferrimagnetic crystals a thermal magneto- 
conductivity might be detected in the helium region 
with available fields. We have, therefore, measured the 
thermal conductivities of several ferrite crystals at low 
temperatures and the effect produced by an externally 
applied magnetic field. An effect has been found but 
of a kind which apparently requires for its interpreta- 
tion modification of the simplified picture outlined 
above. 


(5) 


EXPERIMENTAL PROCEDURE 


The thermal conductivity measurements have been 
carried out by a standard method®® in which a sta- 
6 J. L. Olsen and H. M. Rosenberg, in Advances in Physics, 


edited by N. F. Mott (Taylor and Francis, Ltd., London, 1953), 
Vol. 2, p. 28. 
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tionary temperature gradient is maintained in a small 
rod of specimen material by means of an electrical 
heater attached to one end. For this purpose it was 
necessary to fabricate from the rough single crystal 
boules, kindly supplied by Linde Air Products Corpora- 
tion, rodlike specimens of uniform cross section. A 
careful surface grinding procedure yielded rectangular 
bars approximately 2 in.X} in.X} in. No additional 
treatment of the specimens was attempted. Table I 
contains a summary of the properties of the specimens 
employed in the present work. It should be noted that 
these crystals were prepared by the flame fusion tech- 
nique, and, as a result, were of nonuniform composition. 
The analysis quoted for a given specimen was obtained 
for scrap material from the same boule. It merely 
‘suggests the general composition. An attempt to deduce 
from it a chemical formula characteristic of the specimen 
as a whole would hardly be meaningful. We shall 
identify the three specimens as (1) manganese ferrite, 
MnFe,Q,, (2) cobalt-zinc ferrite, Co(Zn)FesOx,, and (3) 
manganese-zinc ferrite, Mn(Zn)Fe.O,, bearing in mind 
that these designations are not proper chemical ones. 

The saturation magnetizations given in Table I were 
kindly obtained for us by Simon Foner of Lincoln 
Laboratory. The value for the manganese ferrite speci- 
men is lower than that for the pure material (80 gauss- 
cm?/g). This is consistent with the fact that the crystal 
contains excess manganese. Small regions in the speci- 
men consisting essentially of oxides of manganese 
would probably not contribute to the spontaneous 
magnetization. The saturation magnetization of the 
manganese-zinc ferrite specimen is essentially that’ of 
a material having the composition Mno.7Zno,;Fe.O.. 
Similarly, the value obtained for the cobalt-zinc ferrite 
specimen is roughly that’ characteristic of a pure 
material of the composition Coo 5Zno.5Fe.O,. Unfor- 
tunately, the need for rodlike geometry made it im- 
possible in the present experiments to select a simple 
crystalline direction for the specimen axis. Clearly this 
would be desirable in subsequent studies. 

The measured electrical resistivities of the specimens 
at three temperatures are shown in Table I. It will be 
seen that in the liquid helium range the resistivities are 
so large that it is unlikely that significant heat transport 
via free carriers occurs in these materials. 

The specimen was mounted in a copper vacuum 
chamber which could either be filled with He gas at low 
pressure or evacuated to a pressure of less than 10-7 mm 
of Hg. The vacuum jacket could be immersed either in 
liquid He or in liquid (or solid) He. One end of the 
specimen was held by a copper clamp connected 
directly to the wall of the vacuum jacket and thus was 
in good thermal contact with the refrigerant. A heater 
of approximately 10° ohms was wound on the free end 
of the specimen. At two intermediate positions along 
the rod carbon resistance thermometers (one-half watt 


7C. Guillaud and H. Creveaux, Compt. rend. 230, 1458 (1950). 
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Allan-Bradley resistors nominally 270 ohms) were 
attached by means of small copper clamps. 

With this arrangement the thermal conductivity is 
given by 


K=QL/AAT, 


where L is the distance between thermometers, A the 
cross-sectional area, @ the power dissipated in the 
heater, and AT the temperature difference indicated by 
the two thermometers. 

During each experimental run, both thermometers 
were calibrated against the vapor pressure of the 
refrigerant. In the helium range the temperatures were 
those of Clement’s T55E scale.* Above the lambda 
point appropriate correction for hydrostatic pressure 
head was applied to the measured pressures. In the 
hydrogen range the vapor pressure-temperature values 
obtained at the National Bureau of Standards’ were 
employed. The calibration data were fitted approxi- 
mately with the semiempirical expression suggested by 
Clement”: 


[ (logioR)/T }'= a+b logioR. 


Having chosen a reasonable value for the constant 3, 
precise values of a were computed for each calibration 
point and plotted against log;oR. A smooth curve drawn 
through these points provided not only a continuous 
calibration in the helium and hydrogen ranges but also 
one for the region from 4.2 to 14°K. The accuracy of a 
temperature measurement by this method was approxi- 
mately one millidegree in the helium region and ten 
millidegrees over the hydrogen range. In a typical ex- 
periment in the helium range, AT~0.05—0.1°K, while 
at hydrogen temperatures, AT~1.0°K. The bath tem- 
perature could be held constant for periods up to an 
hour by means of a pressure regulator designed by 
Burk." 

In order to minimize the effects of demagnetization, 
measurements in an external field were performed with 
the field applied parallel to the long axis of the specimen. 
This configuration necessitated the use of an external 
Dewar assembly of rather large diameter and limited 
the maximum field attainable with the Weiss-type 
electromagnet to 9400 oe. It should be emphasized 
that the thermometers were calibrated during each 
run for each value of magnetic field. In this way the 
small magnetoresistance of the thermometers intro- 
duced no error. 


RESULTS 


Several different sets of measurements were taken on 
each specimen over the temperature range 1.4° to 25°K. 


8 J. R. Clement, J. K. Logan, and J. Gaffney, Phys. Rev. 150, 
743 (1955). 

9H. W. Wooley, R. B. Scott, and F. G. Brickwedde, J. Research 
Natl. Bur. Standards 41, 379 (1948). 

1 J. R. Clement, Temperature (Reinhold Publishing Company, 
New York, 1955), Vol. II, p. 382. 

1D. L. Burk, thesis, Carnegie Institute of Technology, 1957 
(unpublished) ; see also Technical Report No. 2, Carnegie Insti 
tute of Technology, August, 1958 (unpublished). 
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Che results obtained in zero external field with the 
specimens in a state of remanent magnetization re- 
produced those taken in zero field with the specimens 
thoroughly demagnetized. 

The thermal conductivities of the three specimens 
in zero external magnetic field are displayed as func- 
tions of temperature over the range 1.4° to 25°K in 
Fig. 1. The magnitudes of the conductivities of the 
Mnfe.O, and Co(Zn)Fe2O, specimens are seen to be 
roughly comparable and extremely smail, amounting 
to about 0.4 mw/cm-°K at 2°K and rising to approxi- 
mately 15 mw/cm-°K at 20°K. These values are lower 
than those reported for single crystals of any other 
insulating substances at these temperatures. They are 
comparable with the conductivities of disordered di- 
electrics and of alloys such as stainless steel.” 

At the lowest temperatures, the thermal conductivity 
of the Mn(Zn)Fe.O, specimen, while also small, is an 
order of magnitude greater than the conductivities of 


the other two crystals.’* The temperature variation of 
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Fic. 1. A log-log plot of the temperature variation of the thermal 
conductivities of three ferrite specimens between 1.4° and 25°K. 


2 For a summary of thermal conductivity values, the reader is 
referred to the National Bureau of Standards Circular No. 556 
(U. S. Government Printing Office, Washington, D. C., 1954) 

18 Dr. Guy K. White has kindly informed us of measurements 
in this range on a nickel ferrite crystal by G. K. White and S. B. 
Woods (unpublished). The temperature dependence of K is similar 
to that seen in our MnFe.O, specimen. The magnitude of K is more 
nearly that of our Mn(Zn)Fe2O, specimen. 
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Fic. 2. The temperature variation of the thermal conductivity 
in both zero and 9400 gauss external longitudinal field of (a) 
manganese zinc ferrite; (b) manganese ferrite; (c) cobalt zinc 
ferrite. 


Ky is rather different in each of the specimens, and it 
would be difficult to reach any definite conclusion as to 
the dominant conductivity mechanism merely from 
this temperature dependence alone. 

The results of the measurements for the three speci- 
mens in zero field and in a field of 9.4 kilo-oersteds 
applied parallel to the direction of heat current flow are 
summarized in Figs. 2(a), (b), and (c). For the MnFe.O, 





1666 DOUTHETT AND 








Fic. 3. The temperature variation of AK/Ko for MnFe2O, 
(dashed curve) and Co(Zn)Fe-O, (solid curve). Bars indicate the 
estimated experimental uncertainties. 


and Co(Zn)Fe.O, specimens at liquid helium tempera- 
tures, the field produces an increase in the thermal con- 
ductivity, ie., AK/Ko>0O. In the liquid hydrogen 
region AK/Ky goes to zero for MnFe.Q,, but is still 
measurable for the Co(Zn)Fe.O, sample. The results 
for the Mn(Zn)Fe:O, specimen, however, show no 
measurable magnetoconductivity throughout the range 
1.4° to 25°K. The thermal conductivity was also 
measured for all three specimens in applied fields of 
2.0 and 8.0 kilo-oersteds at several temperatures in this 
range. The need for preparing a complete calibration 
curve for both thermometers for any given external 
field, however, made it impractical to carry out the 
systematic measurement of the conductivity as a func- 
tion of field at a fixed temperature. The observations 
made on the MnFe.Q, and Co(Zn)Fe2O, specimens lie 
within the extremes of the zero-field and maximum- 
field values. In the case of \[n(Zn)Fe.O,4, for which the 
intermediate-field data are the most complete, no 
significant change from the zero-field conductivities 
was found. 

The temperature dependence of the magnetoconduc- 
tivities of the MnFe.O, and Co(Zn)Fe.O, specimens in 
maximum field is summarized in Fig. 3. The horizontal 
bars show the estimated uncertainty to be assigned at 
the indicated temperatures. The rather large values of 
the magnetoconductivities and especially their positive 
signs are most striking. It is interesting to note that the 
magnitudes of the magnetoconductivities of these two 
substances are comparable, as are their conductivities. 
If the change in conductivity upon application of a mag- 
netic field were roughly the same, regardless of specimen 
composition, then it would not be surprising that no 
magnetoconductivity is observed in Mn(Zn)Fe.O,. At 
2.5°K, for example, AK for Co(Zn)Fe.0, is 0.1 mw 
em-°K, so that AK/Ko~0.1+0.025. Since the pre- 
cision of the Mn(Zn)Fe-O, results is essentially the 
same, an observable AK would have to be at least 
an order of magnitude greater than that of the 
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Co(Zn)Fe2O,. Thus, we cannot from the 
present observations that Mn(Zn) FeO, does not exhibit 
thermal magnetoconductivity 


conclude 


DISCUSSION 


The noteworthy features of the observations are 
best emphasizéd by comparison with expectations based 
on the independent excitation model. First of all, the 
temperature variation of the zero-field conductivities 
at the lowest temperatures is different for each sub- 
stance. ( nly in the case of Co(Zn)Fe.O, below 2.2°K is 
K roughly proportional to 7° as the simple picture would 
predict. In this region the conductivity of MnFe.O, 
actually varies more rapidly with temperature whereas 
Mn(Zn)Fe.O, exhibits a slower temperature variation. 
Secondly, the magnitudes of the 
ties are much smaller than would be anticipated if the 
phonon and magnon free paths were limited by the 
specimen boundary. Whereas our idealized specimen 
was expected to show a conductivity ~2 10 
mw/cm-°K at 2°K, one actually observes conductivi 
ties smaller by a factor of ~ 10° or 10. The mean free 
path of the dominant excitation is apparently ~ 10 
or 10~* cm, while the minimum specimen dimension is 
0.5 cm. Finally, a magnetoconductivity has only been 
observed in those specimens having the lowest zero- 
field conductivity, and, what is probably most signifi- 
cant, the sign of this magnetocondu 
contrary to expectation 

We are not in a position to present a comprehensive 
quantitative interpretation of these diverse facts. How 
ever, the facts themselves suggest certain plausible 
modifications of the origina 
noted, the mean free path of excitations responsible for 
heat transport is much smaller than 
mensions. This could result from inhomogeneities in the 


zero-field conductivi- 


ol 


tivity is positive, 


| simple picture. As was 
the specimen di- 


specimen material, and also from mutual interaction of 
excitations different 
magnons. Furthermore, it is not obvious that all inho- 
mogeneities would restrict the mean free paths of 
phonons and magnons to the We are 
dealing with ferrites having the spinel lattice in 
disordering of the magnetic ions as well as their inho- 
mogeneous distribution is very easily achieved, particu- 
larly in crystals grown by the flame fusion method. It is 
in medium 
and relatively 


of types, viz., phonons and 


Same extent. 


which 


possible to conceive of boundaries such a 
which would be significant for magnons 
unimportant for phonons. 

We will assume, therefore, that: (1) t 
path of magnons is significantly smaller 
phonons; (2) that phonons and magnons interact. These 
hypotheses permit, then, a consistent interpretation of 
what is probably the most striking observation, viz., 
the negative thermal magnetoconductivity. We see this 
as follows: one can imagine a magnon mean free path 
sufficiently small (<10~* cm) that phonons dominate 
the total conductivity. The free path of phonons 
(~10~ or 10~* cm) is then limited in part by scattering 


e mean free 


than that of 
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on magnons. Application of an external field effectively 
reduces the concentration of magnons and thus the 
magnon scattering of phonons. The phonon mean free 
path is thereby increased, resulting in an observed rise 
in the total conductivity, even though the magnon 
conductivity has been reduced. 

A phonon free path of 10~* cm corresponds to a 
phonon relaxation time of r~10-* sec, assuming the 
sound velocity to be 310° cm/sec. According to our 
assumptions this 7 is to be identified as essentially a 
phonon-magnon relaxation time. One must ask whether, 
on the basis of current theories of the phonon-magnon 
interaction, such a short relaxation time is at all 
plausible. The theory of phonon-magnon interaction 
has been discussed by Kittel and Abrahams." They 
calculate phonon-magnon relaxation processes using 
essentially the magnetoelastic energy as an interaction 
Hamiltonian. One concludes from their work that the 
indirect processes, in which, for example, a phonon 
decays into two magnons, are quite improbable at low 
temperatures. The direct process, however, in which a 
phonon decays into a single magnon is more probable by 
many orders of magnitude,'® and might wel! account for 
a relaxation time of ~ 107 sec. 

It is expected that direct processes are resonant, i.e., 
will occur when both phonons and magnons have 
equal energies and wave numbers. It is instructive to 
estimate the phonon wave number associated with the 
resonance condition. We equate the phonon energy, 
E,=hvk,, and the magnon energy in the absence of a 
field, E,=Ck,*, and let the phonon and magnon wave 
numbers be equal. Then k=hv/C~3X10® cm™. An 
estimate of the dominant phonon wave number is 
obtained by equating the phonon energy to «7. Thus, 
k,~xT/hv. At 7°K, for example, this would yield 
k,~3X10° cm“. Thus in the temperature range covered 
by our experiments the resonance condition for direct 
processes is satisfied, and it is quite likely that these 
processes will be significant in determining the phonon- 
magnon relaxation time. It may be argued that resonant 
processes would affect only phonons of a very limited 
range of wave numbers, and, therefore, at low tempera- 
tures do little to assist the relaxation of the phonon 

4C, Kittel and E. 
(1953). 

18 We are grateful to Professor C. Kittel for illuminating corre 
spondence on this and related matters. 


Abrahams, Revs. Modern Phys. 25, 233 
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system as a whole. As was pointed out, the ferrite 
crystals used in these measurements are probably dis- 
ordered magnetically. The work of Clogston et al.'® 
suggests that, under these circumstances, direct transi- 
tions can occur in which crystal momentum need not 
be conserved ; thus many phonons might be involved. 

These qualitative considerations suggest the explana- 
tion of the observed behavior of the thermal conduc- 
tivity of certain ferrite crystals in external magnetic 
fields. It seems certain that the independent-excitation 
model, whose predictions stimulated the present in- 
vestigation, is not realistic. The phonon-magnon inter- 
action would seem to play an essential role in heat 
transport in real crystals. A full treatment of this prob- 
lem must, of course, deal also with the effects of de- 
magnetization, anisotropy, and domain structure which 
have been ignored in this discussion. Their importance 
will be known only after the performance of additional 
experiments outlined below. 

The present investigation constitutes a preliminary 
study of thermal conductivity in ferrimagnetic crystals 
at low temperatures. Several obvious extensions of 
this work are in progress or are contemplated. First of 
all, measurements of conductivity as a function of field 
up to very high fields would help to establish clearly 
the nature of the scattering processes. Secondly, the 
interpretation of the observations would be greatly 
simplified by the use of specimens of simple chemical 
composition oriented in such a way that a magnetic 
field might be applied along an easy direction of mag- 
netization. Finally, measurements of considerable in- 
terest could be performed on ferrimagnets of better 
defined magnetic structure, e.g., magnetite and in 
particular the garnets. 
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Discussions of the rate ve~! 


*? for thermally activated processes are usually based on the phase-space 


distribution function for thermal equilibrium. Kramers has gone beyond this and for the particle in a bistable 
one-dimensional well has treated the relaxation to equilibrium as a Brownian motion problem in which the 
one-dimensional motion is coupled to a reservoir through a viscosity. Kramers’ arguments are readily 
extendable to many dimensions. In the overdamped case the reaction rate is reduced below the value derived 
from thermal equilibrium theory by the factor w,/n, where w, is the angular frequency associated with the 
direction of steepest descent at the saddle point and » the viscosity. In the underdamped case equilibrium 
theory is valid for many-dimensional systems, except for extreme degrees of underdamping. 


1, INTRODUCTION 


HE probability, per unit time, for the thermally 

activated jump of a particle over a barrier is 
generally given by an expression of the form ve~¥/*7, 
where U is the barrier height. The factor » is often taken 
to be an oscillation frequency characterizing the initial 
state. This sort of expression occurs in many problems, 
but has received particular attention in connection 
with chemical reaction rate theory and the closely allied 
field of solid-state diffusion. Excellent summaries of the 
two viewpoints generated by these fields will be found, 
respectively, in a book by Slater’ and in a paper by 
Vineyard.? Both treatments are devoted to detailed 
discussions of the frequency factor v. The thermally 
activated jump is also of interest in the computing 
process,* where both the intentional switching, as well 
as the subsequently undesired decay of information, can 
be thermally activated. In fact, if the system making an 
activated jump is allowed to have a sufficiently large 
number of degrees of freedom, then the jump can 
actually be the description of a phase transition from a 
metastable state to a state of absolute stability. We 
shall, however, in most of our considerations exclude 
systems with such a really large number of degrees of 
freedom. They are briefly discussed in Sec. 6. 

Most of the more sophisticated treatments of the 
frequency factor v are equilibrium theories, or closely 
related thereto. These theories assume that there is a 
many-dimensional space, illustrated by the two- dimen- 
sional diagram of Fig. 1, in which we consider an 
ensemble of the systems in question under thermal 
equilibrium. Points A and B are potential minima. 
Point S is a saddle point. The typical equilibrium theory 
then asks how many ensemble members, per second, 
make the passage over the saddle point, in the direction 
from A towards B. This rate, divided by the total 
ensemble population of well A, is then taken as the 
probability, per unit time, that a system initially near 


* Deceased. 

1N. B. Slater, Theory of Unimolecular 
University Press, Ithaca, New York, 1959). 

2G. H. Vineyard, J. Phys. Chem. Solids 3, 121 (1957). 
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A will make the transition to the region near B. In an 
equilibrium ensemble the net flow across the saddle 
point is zero; a nonvanishing current is obtained by 
selecting only half the systems near the saddle point, i.e., 
those which have a velocity vector pointing toward B 
rather than A. If the systems, in passing from A to B, 
and vice versa, passed through the saddle-point region 
only once, the equilibrium argument would be rigorously 
correct. Unfortunately, as has been pointed out by 
Kramers,‘ a system in going from A to B may cross and 
recross the saddle-point region several times. Therefore, 
the equilibrium flux across the saddle-point region is 
larger than the number of really independent crossings 
and the equilibrium theories overestimate reaction rates. 

The equilibrium theory, with some relatively in- 
nocuous approximations,? which we shall also make, 
yields a transition rate 


V—1 V 
P=( TT »/)CI1 ») eer, 
=! I 


z=0 


Fic. 1. Equipotential contours in two dimensions, but intended 
here to suggest the general n-directional situation. A and B are 
minima. s=0 is a symmetry hyperplane and S the saddle point 


4H. A. Kramers, Physica 7, 284 (1940); see also W. F. Brown, 
J. Appl. Phys. 30, 130S (1959), for an application of Kramers’ 
concepts to fine magnetic particles 
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Here the v; are the vibrational frequencies in the initial 
well and the v,’ are the vibrational frequencies at the 
saddle point. The saddle point is associated with one less 
real frequency than the minima, since there is one 
direction at the saddle point in which the particle is 
pushed away from the saddle point, rather than restored 
to it. Kramers‘ has gone beyond the equilibrium theory, 
for the one-dimensional barrier, and treated the 
Brownian motion of the particle in the well. He obtains 
transition rates smaller than those given by Eq. (1.1). 
It is our purpose to extend Kramers’ arguments to the 
many-dimensional case. 

Like Kramers, we shall consider motion in a potential 
well, supplemented by damping forces. The damping 
results from an interaction with dynamical coordinates 
not explicitly represented by the potential well. These 
are coordinates whose values are not relevant to the 
assignment of the particle to a well, and are furthermore 
coordinates which are only loosely coupled to the 
degrees of freedom which are essential to the discussion 
of the well jumping. The same interaction which 
provides damping will also provide fluctuating forces 
which are responsible for the random Brownian motion. 
Two separate cases will be considered explicitly: over- 
damping and underdamping. In the overdamped case 
the motion is of a highly diffusive sort and Eq. (1.1) 
overestimates the transition rate because particles stay 
in the neighborhood of the saddle point, crossing and 
recrossing it, before finally diffusing away from it. In 
the underdamped case Eq. (1.1) overestimates the 
transition rate because particles may bounce back out 
of a well, once they have crossed into it, without having 
had a chance to come into equilibrium. 


2. GENERAL CONCEPTS 


We are treating a relaxation process. It is, therefore, 
inadequate to invoke the Liouville equation for the 
many-dimensional motion, but we must supplement it 
by the effect of damping forces and fluctuating forces. 
The density, p, in the many-dimensional phase space 
can, in general, be written 

p= prt pa. (2.1) 


Here p; is the thermal equilibrium portion of p and its 
normalization is defined by 


fae= f oar 


pu is the deviation from equilibrium, which obeys 


f eur Q. 


The deviation py is therefore of variable sign. The 
equilibrium portion, p; is time independent whereas p 
decays with time and has the form 


pu= >. i pui exp(—L, Ti). (2.4) 
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We are interested in the particular 7; associated with an 
unbalance between the two wells. The time constants 
associated with unbalances within a well are presumably 
much shorter. The unbalance, A, between the two wells 
will be given by 


a= f par—f pat =2f 
‘ 


near / near B near A 


paaT, (2.5) 


where we have invoked both the vanishing of the 
integral of pa over all phase space, as well as the fact 
that even in the nonequilibrium case most of the 
ensemble population is concentrated near the minima. 
If the number of ensemble members crossing the saddle 
point per unit time is J, then we will have 


dA/dt= —2J=—A/r, (2.6) 


where 7 is the particular time constant of interest. 
Hence, a simultaneous evaluation of A and J will give 
us r. The relaxation time defined in this fashion is a more 
generally applicable quantity than the reaction rate r 
used by Kramers, which consists of the current J, 
divided by the total population of one of the wells. Our 
relaxation time 7 is independent of the sign or magni- 
tude of the deviation from equilibrium. Furthermore, 
instead of explicitly evaluating the time dependent 
relaxation, we will find it simpler to examine a closely 
related steady state. If the particles are replaced in the 
bottom of well A as quickly as they leak away, and 
taken out of well B as quickly as they arrive there, then 
the well populations can remain time independent, and 
the current can continue without being reduced from its 
initial value. The exact points at which we set up 
sources and sinks do not matter, since the equilibrium 
near the bottom of each well is rapid, compared to the 
intervalley motion. In the event that one of the wells 
is occupied and the other is empty (the case which 
Kramers explicitly considered) the rate 1/7 given by 
Eq. (2.6) is just twice the reaction rate r that Kramers 
discusses. 


3. OVERDAMPED CASE 


In the overdamped case we follow Kramers’ pro- 
cedure of first finding the Fokker-Planck equation in 
phase space, and then integrating over the momentum 
variables. If the motion is sufficiently damped, so that 
regions where the concentrations differ appreciably 
cannot exchange ensemble members, then an equation 
can be found which involves only the ensemble density 
at a spatial point, but not the momentum distribution. 
The flow of ensemble members has the form [see 
Kramers’ Eq. (11) ] 


j= —mpVU —DVn. (3.1) 


Here is the density of systems and U’ their potential 
energy. The diffusion coefficient D and the mobility u 
must satisfy the Einstein relation D=kTy, so that the 
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Boltman distribution, 
n=ceé kT (3.2) 


corresponds to j=0. If, in the nonequilibrium case we 
set 


(3.3) 


then the variation of 8 indicates the extent of the 
deviation from equilibrium and Eq. (3.1) becomes 


j= —D(vB)e"""". (3.4) 


In Eq. (3.4) D can still be a function of position ; and, in 
fact, for complete generality D must be allowed to be a 
matrix with positive real eigenvalues (in the absence of 
a magnetic field). We will assume in the subsequent 
reasoning that D is sensibly constant in the neighbor- 
hood of the saddle point, and that one of its principal 
directions is parallel to the line connecting the two 
minima. 

To obtain a given magnitude of current from Eq. 
(3.4), assuming not too much variation in the value of 
D, requires a relatively large value of ¥8 near the 
saddle point, where e~“’*" is small, and much smaller 
values of V8 near the minima, where e“/*? has larger 
values. We can therefore that the serious 
departures from equilibrium occur only near the saddle 
point. 

Consider now the case where the two potential 
minima are at the same value of potential and the 
situation is symmetrical about a plane through the 
saddle point. The case where a biasing force is present, 
and one of the minima is favored, will be considered in 
Sec. 5. 

In the symmetrical case ma, the ensemble density 
deviation from equilibrium, will be odd about the plane 
bisecting the line AB, as will Ba=na exp(U/kT). There- 
fore, Eq. (3.4) tells us that at the symmetry plane j is 
perpendicular to the symmetry plane. Let us now 
assume that j has this same direction throughout the 
neighborhood of the saddle point, and see whether this 
leads to a satisfactory solution. 

Let s be the coordinate perpendicular to the symmetry 
plane. If we assume that a principal axis of D lies along 
the z direction, and that none of the other principal 
values of D vanish, then Eq. (3.4) tells us that 8 is only 
a function of z, in the neighborhood of the saddle point. 
We can then integrate Eq. (3.4) immediately 


expect 


B(z)= e! 
D 


eT ds’. (3.5) 


In the saddle-point neighborhood, U’ depends quad- 
ratically on the spatial coordinates : 


(3.6) 


where the (.V\—1) coordinates x; are confined to the 
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symmetry hyperplane. Substituted in Eq. (3.5), this 


gives 


U, a(z’)? : 
exp _ + z 
ar. wen 6k 


a,x; dz’. 


The factor 7, exp[30:*~' a,x;*/2kT] is, by Eq. (3.4), 
only a function of z. The continuity of current, divj7=0, 
requires, however, that j, be independent of z. Hence, 
the term j, exp[>-1*~! a,x7/2kT J is, in fact, a constant. 
The only remaining variable in the integrand is 
exp[ —a(z’)?/2kT']. The integrand of (3.7) is then large 
only at the saddle-point plane s=0, and diminishes 
rapidly, through the factor expl—a(z’)?/2kT] as we 
move away from this plane. Therefore, at a relatively 
short distance away from the plane s=0, B(z) ap- 
proaches constant limiting values, a positive one in well 
A, and a negative one in well B. These are, however, 
exactly the desired boundary conditions: approximate 
thermal equilibrium within each well and appreciable 
departures from this only near the saddle point. There 
fore, Eq. (3.5) describes the desired solution, since it 
satisfies the equation of continuity: divj=0; it satisfies 
the constitutive equation (3.4), and also the boundary 
conditions. (A variational principle can be devised 
which establishes that a solution satisfying these condi- 
tions is at least locally unique—i.e., that there is not a 
whole continuous family of solutions.) ' 

To evaluate r from Eq. (2.6), we must first find the 
values of both J and A. The population difference A is 
equal to twice the population of well A, giving 


a=2f dx: , 
1A 


wel 


of dx,-+-dx, B(A) exp(— U/kT 
1 


well 4 


-dXn, Ng 


28(A) exp(—U 4 AT) | dx,---dx, 


1 N 
used an 


In the final form of the integral we have 


expansion appropriate to the bottom of well A: 


U=U4th>d yaa (3.9) 


and assumed that almost all of the well population is 
contained in the range in which the potential is repre- 
sentable by a quadratic form. This yields: 


N 
A=28(A) exp(—U4/kT)TL(24kT/y,)!. (3.10) 
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Che other quantity needed for an evaluation of 7 is 
the total current J crossing the saddle point. The current 
density is 

Je= —pkT (08/02) exp(—U/kRT). (3.11) 


In the symmetry plane containing the saddle point, 
Iq. (3.11) becomes 


0p iy 1 
12° -niT( ) ep(- — — East), (3.12) 
027 20 kT ‘ 


Integrating over the .V—1 transverse coordinates gives 
a total current: 


0g 
J —ukr( ) ge Ostet [- ; far : 
O27 0 . 
» 2 
2kT 1 
0B N—1 ¢ 2nkT ; 
—uk7 ( ) pr i (— ) ' 5.15) 
dz/ .-0 a, 


? 


2//A is then given by dividing Eq. (3.13) 


-dxN-\ 


The ratio 1/r 
by Eq. (3.10): 


N—1 N 
xX [I (2ekT /a;)!/[2 T] (2ekT/y;)'). (3.14) 
l 1 


To make use of Eq. (3.14) we still have to evaluate 
(08/02).~0/8(A) from Eq. (3.5) which gives 


- 4, U, az? 
- ep(—-— Jas, 3.89) 
D kT 2kT 


where j, in Eq. (3.15) is the current density at the 
saddle point itself. This is given by Eq. (3.4) as 


B(A)= 


(3.16) 


j(S)= — D(0B/0z)s exp(—U,,/kT). 


Equation (3.16) substituted in (3.15) gives 


fee} . 
a(a)=( ) f exp(—asz?/2kT)dz 
Oz Ss 0 
(“) (—) 
Oz to a 


or equivalently 


(dB, 02) 2 


B(A) (2ekT/a)*’ 
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which if used in Eq. (3.14), puts this into the form 


! 
= YpkTe~U-U4 
: 
N 


N 
XT] (2kT /ex;)!/C(2ekT /e)! T] (2ekT/y)*] 


N 


IT a Je“ 


(3.19) 


u \ 
C(a)' TT ye 
T 1 


In order to introduce the frequencies of Eq. (1.1), we 

must use the particle mass m. In case the real physical 

problem involves a number of different masses it is 

assumed that a canonical transformation was introduced 

which makes all masses identical, and that we have been 

working with the Using 
‘ 


(y;/m)?=2nrv; and (a;/m)'=2rv,’, we get 


} 


| oe a V—1 
2um( ) cat» IT v; )eé 
'T m 


on the right-hand side 
given by equilibrium 
Denoting this by (1/2r).q., we have 


(3.21) 


transformed coordinates. 


(3.20) 


Us aif * 


Phe quantity in square brackets, 
of Eq. 
theory, in Eq. (1 


(3:20), is just the rate 


(1/7) =pum(a/m)?(1/T eq 


The quantity wm is just the viscosity 7, used by 
Kramers.‘ 9 gives the rate of momentum relaxation, due 
to dissipative effects, according to the equation 


ip dl 


The quantity (a/m)' is an angular frequency, ., 
associated with the unstable equilibrium at the saddle 
point. [ Note that our w,= (a/m)!, whereas Kramers uses 
the symbol w’ to stand for a frequency which is 
'(a/m)}.] In this new notation, Eq. (3.21) can be 
written 


np. (3.22) 


(27) 


\ 


1/r)= 


(3.23) 


eq. 


(w,/n) (1/7) 


The reduction factor (w,/n) is the same as the one 
Kramers found for the The 
smaller the damping, the more rapid the diffusive 
motion of the overdamped system becomes. Decreasing 
values of w, represent increasingly flat saddle-point 
barriers and therefore thicker obstacles for the diffusing 


one-dimensional case. 


system. 
4. THE UNDERDAMPED CASE 


In the one-dimensional underdamped case, it is 
pointed out by Kramers that a very considerable degree 
of underdamping is required to cause appreciable 
deviation from the equilibrium theory. Kramers points 
out that a typical particle crosses the energy barrier 
with about kT of excess kinetic energy. During its 
motion through the new well it only has to dissipate 
this excess kinetic energy to become trapped. Since this 
excess kinetic energy is only a small fraction of the 
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total energy, a relatively small degree of damping will 
insure trapping. Instead of giving a detailed treatment 
of the underdamped case, we will be satisfied in extend- 
ing the above argument to the many-dimensional case 
with very rough statistical considerations. This will 
leave us with an estimate of the degree of underdamping 
that is required to produce appreciable deviations from 
Eq. (1.1). 

Again there is a balance, in equilibrium, between 
damping forces and fluctuation forces. For a particle, 
however, which has already a considerable kinetic 
energy, such as one which has just crossed the saddle 
point, and entered into a well, the damping forces 
(which we will assume proportional to the particle 
momentum) are predominant compared to the fluctuat- 
ing forces, and we shall consider only the damping 
effects. 

We first wish to find the mean energy in excess of the 
saddle-point energy, U’,, with which particles in thermal 
equilibrium cross the saddle point. Consider the par- 
ticles with excess energy between ¢ and e+de, at a point 
in the symmetry plane where the potential exceeds U’, 
by 6U’. The kinetic energy of the particles is then e—6U, 
and their momentum is proportional to (e—6U’)!. The 
rate at which they contribute to the current flowing 
from one well to the other, per unit volume of phase 
space, is then proportional to the particle velocity, 
2'm~*(e—6U)*. [The fact that these particles have a 
total momentum 2!m'(e—éU)!, and that only one com- 
ponent of this momentum gives their rate of flow in the 
z direction brings in a multiplying factor which depends 
only on the dimensionality of the system. | In integrat- 
ing over phase space, consider the integration over mo- 
mentum first. The range of integration is proportional 
to p’—'dp, where N is the total number of spatial dimen- 
sions. The current flow, per unit volume, is therefore 
proportional to (e—éU)*p*—'dp, or equivalently to 
p*—'de. We must now still consider the integration over 
the transverse spatial dimensions. Hence, we have an 
integral of the form 


6 (0de=de f pas »+dxn_1 


N-1 
=de f [2m(e- ¥Y a2) ] Oday: -dxy—1, (4.1) 
l 


for the saddle-point flux in the range de. The range of 
integration is the region in which the integrand remains 
positive. A change of variables, /2?=a,x,? brings this 
integral into the more symmetrical form 


]X-D?dty+++dty-1, (4.2) 


N—1 
l 


o(e)de= cde { [2m(e— > t;? 


where the constant c is independent of «. An additional 
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ev; takes us into 


change of scale /; 


1 


N 
# (0)de= cede f [2m(1- yo v,7) |("— 
xX dt -++dty 1. (4.3) 


The flux per unit energy range, across the saddle point, 
would therefore be proportional to e‘~' if all parts of 
phase space were given equal probability. In thermal 
equilibrium, therefore, the flux will be proportional to 
e’—! exp(—e/kT). The mean excess energy of the flux 
across the saddle point will be 


@=fe exp(—e et ide | fe ' exp( —¢/kT )de 


=kT(T(N+1)/T (NV) ]= NAT. (4.4) 

How much of this excess energy VkT must be dis- 
sipated in order that the particle be trapped? In order 
for it to be trapped with absolute certainty all of the 
excess energy must be dissipated. For large V, however, 
the distribution «‘~! exp(—e/kT) very 
sharply peaked function at e~.VkT, indicating that 
particles with « appreciably less than VRT have very 
little chance of passing through the saddle point open- 
ing. Hence, the particle need not really lose all of its 
NkT excess energy to become effectively trapped. 

Let us consider this point slightly more quantita- 
tively. Assume that the particle is subject to a damping 
force 


becomes a 


dp/dt=—np, (4.5) 


or equivalently, for the kinetic energy T 


dT /di= —2nT. (4.6) 


Now assume that averaged, over the particle motion in 
a well, T constitutes a fraction 46 of the total energy, 
where 6 is a coefficient of order unity. The total energy 
U is then lost according to 


dU/dt=—nbl’. (4.7) 


A particle with an initial total energy (é9+U,) will 


therefore lose excess energy according to the law 


e(t)= (eo t+ U, Jeo’ -—U (4.8) 


In the typical case we have in mind € is smaller than U’, 
and therefore the energy relaxation is described fairly 
well by 


e(1)= (eg + U,) (1—nét)—l (4.9) 


This equation is particularly accurate in the very initial 
stages of the damping process, where it will be really 
necessary to invoke it. 

Let I'edE be the total amount of phase space in one 
well, in a range dE above the saddle-point energy U’. 
Let us furthermore assume that the saddle-point open- 
ing is reached with somewhat similar ease from all parts 
of this phase space. (See Sec. 6 for an additional dis- 
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cussion related to this point.) The escape probability 
from a well per unit time, for a particle with energy 
greater than U,, is therefore given by be’~'/I'g, where 
be’ is the flux calculated in Eq. (4.3). We shall, for 
these qualitative considerations assume Ig is independ- 
ent of #. For very large N this is certainly incorrect, but 
even there I'y will vary relatively slowly compared to 
e\~—', (Furthermore, our considerations generally are in- 
tended to apply to relatively modest values of V. See 
Sec. 6.) 

The particle which loses energy according to Eq. (4.9), 
therefore has a probability per unit time, dr/d/, of 
returning to its original well, given by 

dr/dt= (1—r)beX'/T zr, (4.10) 
where the factor (1—r) on the right-hand side accounts 
for the possibility that the particle has already returned. 
Equation (4.10) integrates to 


r(t)=exp -{ dt’ beN—'/T 


We are interested in the maximum value r(/) reaches 
when the limit of integration /, on the right-hand side 
extends to the time at which e vanishes. Using Eq. (4.9) 
to perform the integration indicated in Eq. (4.11) gives 


(4.11) 


bey 1 €0 N 
— -( )(- ) (4.12) 
Ig naLeo+U, | 


Note that for very small .V, Eq. (4.9) is a good approxi- 
mation if the typical value of e9~ VRT is small compared 
to U,. For larger values of V Eq. (4.9) becomes poorer in 
describing ¢(/), in the range where it is positive. For 
larger values of V, however, the high power of the 
integrand [in Eq. (4.11) ] makes the integrand impor- 
tant only at times where e(/) is still close to €9, and hence 
Eq. (4.11) is still accurate. The factor bep’—'/T' x in the 
exponential term of Eq. (4.12) is just the rate of leakage 
out of the initial energy range. The factor multiplying 
it is the time taken to lose an energy €0/.V, by damping, 
out of the total initial energy [eo+U, ]. Hence, if the 
particle loses appreciably more than (€9/.V)~kT energy 
within the time taken for escape in the absence of 
damping, fmax in Eq. (4.12) does not come close to 
unity, and the particle is effectively trapped. 

The energy loss required, k7, is therefore the same 
as in the one-dimensional case. The time available, 
however, for this loss of about kT is likely to be much 
larger in the many-dimensional case, than in the one- 
dimensional! case. In one dimension the escape time in 
the absence of damping is the oscillation period of the 
well. In many dimensions a particle must be aimed in a 
very particular way, in order to bounce right back, and 
most paths through the saddle-point opening will lead 
to complicated orbits, returning to the saddle-point 
opening only after many oscillations. 
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Thus, for all practical purposes, one can assume the 
equilibrium expressions valid in the many-dimensional 
underdamped case, unless the damping is extra- 


ordinarily weak. 
5. THE UNSYMMETRICAL WELL 


Our arguments in Sec. 3 assumed a symmetrical well. 
In this section we will generalize the results. The basic 
point is as follows: The deviations from equilibrium, in 
both the underdamped and the overdamped case, are 
confined to energies close to, or above the saddle-point 
energy U,. At appreciably lower energies very slight 
deviations from equilibrium suffice to generate the 
required current flowing up (or down) along the energy 
given a solution for the non- 
equilibrium part of the phase space density, pa, for a 
symmetrical well, corresponding to a current flow J, we 
can proceed to deepen one of the two wells, and as long 
as we have left the potential variation near the saddle 
point unaffected obtain a solution for the new situation 
very trivially. We simply have to populate the new 
(deepened) well in such a fashion that it is in equilibrium 
with the original well, and then the current flow across 
the saddle point will remain unaffected. Let us evaluate 
how such changes affect the relaxation time rt. 

For the symmetrical situation we have 1/r=2//A. 
Che excess population in well A is 4/2, as is the deficit 
in well B. If we change the minima away from their 
original positions at L’=0, let the new minima be at U 4 
and UL’, respectively, and let the saddle point remain 
at U=U,. The original population of well A was of the 


form 
Va cf av exp(-U kT)=—Nsa,, 
{ 


where the integration is over the phase space of well A. 
The new populations, which are in equilibrium with the 
above will be 


Za 
Na’ cf aT exp(— U/kT) = N ae U4!*? ‘ 
A’ & 


eee 
Vz’ -f aT exp(— U/kT) = — Nae 0 8!*7—_, 
— Zo 


scale. Hence, if we are 


(5.1) 


(5.2) 


where Z= fdT exp(—U/kT), with U measured from 
the bottom of the well concerned. The subscript 0 
designates the original symmetrical well. An alternative 
way of writing Eqs. (5.2) is to define a free energy 
F4=U4-—kT \nZ,4’, and similarly for Fg, and also Fo 
for the original well. Then Eqs. (5.2) become 


Na'=Nae Fa—Fo ie 


Np! = —Nge-F8-Fo 


(5.3) 


The distinction between (F4—Fp) and U4 becomes 
relevant only if the well minimum at A changes its 
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shape as well as its energy level, when the deviation 
from symmetry is established. The values V4’ and N 3’ 
given by Eqs. (5.3) are associated with the original 
current J. The solution to the modified problem does 
not obey V4’= —N 9’, i.c., it contains a certain amount 
of equilibrium solution. To obtain A’ we must subtract 
out this portion. After subtracting out enough of the 
equilibrium distribution to give us a total population of 
zero, we find a remaining population difference : 
Zo){kT) 


T+ eZ (5.4) 


For the relaxation rate this gives 


t/7'=A/A’ 


1(9(Zi Z V4 e(Za Zo 


(5.5) 
In the case where the deviation from symmetry is 
caused by a uniform applied field, we will have to first 
order in the field 

Zp — Zo 


7 (Z4—Zo). (5.6) 


Denoting this difference by £, and bearing in mind that 
é will, in general, be largely an energy difference and 
will reflect changes in vibrational entropy only to a 
minor extent, we have 


cosh(&/kT). 


Equation (5.7) describes the speeding up of the re- 
laxation process due to an unbalance, and can also be 
deduced from more elementary kinetic considerations. 

In the solid-state diffusion process this is likely to be 
a small effect, particularly if we neglect the structural 
changes resulting from the field and consider only the 
applied field itself as the source of an unbalance. Fields 
of the order 10° and 10° volt/cm would be required to 
produce a 1% increase in electrolytic mobility, if the 
structure is symmetric in its initial state. In piezoelectric 
materials an initial symmetry will not obtain and a 
first-order change of mobility with field can be expected. 
Equation (5.7) does have a real application: the theory 
of computing devices. This will be discussed in a 
separate publication. 


6. SYSTEMS WITH VERY MANY DIMENSIONS 


If a system has a very large number of dimensions a 
number of our approximations will break down. First 
of all, the concept of two wells, within each of which 
equilibrium is rapid compared to the exchange between 
wells, is likely to break down. Furthermore, the system as 
a whole is likely to have an energy comparable to, or large 
compared to the saddle-point energy. The relevant 
question then does not concern the damping—that is 
energy exchange with still further coordinates—but 
only concerns the energy exchange between the degrees 
of freedom explicitly specified. That is, for sufficiently 
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large NV, most of the populated parts of phase space will 
be at an energy greater than U,. : 

The overdamped case with very many dimensions, all 
of them equally overdamped, seems to be an unlikely 
and unrealistic situation. If there were such a situation, 
however, our analysis of Sec. 3 would still apply, if the 
specific mathematical approximations involved are still 
valid. The latter only involve the quadratic potential 
variations, near the minima and the saddle point. 

The high-dimensional underdamped case seems more 
likely, and can be easily visualized. A_ solid-state 
diffusion problem, in which all the crystalline degrees of 
freedom are explicitly represented, is an example. The 
high-dimensional underdamped case can be separated 
into two categories. 

1. The case where most of the degrees of freedom are 
only very loosely coupled to the activated process. This 
is true for the crystalline example mentioned above. 
Most of these extra degrees of freedom could have been 
represented simply through a viscosity, and it is only as 
a matter of rigor that one would want to include them 
explicitly as part of the process. If one does, however, 
our considerations of Sec. 4 break down completely. The 
system does not have to lose any energy to become 
“trapped,” since it never had to become atypical and 
gain energy to cross the saddle point in the first place. 
Furthermore there is an assumption in the use of 
Eq. (4.10) that all parts of the well (with the correct 
energy) are about equally on ‘‘speaking terms” with the 
saddle point. The slow energy exchange with the many 
coordinates explic itly represent d in the 
this out. 


motion, rules 


2. The case where all of the many underdamped 
degrees of freedom are really intimately connected 
with the activated process, and must be examined, in 
order to know which well is occupied. This is again hard 
to imagine. In this case, however, the particle can be 
assumed to have thermalized immediately, when it 
crosses the saddle point—i.e., its motion has a character 
typical of the well in question. Therefore, equilibrium 
theory is valid, i.e., the probability of a particle bounc- 
ing back is negligible, since it has so much phase space 
to get “lost” in. The specific expression (1.1), of course, 
depends also upon the validity of quadratic potential 
expansions. 


SUMMARY 


In the overdamped case the reaction rate for the 
many-dimensional problem is reduced by the factor 
already found by Kramers in the one-dimensional 
problem. In the underdamped case very extreme under- 
damping is required to produce deviations from the 
equilibrium theory. 
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Sodium-ion vacancies are introduced into sodium chloride 
crystals by the addition of the following divalent cation impurities : 
Mgt, Mn**, Catt, Zn*+, Cd**+, and Sr*+*. Below 150°C, the 
virtual negative charge of a cation vacancy binds the majority of 
the vacancies to the divalent impurity ions to form complexes. 
The reorientation of these dipolar complexes is observed in the 
present experiments as a transient dielectric polarization current 
occurring immediately after the application of a dec electric field. 
Below 0°C, the dominant effect is an exponential “fast polari 
zation” due to complexes in which the vacancy is in the nearest 
sodium-ion site to the impurity ion (except for the case of 
NaCl: Mg**). Also observed is a “very fast polarization”? which 
may be interpreted as due to next-nearest-neighbor impurity 


I. INTRODUCTION 


ONIC conductivity in the alkali halides is known to 
take place through the migration of free positive-ion 

vacancies in an electric field.’ It is further established? 
that divalent cation impurities added to an alkali 
halide crystal enter the lattice substitutionally; to 
maintain the electrical neutrality of the crystal then 
requires the simultaneous creation of an equal number 
of positive-ion vacancies. In this way the electrical 
conductivity can be considerably enhanced. A summary 
of the many investigations dealing with the ionic con- 
ductivity of doped alkali halide crystals is given by 
Lidiard.' In addition to the enhancement of the free 
positive-ion vacancies in crystals by the addition of 
divalent impurities, there is also, in the lower tempera- 
ture range, the formation of impurity-vacancy com- 
plexes. These complexes result from the electrostatic 
attraction that exists between the excess positive charge 
of the impurity ion and the virtual negative charge of 
the cation vacancy. In sodium chloride, such impurity- 
vacancy complexes are bound with an energy of 0.35 
to 0.50 ev.’ Below a temperature of about 200°C, the 
majority of the vacancies are in this bound state 
(usually referred to as ‘“‘associated”’). 

When the divalent impurity ion is in the (0,0,0) 
lattice site, a complex may be formed in which the 
vacancy occupies a nearest-neighbor (n.n.) sodium-ion 
site, of the type ($,3,0), or a next nearest-neighbor 
(n.n.n.) sodium-ion site‘ of the type (1,0,0). The n.n. 
and n.n.n. sites are located at distances V2a and 2a, 
respectively, from the impurity ion, where a is the 


* Part of a dissertation presented for the degree of Doctor of 
Philosophy at Yale University. 

‘A. B. Lidiard, in Handbuch der Physik, edited by S. Fliigge 
Springer-Verlag, Berlin, 1957), Vol. 20, p. 246. 

2H. Pick and H. Weber, Z. Physik 128, 409 (1950). 

’ F, Bassani and F. Fumi, Nuovo cimento I1, 274 (1954). 

‘Since motion of the chlorine ions does not enter directly into 
the polarization, the terminology “‘n.n.”’ and “n.n.n.” will refer 
only to sodium-ion positions. 


vacancy complexes, plus a “slow polarization”’ ascribed to vacan- 
cies jumping between more distant bound sites. By combining 
the present measurements with earlier ac measurements, one can 
obtain particularly accurate values for the jump activation 
energies of vacancies occupying the nearest-neighbor site to Ca*t 
and Mn** ions in a NaCl crystal. The energies obtained for these 
two cases are 0.702+0.010 ev and 0.680+0.010 ev, respectively. 
From the manner in which the relaxation time at a given tempera- 
ture varies with the radius of the impurity ion, the dominant jump 
mechanisms can be inferred. The major reason for the decrease 
in relaxation time with decreasing radius of the impurity ion 
appears to be the strong dependence of the jump rate of the 
impurity ion on ionic radius 


sodium-chlorine spacing. At relatively low tempera- 
tures, occupancy of more distant sites than these is 
improbable because of the Coulomb attraction between 
the vacancy and impurity which makes the potential 
energy increase rapidly with distance. On the other 
hand, detailed calculations indicate that the binding 
energies of the n.n. and n.n.n. sites are nearly equal.® 
In the case of the n.n. vacancy, the increased Coulomb 
energy tends to be compensated for by the fact that 
the immediate lattice does not appear as a homo- 
geneous dielectric medium. The absence of a polarizable 
Cl- ion between the impurity and the n.n. vacancy 
reduces the binding energy to about the same as the 
n.n.n. site. The size of the impurity ion actually deter- 
mines whether the n.n. or n.n.n. site is the more stable, 
since the positions of the nearest Cl~ ions depend on the 
radius of the impurity ion. 

Since the impurity-vacancy complex is an electric 
dipole, with the vacancy end negative and the impurity 
end positive, its energy depends upon its orientation 
with respect to an applied electric field. Consequently, 
the application of an electric field will result in a 
preferential reorientation of these complexes, in the 
manner shown in Fig. 1. When an ac electric field is 
applied, the continual striving of the complexes to 
readjust their orientations to an equilibrium value 
consistent with the instantaneous applied field, pro- 
duces an alternating current which lags in phase behind 
the field. This phenomenon is most conveniently meas- 
ured as a dielectric loss, which is anticipated to obey 
the well-known Debye equations.® Such loss peaks have 
been observed in doped alkali halide crystals,*~* but 
are usually found to be somewhat broader than a Debye 


&’M. Tosi and G. Airoldi, Nuovo cimento 8, 584 (1958). 

® P. Debye, Polar Molecules (The Chemical Catalog Company, 
Inc., New York, 1929), Chap. V, p. 77. 

7Y. Haven, J. Chem. Phys. 21, 171 (1953). 

8 J. Dryden and R. Meakins, Discussions Faraday Soc. 23, 39 
(1957). 

*G. D. Watkins, Phys. Rev. 113, 91 (1959). 
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Fic. 1. Model of a lattice in which a vacancy (in white) is the 
nearest neighbor (n.n.) of a doubly charged metallic impurity ion. 
The interchange of an n.n. sodium ion with the n.n. vacancy, 
which would be favored by the applied electric field, E, is shown. 


peak. In attempting to explain this broadening, 
Lidiard® has considered the effect of vacancies oc- 
cupying n.n.n. sites. Lidiard’s solution, for an ac 
applied field, shows the dielectric loss peak to be 
broader than a Debye peak. This solution is difficult 
to use, since the separation of the n.n. contribution 
from the higher order relaxation is not evident. 

A second technique for detecting preferential re- 
orientation of complexes, not hitherto utilized, is in 
the measurement of the transient polarization current 
flowing after the application of a dc field. In the 
presence of a static de field, the impurity end of the 
impurity-vacancy complex tends to be oriented toward 
the field direction as is suggested by Fig. 1. The dis- 
tribution of orientations will approach an equilibrium 
state, thereby producing a polarization current which 
decreases with time. 

The present work was performed in the hope that 
the improved resolution available by the use of dc 
techniques at low temperatures would allow the sepa- 
ration of the n.n. relaxation from higher order relaxa- 
tions. In addition, the impurity radius is treated as a 
variable by doping with different divalent cations 
having a wide range of ionic sizes. In this way, the 
variation of jump frequencies as well as the relative 
occupation of the n.n. and the more distant sites can 
be studied as a function of the radius of the impurity 
10n. 


Il. SAMPLE PREPARATION 
The “lab-grown” crystals were prepared from the 
melt by a method similar to that described by 
Kremers."' A conical platinum crucible was lowered 
1 A.B. Lidiard, Bristol Conference Report on Defects in Crystal- 


line Solids, 1954 (The Physical Society, London, 1955), p. 283. 
‘tH. C. Kremers, Ind. Eng. Chem. 32, 1478 (1940). 
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through a temperature gradient of 50°C/cm. After 
complete solidification, the crucible was inverted and a 
brief heating at 850°C was sufficient to release the 
crystal from the crucible. The crystal was then cooled 
slowly to room temperature. The average ingot weighed 
100 g. Crystals of dimensions approximately 2X 20.4 
cm were usually obtained from regions of good cleavage 
in the lower third of the ingot. 

The starting material was reagent grade sodium 
chloride. Some crystals were grown in nominally “‘pure”’ 
condition, but usually Mg, Zn, Mn, Cd, Ca, or Sr were 
added in the form of the chloride. 

In addition to the lab-grown materials, measurements 
were also made on crystals obtained from the Harshaw 
Chemical Company. Doped crystals containing zinc 
and magnesium were also prepared by diffusing the 
impurity into Harshaw crystals. For this purpose, faces 
of 1X1X0.15 cm plates were covered with a thin 
coat of zinc or magnesium chloride, and the samples 
were annealed at 30°C below the melting point for a 
period of 72 hours. The outer 0.5 mm was then cleaved 
from each face. The second column of Table I indicates 
the method of preparation used for each sample studied. 

Impurity precipitation was minimized by reheating 
and rapidly cooling the sodium chloride samples. For 
this purpose the 2X2X0.4 cm slabs obtained from 
the melt-grown crystals were heated to 350°C for 30 
min in air. The slabs were then withdrawn from the 
furnace, air-cooled to room temperature, and samples 
of approximate dimensions 1X1X0.04 cm were then 
cleaved. Polarization measurements were usually com- 
pleted within four days after this treatment. The as- 
received Harshaw crystal, however, was not reheated. 

Electrodes of graphite or silver paint" were applied 


TABLE I. Metallic impurities present in NaCl samples 


Impurity Impurity 
(ionic radius 


in A) 


Rejec tion 
ratio 
melt : solid) 


com 


Sample* ppm) 


Mg (0.65) L 67 8+5 i 
Mg (0.65) L70 30+18 Reza 
Mg (0.65) D1 
Zn (0.74) L 68 -2 :f 
Zn (0.74) L69 
Zn (0.74) D3 
Mn (0.80) L 33A 
Mn (0.80) L 33B 
Mn (0.80) L 33¢ 
Cd (0.97) L 40 
Ca (0.99) L 64 2600+400 
Se (1.13) L 66 86+49 
Harshaw H 3 <10 
“Pure” L 45 <100 
“Pure” L19 . 
“Pure” L 63 


770+160 


(Recrystallized) 


® Letter designates method of preparation—L is lab-grown, D is impurity 
diffused into Harshaw crystal, H is as-received Harshaw crystal 


Colloidal Graphite in Isopropanol, No. 154, Acheson Colloid 
Company, Port Huron, Michigan; ‘Flexible Silver Coating,” 
No. 16, Hanovia Chemical and Manufacturing Company, East 
Newark, New Jersey. 
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to the large faces of the samples and the edges were 
then cleaved away. In this way, the chance that surplus 
paint might produce short circuits was eliminated. 
Silver paint was used to fasten the samples to the high- 
voltage electrode. The electrometer input lead, a 5-mil 
gold wire, was also attached to the sample by the use 
of silver paint. 

The amount of divalent impurity was determined by 
spectrographic analysis where the samples were com- 
pared to standards containing weighed amounts of each 
impurity. The sample itself, rather than another part 
of the ingot, was usually used for the analysis. Results 
of the analysis are given in column 3, Table I. 

The rejection of the impurity from the solidifying 
sodium chloride decreased as the ionic radius of the 
impurity increased. This behavior was established by 
comparing the known amounts of impurities in the 
melt to the results of spectrographic analysis of the 
samples taken from the bottom of the ingot. The 
results appear in column 4 of Table I. It is noteworthy 
that Cd** was rejected about three times as strongly 
as Cat 


III. EXPERIMENTAL METHODS 


The sample container was basically a stainless steel 
Dewar. Ceramic feed-through insulators were used for 
the electrical connections, including the electrometer 
input lead. Vacuum or very dry nitrogen prevented 
surface conduction due to moisture having condensed 
on the sides of the sample. Spurious dielectric polari- 
zations were eliminated by having the minimal amount 
of electric insulation near the electrometer input and 
in the region of changing electric fields. For example, 
quartz sample insulators initially near the electrometer 
input gave polarization effects comparable to those in 
doped sodium chloride crystals. 
equipment altered to 
insulators. 

A vacuum tube input electrometer, Keithley Model 
610, measured the transient current. This instrument 
has a minimum feedback factor of 100. The primary 
benefit of this feedback was a greatly enhanced response 
speed. The feedback also reduced the input impedance 
by one hundred times; therefore, there was much less 
danger of insulators partially shunting the 
electrometer input. An adjustable two section R-C 
filtering network reduced the sixty cycle and micro- 
phonic noise appearing in the electrometer output. 

The dielectric polarization was observed as a de- 
creasing transient current immediately after the appli- 
cation of a constant electric field. A Tektronix Model 
645 oscilloscope and a camera were used to record the 
transient currents. For most polarization measurements 
250 volts were applied to the sample and the grid short 
removed 0.1 sec later. This time delay allows the 
lattice displacement polarization to reach equilibrium 
before current measurements are commenced, and thus 
avoids overloading the electrometer. The application 


the 
quartz 


Accordingly, 


was eliminate such 


poor 
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of the voltage also triggered the scope sweep circuit. 
A second trace was made with the electric field in the 
opposite direction. Use of the average of the magnitudes 
of these traces eliminated most errors due to 
electrometer grid current, switching transients, and 
imbalances in the de amplifiers. Three to five pictures 
were taken at each temperature, with sweep times in 
the range 0.5 to 50 sec. For each sweep time the 
optimum setting of feedback, grid resistor, R-C filtering 
network, and scope sensitivity were used. The equip- 


two 


ment was capable of detecting about 10! dipoles/cm# 
assuming the dipoles to be associated nearest-neighbor 
vacancy impurity complexes. 

The polarization measurements were usually made 
over the range of —80° to +25°C. A one-liter liquid 
nitrogen chamber above the sample provided cooling. 
Constant temperatures were maintained by adjusting 
the current through a cylindrical resistance heater 
which surrounded the sample. The temperature was 
measured by a copper-constantan thermocouple located 
in the ceramic insulator on which the sample was 
mounted, at a distance 0.5 mm below the sample. The 
temperature measurements are accurate to +0.2°C. 

The magnitude of the entire polarization vs time 
curve was the same regardless of whether it was deter- 
mined upon application or upon removal of the applied 
field. Using electric fields with magnitudes in the ratio 
4:1 also produced a proportionate change in the 
polarization current. Such linearity of current with 
field is indicative of a bulk polarization phenomenon, 
and not a result of blocking of the ionic flow at the 
electrodes." 

The normal ionic conductivity is very small below 
0°C, and, therefore, did not interfere with polarization 
measurements. Between 0° and +25°C, the small 
conductivity could be subtracted the time- 
dependent polarization effects, or alternately, the 
measurement could be taken of the current flowing 
upon removal of the polarizing voltage. 


from 


IV. EXPERIMENTAL RESULTS 


A typical curve of polarization current vs time for a 
doped sodium chloride crystal is shown in Fig. 2, which 
is a composite of oscilloscope traces with four sweep 
rates. From this figure it is clear that the observable 
polarization at — 29°C is made up of two parts. In the 
first part, the initial polarization current is shown 
decreasing exponentially in time for almost two decades 
in the current. This portion of the decay will be referred 
to as the “fast polarization.”’ The inverse slope of this 
initial portion is defined as the relaxation time, 7, for 
the fast polarization. The second part of the curve, 
called the “slow polarization,” is defined as the residual 
current after subtracting off the fast polarization; this 
part can not be fitted to a single exponential decay. 

At somewhat lower temperatures, evidence for the 


‘8G. Jaffe, Ann. Physik 217, 249 (1933). 





Na Cl:Ca°** 
T=-29°C 
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Fic. 2. A typical result from the measurement of the polari- 
zation current flowing after the application of a field of 6.8X 10° 
volts/cm at zero time. This graph is a composite of data from 
photographs taken at four different oscilloscope sweep rates, and 
denoted by the four different symbols. The inverse slope of the 
initial exponential decay is defined as the fast polarization time, r. 


existence of a polarization current with a time constant 
even shorter than that associated with the fast polari- 
zation was observed in most cases. Figure 3 illustrates 
this effect for the cases of NaCl crystals doped with 
Mn*t* and Zn*+*+. The magnitude of this “very fast 
polarization” is a small fraction of the normally 
observed “‘fast polarization.” This figure also indicates 
the difficulty in obtaining accurate data on the magni- 
tude and time constant of the very fast polarization for 
such impurities as Mnt*++ because of the need for 
subtracting the large fast polarization effect. The 
clearest case of a very fast polarization is observed in 
Zn**+-doped crystals, where the polarization resulting 
from this very rapidly decaying current was estimated 
to be over one-third of the magnitude of the fast 
polarization. The slow polarization, as defined above, 
is not apparent in Fig. 3 because its relaxation rate is 
greatly diminished at this low temperature. As the 
temperature is decreased the decay times associated 
with both the fast and very fast polarizations decrease 
in approximately the same ratio. The polarization 
current was occasionally checked at temperatures as 
low as — 100°C; evidence for the existence of further 
relaxations was not found. 

The magnitudes of these relaxations are dependent 
upon the presence of divalent impurity ions. In fact, 
the fast and very fast polarizations were not detected 
in an as-received Harshaw crystal. In this same 
Harshaw crystal, the slow polarization was present, 
although its magnitude was relatively small as com- 
pared to a doped crystal. The polarization currents in 
the laboratory-grown “‘pure” crystals are also smaller 
than in the case of the doped crystals. 

Results from polarization measurements over the 
temperature range of 0° to — 65°C, show that the time 
constant of the fast polarization +, is thermally acti- 
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vated and follows an Arrhenius-type equation (see Fig. 
4 and the data designated “Present Work” in Fig. 5). 
Similar results also were obtained for NaCl: Cd++ and 
Zn**. 

In order to determine whether the fast polarization 
is due to the relaxation process involving the reorien- 
tation of impurity-vacancy complexes under the 
influence of an electric field, a comparison between 
relaxation times measured in the present dc experiments 
and those measured from ac dielectric loss experiments 
appeared desirable. The most complete ac data are 
those for the system NaCl: Mnt* obtained by Watkins? 
in the megacycle frequency range and by Haven’ in the 
kilocycle range. Watkins has presented a method of 
calculating the relaxation time for the nearest-neighbor 
complexes from the dielectric loss data. Accordingly, 
the relaxation times for the fast polarization in the 
present experiments on Mn**-doped crystals are com- 
pared with the relaxation times calculated" from 
Watkins’ data, as shown in Fig. 5. The data of Haven 
are also included. The combined data are represented 
by the Arrhenius-type equation, 


r'=A exp(—é¢/kT), (1) 


with activation energy e=0.680+0.010 ev and fre- 
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Fic. 3. The polarization current vs time as measured at a 
relatively low temperature. The straight line is identified as the 
“fast” polarization current. The presence of a small, very fast 
polarization current at a time below 10 sec is to be noted. Only in 
the case of NaCl:Zn** was this “very fast” polarization current 
of sufficient magnitude to be measured accurately 


4 The value of r as measured by ac methods from the position 
of the Debye peak has been increased by 22% in order to indicate 
only the nearest-neighbor relaxation component. The calculation 
of this correction is given on p. 95, reference 9. From the high- 
frequency data alone, Watkins had obtained a value of «=0.63 
+0.05 ev. 
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quency factor A of 9X10" sec (to within a factor of 
1.5). It should be noted that the range covered is more 
than nine decades in r. The straight line of Fig. 5 with 
these parameters fits both the ac and dc measurements 
within the experimental error of each. Accordingly, it 
appears reasonable to conclude that the exponential 
decay in the de polarization (for NaCl: Mnt**) is due 
to the relaxation of the impurity-vacancy complex in 
the n.n. position. 

In a similar way, Fig. 5 shows that both the ac and 
de data for NaCl:Ca*+* can be accurately fitted to 
Eq. (1) by using the same A value as in the case of 
NaCl: Mnt*. The shift in 7 then indicates a slightly 
higher activation energy, 0.702+-0.010 ev, as compared 
to the Mn** doped crystals. 

The values of ¢ determined from the slopes of 
logr vs 1/7, are tabulated in column 3, Table II, for 
all the impurities studied. These ¢ values are obtained 
only from the present data, obtained below 0°C. Also 
shown in Table IT are the values e (constant A) which 
are calculated by assuming A to be independent of 
impurity radius. The two activation energies agree 
within experimental error. Based on the data for the 
Mn**- and Ca**-doped crystals, and in the absence of 
high-temperature data for the other impurities, it seems 
reasonable that the best values of ¢ for all cases are 
those obtained by taking A as a constant equal to 
9X 10" sec. 

The frequency factor for the n.n. relaxation, A, of 
Eq. (1) is about fifteen times larger than the Debye 
frequency, 5.910" sec, for NaCl. According to the 
theory of Zener’: 


A=lv exp(AS/k), 


T (°C) 

o° -10° -20° -30° -40° 
22. oe 
|-NaCl: Sr **(0,73ev) 
|_ 2-NaCI: Mn **(0.69ev) 
3-NoC!: Mg ** (0.65 ev) 
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Fic. 4. Variation of the fast polarization time, 7, with tempera- 
ture for NaCl: Mgt*, Mn**, and Sr**. The reproducibility of + 
with respect to changes in concentration of a particular impurity 
ion is illustrated by the comparison of data for different samples. 
(The time constant has not been corrected to exclude the effects 
of background impurities. This smal! correction has been made in 
Fig. 5, however.) 





16 C. Zener, Imperfections in Nearly Perfect Crystals (John Wiley 
& Sons, Inc., New York, 1952), Chap. 11, p. 289. 
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Fic. 5. Variation of relaxation time with absolute temperature 
for Mnt*- and Ca**-doped crystals. These curves show the 
agreement between the present dc polarization measurements and 
the earlier ac measurements by Watkins and Haven. 
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where AS is the entropy change when an ion goes from 
the equilibrium to the saddle point position, v is an 
ionic vibrational frequency, and / is the number of 
similar vacancy jumps, each of which is capable of 
producing relaxation. The present results give AS= 2.2k, 
when » is set equal to the Debye frequency and / has 
the value two. Values of this magnitude for AS are 
commonly found in diffusional processes.'® 

The exact magnitude of 7 at a given temperature 
depends upon which impurity is present. In general, the 
larger the divalent impurity ion, the slower the re- 
laxation. The effect is most evident when the relaxation 
time is plotted vs ionic radius for a particular tempera- 
ture. The present results are shown in the upper curve 
of Fig. 6, where the ionic radii are those given by 
Pauling.'® On the right-hand scale, € (constant A) 
values are shown, as were given in Table II. Figure 
6(b) presents the results of Dryden and Meakins* 
obtained by dielectric loss measurements above 0°C 
on doped KCI crystals. The horizontal scales have been 
shifted so that the radius of the sodium ion in the 

16. Pauling, Nature of the Chemical Bond (Cornell University 
Press, Ithaca, New York, 1945), 2nd ed., p. 346. Other authors 
have given somewhat different values for the absolute-magnitude 
of ionic radii. However, for the present discussion the relative 
values of the ionic radii are of primary importance, and these 


values are not significantly altered by the different procedures 
used to calculate the ionic radii 
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TABLE II. Activation energies and magnitudes of dielectric polarizations measured in NaCl 


Relative 
: : magnitude 
Impurity oncentration ol of slow 
ionic radius e*Llogr vs 1/T] [constant A]* 7 at —35°C» jolt /E n.n. dipoles” to fast 


in A) Sample ev) (ev) (sec) (°K sec/ohm cm)” cm") (ppm) polarization 


x 107" . es 
x 10-" . ee 0.6 
< 10 13 ‘ . 0.2 
x<10-" 1.4 
<107-" 2.6 
< 107" 1.9 
<x 10-" 0.7 
x 10-" 0.6 
4x10-" 0.5 
<x 10-" 0.8 
x 1078 0.1 
<10-% 0.07 
<10-™ tee 
x 10-8 
xX 10-" 
x10 14 


A 


Mg (0.65) L 67 tee 
Mg (0.65) L 70 0.85+0.06 
Mg (0.65) D1 J 0.89+0.06 
Zn (0.74) L 68 iy 0.64+0.20 
Zn (0.74) L 69 0.66+0.13 0.656 0.45+0.25 
Zn (0.74) D3 : 0.72+0.10 
Mn (0.80) L 33A 1 2.6 +0.5 
Mn (0.80) L 33B 0.69+0.03 0.680 +0.5 
Mn (0.80) Lac Al +0.5 
Cd (0.97) L 40 0.67 +0.03 0.693 +0.5 
Ca (0.99) L 64 0.67+0.03 0.702 
Sr (1.13) L 66 0.73+0.03 0.705 
Harshaw H 3 vee see 
“Pure” L 45 0.70+0.03 0.702 
*Pure”’ L119 0.66+0.06 0.698 
“Pure”’ L 63 0.73+0.04 0.703 


0.65+0.03 0.661 
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* ¢ values based upon only the present results (from de polarization measurements below 0°C). 


> Concentrations and time constants have been corrected to exclude background impurities in the doped samples. In the Zn**- an *+.doped crystals, 
the background impurity (Ca**) polarization was resolvable, and hence, directly separable. In the other doped crystals, the polariz yn current charac- 


teristic of L 45 was subtracted from the current vs time result. 


upper graph falls over the radius of the potassium ion If one knows the nature of the polarizable dipoles 
in the lower graph. The comparison of the two plots contributing to the fast polarization, one can calculate 
will be discussed in the next section. the concentration of such dipoles from the magnitude 
of the fast polarization current. The agreement between 

Radius (A) Watkins’ results and the present measurements have 

: strongly suggested that the fast polarization is due to 

nearest-neighbor impurity-vacancy complexes. In Sec. 

V-A, it will be shown that this interpretation of the 

fast polarization is also valid for all the other impurities 

except Mgt*, and possibly Zn*+*. Assuming for now 

that the nearest-neighbor pairs are responsible for the 

Na CEM"* fast polarization current, and, since the time derivative 

of the polarization, P(¢), is equal to the current density 
j(t), we obtain for the steady-state polarization, P( ), 


gy (ev) 


P(o) f 7(t)dt= aeAn, 


where An is the net concentration of the dipoles 
oriented by the field and ae is the dipole moment of 
each. 

When the magnitude of the current decays expo- 
nentially with time constant 7, the following relation 
KCI: Mm” may be written 


Kanes & 
on Ener 


Activati 


[Dryden and Meokins] 


(4) 


Radius (A The net concentration of dipoles oriented by the field, 

Fic. 6. (a) (Upper curve) The relaxation time, 7, at —35°C E, is related to the concentration of n.n. impurity- 
vs the ionic radius of the impurity ion for doped NaCl crystals vacancy complexes, J, : 
from the present measurements. The right-hand column lists the ; 
activation energies calculated from the r values assuming that An=[e®* kT _ ¢—EaelkT |N ,/3~4N,(2Eae/kT). (5) 
the frequency factors remain constant [see Eq. (1)]. (It is shown " 
in Sec. V, however, that the ev scale is probably not applicable to Combining Eqs. (3), (4), and (5) to eliminate P(2) 
NaCl:Mg**.) (b) (Lower curve) Similar data of Dryden and, d ae : ‘ 
Meakins for KCl. ‘The two graphs have been aligned by placing and An, gives . 
the radius of Na* over the radius of K*. Nn=3k joT 7 |/20°@E. (6) 
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Values of jorT/E, obtained experimentally, and the 
corresponding values of V,, calculated from Eq. (6), 
are presented in Table II. It is noteworthy that the 
fast relaxation usually accounts for only 1-10% of the 
impurity ions present, as is shown by comparing 
Tables I and Il. For example, about 10 ppm of Mn** 
dispersed in the NaCl lattice could produce the polari- 
zation magnitude observed in crystals containing a 
total of 200 ppm of Mnt* ions. The small magnitude 
observed can be accounted for if a large portion of the 
impurity ions are in a precipitated state. 

The accuracy of the measurement of each magnitude 
joT' r/E is 410%. It is, therefore, not possible to verify 
the T factor in Eq. (6), since T changes by only 20% 
in the range of these experiments; however, there was 
no discrepancy noted within the temperature range 
covered by the present measurements, i.e., the quantity 
jotT/E for a given sample was independent of tem- 
perature, to within experimental error. 

An observable fast polarization (r~6 sec at —35°C) 
apparently due to calcium ions, is present in the lab- 
grown “pure” crystals (though not in the Harshaw 
crystals). The magnitude and time constant can be 
accounted for by five ppm of Cat+ (or Sr*+*) impurity. 
Semiquantitative spectroscopic analysis indicates this 
order of magnitude of Ca** ions present in all lab-grown 
crystals. This background relaxation is not present in 
the samples doped by diffusing Zn+*+ or Mg** into 
Harshaw crystals. The impurity relaxation is, however, 
present to the same degree in Zn+*+- and Mg**-doped 
laboratory-grown samples, the only doped: crystals 
where it is clearly observable. Because the 7 values for 
the fast polarization in Zn*+*- and Mgt+-doped crystals 
are so much smaller than that of Cat++-doped crystals, 
the effects of the residual impurity is resolvable and 
therefore may be excluded. For the remaining (Mn**-, 
Cd*+-, Ca**-, and Sr*+*+-) doped samples, where 7 values 
are close to that of the residual impurity and therefore 
not resolvable, the time-dependent polarization current 
due to the residual impurity was subtracted from the 
measured polarization current. An error in the magni- 
tude of the background polarization would result in 
in error in the time constant, 7. The effect of a 50% 
error in background polarization magnitude is included 
in the estimated accuracy shown in Fig. 6(a). 

The slow portion of the polarization curve (see Fig. 
2) is not a simple exponential decay, nor can it be 
resolved into a unique sum of simple exponentials, thus 
indicating that the appropriate relaxation times are 
closer together than an order of magnitude. In order to 
describe the slow polarization, the current density data 
were fitted with a discrete series of exponentially 
decaying currents: 


JOD=DLn jn exp(—t/7,). (7) 


A value for the steady-state polarization after infinite 
time is found by substituting the above series into Eq. 
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(3) and carrying out the integration: 


P( 0 )=> a fnTa (8) 


Each r, value can now be substituted into Eq. (1) in 
order to find a corresponding activation energy e. In 
obtaining these activation energies the frequency factor, 
A, is assumed to have a value of 1.810" sec. This 
value is consistent with the electrical polarization 
being produced by a vacancy jumping to one of four 
similar lattice sites instead of two as in the case of 
nearest-neighbor relaxation, and the same entropy 
factor as for the n.n. case [see Eq. (2) ]. The shape of 
the slow polarization curve is found to be independent 
of the amount or type of impurity present. These 
factors do, however, have an effect upon the over-all 
magnitude of the slow-polarization curve. As a result 
of such analysis of the slow polarization it is found that 
the shortest 7 values involved correspond to activation 
energies of about 0.75 ev, but that there is no indication 
of an upper limit to the activation energy. Since it is 
known" that a completely free cation vacancy has a jump 
activation energy of 0.78 ev, it is assumed that com- 
ponents of the slow polarization for which e>0.78 ev 
must be due to other causes, such as the effects studied 
above room temperature by Sutter.'* Accordingly, in 
the calculation of the magnitude of the slow polari- 
zation, the data were arbitrarily cut off at relaxation 
times corresponding to e=0.78 ev. In any case, even 
if the cutoff used neglects a portion of the relevant 
(impurity-vacancy complex) polarization, the similarity 
in shape of the slow polarization curves for various 
impurities suggests that the results tabulated are at 
least valuable for comparison of different impurities. 
Table II, column 8, gives values of the ratio of the 
magnitude obtained in this way to the magnitude of 
the fast polarization. 


V. DISCUSSION 


A. “Fast” and “Very Fast” Polarizations 


In NaCl:Mnt+* and NaCl:Ca** crystals, it was 
shown that the fast polarization current was due to the 
same relaxation process as that observed by Watkins 
and Haven, respectively. In addition, the spin resonance 
results of Watkins” showed that the relaxation process 
is due to vacancies in the n.n. position of a Mntt 
impurity ion. There are, however, several types of 
jumps which can produce the reorientation of an n.n. 
complex under the influence of an electric field. It is 
possible to obtain information about the relative 
importance of each type of jump by considering the 
variation of relaxation time, 7, with the radius of the 
impurity ion. The first step is to derive the relation 
between 7 and the individual jump frequencies, while 

7R. W. Dreyfus and A. S. Nowick (to be published). 

18 P. Sutter, thesis, Yale University, 1959; P. Sutter and A, 
S. Nowick (to be published) 

18 G. D. Watkins, Phys. Rev. 113, 79 (1959). 
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in the second step the changes in these specific jump 
frequencies with changes in the ionic radius of the 
impurity ion are roughly determined. Thus, correlations 
between changes in r and changes in the ionic radius of 
the impurity ion can be used to indicate which jump 
frequencies are predominantly influencing the relaxation 
rate. 

Lidiard'® expressed the time dependence of the con- 
centrations of vacancies in the various n.n. and n.n.n. 
positions as functions of the applied electric field and 
the various relevant ionic jump frequencies, and has 
provided solutions to these equations for the case of an 
ac applied field. The equations do not include jumps 
involving ionic sites farther than 2@ from the impurity 
ion. For present purposes the solution of Lidiard’s 
equations under a dec electric field is required. This 
solution, derived in the Appendix, expresses the 
polarization, P(t), and current density, j(), as the 
sum of two exponential terms, as follows: 


P(t)=P,(1—e—™")+ P.(1—e—™**), (9) 


j(t)= dP(t) dt P\r1e tt. Poe Azt (10) 


where 


tae iE 
P\= 
3kT (2+w4/ws) (Ai—Az 


X[2(wotws)—A2(1+-ws/ws) ], (11) 


47e2N 
3RT (2+, W3) (Ay — >) 


x PAL (1 (12) 


+ is iW) — 2( wey + Ws) |, 
and 


“tT Ws £3 )? + dws }}, 


Ai2= 2wetwotwit[ (wr (13) 


where \; 
respectively. In the above equations: 


and » correspond to the + and — signs, 


u Wit We, 


and .\; is equal to the concentration of impurity ions 
having vacancies occupying n.n. or n.n.n. sites. In 
these equations, the symbol w; designates the jump 
frequency for interchange between an n.n. sodium ion 
and an n.n. vacancy (as shown in Fig. 1) in the absence 
of an applied field. Similarly, w2 represents the inter- 
change of the divalent impurity ion and an n.n. sodium- 
ion vacancy, w; the motion of an n.n.n. vacancy to an 
n.n. site, and w, that of an n.n. vacancy to an n.n.n. site. 

It is also shown in the Appendix that the ac solution 
of this problem can actually be expressed as the sum 
of two Debye peaks with relaxation times given by the 
reciprocals of A; and do. 

Returning to the dc solution for the magnitudes and 
time constants of the polarization, it is clear that, in 
general, the polarization cannot be separated into 
purely n.n. and n.n.n. relaxational modes. Rather the 
solution may be described as two modes coupled 
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together, analogously to the case of coupled vibrational 
modes. It is noteworthy that A, >» under all conditions. 
For additional insight into the meaning of these solu- 
tions for a de applied field, it is helpful to consider two 
special cases. 

Case I. Simplification of Eqs. (11)—(13) is obtained 
if the following approximation is valid: 


See ee 
WoA7ALW3,W's. 


(14) 


Under these conditions, the parameters characterizing 
the solution have the values: 


hi = 2wot 2ws, .n. relaxation) (15) 


.n.n. relaxation) (16) 


\o= 4ws, 


P\/ Po w/w. (17) 


The latter quantity indicates the relative magnitude 
of the two relaxations. 

The time constants and relative magnitude now have 
the characteristics of n.n. and n.n.n. relaxations. The 
quantity 2wo+2w, is equal to the sum of jump fre- 
quencies for all the single jumps of an n.n. vacancy 
which can change the polarization, while the quantity 
w3 is the sum of the jump frequencies for an n.n.n. 
vacancy. The ratio P;/P, is seen to be equal to the 
probability of a vacancy occupying each n.n. type site 
divided by the probability of occupancy for each n.n.n. 
type site." In summary, if the jump from one n.n. site 
to another is much faster than any of the other vacancy 
jumps, the polarization takes on the characteristics of 
two separate relaxations, simulating a redistribution of 
n.n. and n.n.n. vacancies, respectively. 

Case IJ. A second approximation also exists which 
results in the polarization appearing as separate n.n. 
and n.n.n. relaxations: 


200 > 


LW 37 (18) 


"WW 9, W 4. 


This assumption means that the jump from an n.n.n. 
to an n.n. site is the fastest vacancy jump, and thereby 
also implies that a vacancy occupying an n.n. site is a 
much more probable situation than one occupying an 
n.n.n, site. Equations (11)—(13) now have the form: 


Ar = 4w3t+ ws, (19) 


(n.n.n. relaxation) 


Ao=2wotws, (n.n. relaxation) (20) 


P,/P.= Ws, 4ws. (21 ) 


The relaxation times, \;~' and A,~', can now be asso- 
ciated with n.n.n.- and n.n.-type vacancies, respectively, 
based on essentially the same argument as was given 
for Case I. The principal distinction is that for Case I, 
the faster relaxation, \;, is the one which involves the 
relaxation of n.n.-type vacancies, while for Case IT, the 
faster relaxation is that of the n.n.n.-type vacancies. 
It should be noted, however, that for Case II the ratio 
P,/Pz is small, so that the faster relaxation is not the 
major effect. 
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In general, as long as wy, is relatively small (as is 
valid for both Cases I and II), one of the relaxation 
frequencies can be associated with the jumps of n.n.- 
type vacancies and the other with n.n.n.-type vacancies. 
When wy, is larger than either of the other jump fre- 
quencies, this division into n.n.- and n.n.n.-type re- 
laxational modes is not evident. 

When w, is set equal to zero, we have the example, 
considered often in the previous literature, of only an 
n.n. relaxation. The polarization then appears as either 
a single Debye peak or single exponential decay [as 
was given in the simplified result, Eq. (6)] in the 
corresponding experiments. 

Having obtained expressions for the dependence of 
the appropriate relaxation times on the various vacancy 
jump frequencies, we may now proceed with the second 
step, i.e., to consider how each jump frequency depends 
on the radius of the impurity ion. Changes in ioni 
radius of the impurity provide merely a second-order 
correction to the jump frequency w,, since it is only the 
shift of the nearest chlorine ion positions which alters 
the potential barrier for the jumping of the sodium ion. 
It seems reasonable that the jump activation energy 
associated with w; should not decrease by more than 
hundredths of electron volts as the radius of the im- 
purity ion decreases. On the other hand, the magnitude 
of we will depend very strongly on the radius of the 
impurity ion, since in this case it is the impurity ion 
which is doing the jumping. The diffusion experiments 
of Chemla®® demonstrated that the activation energy 
associated with w, can decrease by tenths of electron 
volts when the impurity radius is decreased by 50%. 
In these experiments, radioactive Zn*+*+ and Sr** were 
used to measure the diffusion coefficient and thereby 
obtain this information about w.. The variation of w, 
and wy» as a function of impurity-ion radius is illustrated 
qualitatively in Fig. 7(a). 

The jump frequencies w; and w2 always appear as 
the sum, w», in the solutions for the time constants and 
polarization magnitudes given in Eqs. (11)-(13). For 
impurity ions with radii larger ‘‘\an the radius of Na*, 
w, should be much less than w;, which will result in 
wow. It seems reasonable that the quantity w. should 
form the major contribution to wy only when the radius 
of the impurity ion becomes significantly (10-15%) 
smaller than the radius of the alkali metal ions. This 
changing character of wy» is illustrated schematically in 
Fig. 7(b). 

An estimate of the variation of ws and w, with 
impurity-ion radius must include the effect of the 
potential energy differences of vacancies in n.n. or 
n.n.n. positions. The requirement of equilibrium with 
no applied electric field provides the relation : 


W3/ Ws= exp(€xa.n. eres jan SRT); (22 ) 


where and €n.n.». are the binding energies of 


€n.n. 


*” M. Chemla, Ann. phys. 1, 959 (1956). 


COMPI 


EXES CRYSTALS 














JUMP FREQUENCY 





HCASEIE{ |——CASE II——+ 
A se 





ra \2wa) 


\ 


~~ or 


(4w2) 


(2wo ) 


RELAXATION RATE 








RADIUS OF THE IMPURITY ION 

Fic. 7. (a) The anticipated dependence of the individual jump 
frequencies upon the radius of the impurity ion. The vacancy 
motion corresponding to each jump frequency is indicated within 
the parentheses. (b) The relative magnitude of the three jump 
frequencies which determine the applicability of the approximate 
solutions for Cases I or II. (c) The dependence of the relaxation 
rates \; and A» upon the radius of the impurity ion as derived from 
(a) and (b). The jump frequency which predominates in each 
range is given in parentheses 


vacancies in the indicated positions. The theoretical 
calculations of Bassani and Fumi’ have indicated an 
increase in the magnitude of €,.,, with increasing radius 
of the impurity ion. In the absence of additional 
information, the following two assumptions will be 
made, both of which appear to be reasonable as first 
approximations: (a) the quantity €:...., and (b) the 
product wsws should be independent of the radius of 
the impurity ion. According to (a), the ratio w;/w, is 
expected to increase with increasing ionic radius, while 
bringing in assumption (b), shows that ws will increase 
and wy, will decrease with increasing ionic radius. The 
variation of w3; and w, with radius should, however, be 
gradual; there is no reason why they should show the 
more drastic character of the w. variation. Figure 7(a) 
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shows, qualitatively, the variation of ws and w, with 
ionic radius, based on the above considerations. 

As for the relative positions of the curves in Fig. 
7(a), we have less information available; the most 
pertinent information comes from the spin resonance 
results of Watkins.’ For NaCl: Mnt*+, Watkins con- 
cluded that €y.n.— €n.n...=0.034 ev. At —35°C, this 
implies w3=5.3ws. This relation, combined with the 
previous estimates of changes in the ratio w/w, 
justifies the assumption that 2w3>>w, for all the im- 
purities with radii equal to or greater than Mnt*. 

The estimate concerning the relative magnitude of 
2w3 as compared to w» for NaCl: Mn** is only obtained 
by an extrapolation of admittedly scanty available data. 
Linewidths, as measured by the spin resonance tech- 
niques of Watkins,’ provide information on the n.n. 
and n.n.n. vacancy jump times. Based on these meas- 
urements, Watkins was led to conclusions which may 
be interpreted in the form: (4ws)!= 3 (4wi+-wet 24) 
and we<4w, both at ~ 250°C. Under the assumption 
that all the w’s have the same frequency factor, it can 
be shown from the above data that 5wo>w3>wo for 
NaCl: Mnt* at —35°C. For the larger impurity ions 
the relation presumably Since 
w3=5.3w4, the inequalities: 


bec omes 2w3>W. 


Wo>W4> Wo/ 5.3, 
are implied for the case of NaCl: Mn** at —35°C. The 
above relations are the basis for the positioning of the 
curves in Figs. 7(a) and 7(b). 

Figure 7(b) illustrates how the above evaluation of 
the jump frequencies separates the relaxations into 
Cases I and II [defined by Eqs. (14) and (18), respec- 
tively |, depending upon the impurity-ion radius. For 
impurity ions larger than Mn**, 2w3>>wo, ws; thereby 
indicating the applicability of Case II. Figure 7(c) 
shows the corresponding variations of \; and dA,» given 
by Eqs. (19) and (20) in the Case II region. 

Figure 7(b) illustrates that for impurities with very 
small radii, the approximations will be valid which 
indicate the applicability of Case I, viz., wo>2ws, w.. 
Thus, the rapid increase of we, for ions smaller than 
Na*, has produced a transition from Case II to Case I. 
Under these conditions, one cannot predict @ priori 
whether w3 or w, will be larger; hence, it cannot be 
predicted whether P; or P, will represent the larger 
polarization when Case I applies. Nevertheless, the P» 
polarization now takes on the character of an n.n.n. 
relaxation effect, as A, becomes equal to 4w;. Figure 
7(c) shows the changes in both A; and A, with impurity 
ionic radius. The quantities given in parentheses are 
the predominant rates in each range. Simple approxi- 
mate solutions apparently do not exist in the transition 
region between Cases I and II. 

The above predictions concerning the behavior of 
the relaxation rates with changes in the radius of the 
impurity ion can new be compared with the observed 
changes in 7 illustrated in Fig. 6. It should be noted 
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that the quantity plotted in Fig. 6 is the relaxation 
time, while its reciprocal, the relaxation rate, is shown 
in Fig. 7(c). For the larger impurity ions, a unique 
relaxation time, 7, is observed and is presumed to be 
d2!. Also, the observation of a very fast polarization 
of small magnitude can now be explained in terms of 
the faster relaxation for which the relaxation rate is 
Xi, and which is predominantly an n.n.n. relaxation. 
The assumption that 2w;>>w» for the larger impurity 
ions'thus provides the basis for a direct interpretation 
of the very fast polarization. Returning to Fig. 6, the 
quantity 7 is found to be almost independent of the 
ionic radius of the impurity for NaCl:Cd*+, Cat+, 
and Sr++, as predicted for \» in Fig. 7(c) for large 
impurity ion radii. Furthermore, + drops rapidly (or 
7" increases rapidly) in going from Cd** to Mn** to 
Zn*+, again in agreement with the predicted increase 
of A» in Fig. 7(c). 

In the case of NaCl:Zn** the very fast polarization 
has increased in magnitude, so that the polarization 
shows two distinct relaxational modes. Only the time 
constant of the larger relaxation (associated with P2, 
Xz) is shown in Fig. 6. The very fast polarization ob- 
served at the earlier times is approximately eight times 
faster and approximately four-tenths in magnitude 
as compared to the fast polarization. The fact that the 
Xi relaxation now appears to be clearly observable is 
presumably a result of w/w; having increased to 
approximately unity for small impurity ions, and the 
corresponding increase in the magnitude of P:/P2 as 
shown by Eq. (21). The presence of two relaxations 
with not too dissimilar time constants and magnitudes 
in the case of NaCl:Zn**+ makes it doubtful that the 
assumptions leading to either Case I or II are fulfilled; 
it seems, rather, that the case of NaCl: Zn**+ falls in 
the transition region. 

Finally, Fig. 6 shows a leveling off as we go from 
Znt++ to Mg**. This is in agreement with Fig. 7(c) and 
indicates that the transition from Case II to Case I 
has essentially taken place for the Mg**-doped samples. 
Accordingly, the value plotted in Fig. 6(a) for NaCl: 
Mgt is (4w3)~'!, the relaxation time of the n.n.n. 
vacancies, not that of the n.n. vacancies.”! The experi- 
mental observation that P:<P, for NaCl: Mg** then 
implies that w3<<w, for such a small impurity ion. 

Presumably, the data for impurity-doped KCl of 
Dryden and Meakins, given in Fig. 6(b), indicate a 
similar interpretation. 

Summarizing, comparison of theoretical predictions 
with the experimentally determined dependence of + 
upon the radius of the impurity ion in NaCl crystals 
leads to the following conclusions: (a) In the case of 


Oo 
5 
/ 


21 The activation energy scale on the right in Fig. 6(a) does not 
apply to the case of vacancy motion in NaCl: Mg** because of 
the factor 4 in the relation \2»~4w;. This changed numerical 
factor results in Fig. 6(a) indicating a value 0.014 too small for e 
for NaCl: Mg**. In addition, it should be realized that in the case 
of Mg** doping the activation energy refers to the motion of the 
n.n.n. vacancies. 
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Mntt-, Cdt+-, Cat+-, or Sr*++-doped crystals, the 
dominant unique polarization represents an n.n.-type 
relaxation; (b) for large impurity ions (Cd**, Ca**, 
Sr**) the impurity-vacancy reorientation involves the 
sodium ion jumping between n.n. sites; (c) in the case 
of impurity ions with radii significantly smaller than 
the radius of the alkali metal ion, the jumping of the 
impurity ion into the n.n. vacancy can distinctly 
enhance the rate of n.n. relaxation; (d) the experimental 
results for NaCl: Mg** are interpretable as due to 
complexes in which vacancies predominantly occupy 
n.n.n, sites with respect to the impurity ion; (e) the 
rate of jumping from an n.n.n. site to an n.n, site (ws) 
appears to be greater than the rate of jumping of an 
n.n. vacancy to another n.n. site (w:) for all the im- 
purities studied. 


B. “Slow Polarization”’ 


As already mentioned, bound vacancies can occupy 
sites at distances greater than the n.n.n. sodium-ion 
site. The probability of occupancy is usually small 
since the Coulomb attraction of the impurity ener- 
getically favors the nearer sites. The effect of the 
Coulomb attraction is somewhat compensated for by 
the large number of available sites at greater distances, 
and the fact that the polarization-per-dipole is pro- 
portional to the square of the dipole moment. Calcu- 
lations based on Coulomb energies for the more distant 
sites have indicated that finite polarization contri- 
butions can be expected from sites up to 4a from the 
impurity ion. 

Since the two relaxational modes, P; and Ps, pre- 
dicted from Lidiard’s theory have already been ac- 
counted for by the fast and very fast polarizations, the 
effect of more distant vacancies can only be to add 
additional exponential decay terms in the solution for 
the polarization current. A convenient notation for the 
remaining (slow) polarization is P :. An accurate 
calculation of the magnitudes and time constants of 
higher than n.n.n. relaxations is difficult to use because 
of the uncertainties in the appropriate binding energies 
and jump times. Some qualitative statements can, 
however, be made about the solutions: (a) For a given 
divalent impurity, the magnitude of the slow polari- 
zation, Ps», will be proportional to the concentration 
of the impurity-vacancy complexes present. (b) Since 
only jumps which involve reorientation of the complex 
are considered, the jump time of the more distant 
relaxations should approach three times the jump time 
(in a random direction) of a free vacancy. (c) The 
relative magnitudes of the more distant relaxations 
will depend primarily upon the n.n. binding energy, 
since the binding energies of vacancies at distances 
greater than 2a will be essentially independent of the 
size of the impurity ion while the n.n. binding energy 
is strongly dependent on impurity size. 

The above characteristics of a slow polarization 
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attributable to bound vacancies in relatively distant 
sites appear to agree with the experimentally observed 
behavior of the slow polarization. The magnitude of 
the slow polarization is found to be proportional to 
the magnitude of the fast polarization for each impurity 
ion. The latter quantity is considered to be a measure 
of the concentration of impurity-vacancy complexes 
present. Also, in the measurements for NaCl: Mgt, 
Zn**+, the magnitude of both the fast and slow polari- 
zations could be correspondingly reduced by slowly 
cooling the samples through the 200° to 100°C range. 
It is believed that this treatment should increase the 
degree of impurity precipitation and hence decrease 
the concentration of impurity-vacancy 
complexes. 

The activation energy for motion ranges upward 
from about 0.75 ev. As was mentioned previously, this 
value is in general agreement with the 0.78-ev acti- 
vation energy for motion of a free Na* ion vacancy. 

The magnitude of the slow polarization relative to 
the fast polarization increases the smaller the radius 
of the impurity ion, as shown in the last column of 
Table II, with the exception of Mgt*. It has already 
been shown that for those impurities which fall into 
the range of applicability of Case II [see Fig. 7(b) ], 
the fast polarization (with magnitude P»2) is propor- 
tional to the concentration of n.n. vacancies. On the 
other hand, for the case of NaCl: Mgtt+, it was con- 
cluded that Case I applies and the fast polarization 
represents the n.n.n. relaxation effect. Accordingly, the 
ratio of the slow to fast polarization magnitudes given 
in Table II have a different theoretical significance, 
depending on which of the approximations is valid. 
For Case II, it has the significance of the relative 
contribution of distant (>n.n.n.) relaxations to that 
of the n.n. relaxation. This ratio is therefore, plotted in 
Fig. 8 for all the impurities except Mgt*. (The case 
of Zn*+*+ may be regarded as somewhat questionable too, 
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Fic. 8. The relative magnitude of the polarization for dipoles 
farther than n.n.n. (P52) to that of the n.n. relaxation (P2) as a 
function of ionic radius of the impurity ion. The nearest-neighbor 
binding energies on the right are based on Watkins’ value of 
~0.4 ev for NaCl: Mn** 
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since it has been concluded that this is not clearly Case 
II, but falls in the transition range.) 

A decrease in n.n. binding energy with a decrease in 
impurity radius is expected on the basis of theoretical* 
results. The reduced n.n. binding energy allows more 
of the vacancies to be at distances greater than 2¢ and 
thus the relative magnitude of the slow polarization 
should be increased. Binding energies are shown on the 
right in Fig. 8. These values are calculated by assuming 
the value of 0.4 ev for NaCl: Mn**, as was approxi- 
mately obtained by Watkins’ from electron spin 
resonance results, and comparing the relative magnitude 
of the slow polarization for NaCl crystals containing 
other impurities to that of NaCl:Mnt*. The results 
should be taken only as a general indication of the 
n.n, binding energies. 

For crystals other than NaCl: Mg**, Ps2/P2 gives 
the relative magnitude of distant relaxations (>n.n.n.) 
to that of the n.n. relaxation. For Mg-doped crystals, 
on the other hand, 


[Relative magnitude of slow to n.n. relaxation ] 


= Ps» P\>Ps2 P». 


Thus, the last ratio, which is plotted in Fig. 8 for the 
larger ions is anticipated to be too small. A comparison 
of the last column in Table II and Fig. 8, shows that, 
indeed, the data for NaCl: Mg** lie well below an 
extrapolation of the points for the larger impurity ions. 
It, therefore, appears that not only the results of 
relaxation time measurements [Fig. 6(a) ] but also the 
results for P52/P2 support the concept that the major 
relaxation observed in NaCl: Mg** is of the n.n.n. type. 

No conclusive explanation has been found for the 
differences between Cat*- and Cd*+*-doped crystals. 
The differences are noted to occur not only in the fast 
relaxation time (Fig. 6) and slow relaxation magnitude 
(Fig. 8), but also in the rejection ratios given in Table 
I. It appears that in all cases Cd** behaves as if it had 
a smaller radius than that given in tables of ionic radii. 


VI. CONCLUSIONS 


The increased resolution possible with dc polarization 
techniques applied room temperature, has 
established a distinct fast polarization interpretable 
(except for NaCl: Mg*t*) as a nearest neighbor type 
relaxation. In some cases (Zn*++, Mg**) a distinct n.n.n. 
relaxation has also been observed. A distribution of 
slow polarizations, has been identified as due to re- 
laxations involving vacancies at more distant sites. 
The latter blend into a still slower polarization, similar 
to the phenomena studied by Sutter'’ above room 
temperature. 


below 
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APPENDIX. POLARIZATION CURRENT FOR 
A dc APPLIED FIELD 


Lidiard® expressed the time dependence of the con- 
centrations of vacancies in n.n. and n.n.n. positions as 
functions of the instantaneous electric field and the 
field-free atomic jump frequencies, and has provided 
solutions for the case of an ac applied field. For present 
purposes, these equations are solved for the dc case 
(i.e., static applied field E along the +. axis).. The 
equations will not be repeated here, but for ease of 
reference, the present notation is the same as Lidiard’s 
notation. The impurity ion position is in the plane +=0. 
The quantities .V,, V,, and .V, are then concentrations 
of vacancies at each of the four n.n. sites located in the 
planes x= +a, x=0, and x= —a, respectively. Similarly 
M, and M. are the concentrations of vacancies on each 
of the n.n.n. sites located at x=+2a and x=—2a, 
respectively, and the concentration M), refers to the 
four n.n.n. sites located in the plane of the impurity ion. 

The homogeneity of Lidiard’s six equations and the 
symmetry requirements with respect to the applied 
electric field, indicate that the solution is of the form: 


Na=N-—-n\(1—e \2t) (Al) 


—no(1l—e 


N b= N 


N.=N+n\(1—e 


M .=M—m\(1—e-™')—m,(1 


M,=M, (AS) 


M.=M+m,(1-—e"')+m.(1—e~™). (A6) 


Here the quantities and M are the zero-field equi- 
librium concentrations of vacancies at n.n. and n.n.n. 
sites, respectively. 

It was found necessary to use a solution involving 
two time constants, thereby confirming the result 
(using group theory) of Haven and van Santen” that 
two modes of relaxation are operating. 

The constants in Eqs. (A1—A6) are determined by 
substituting the above relations into the differential 
equations given by Lidiard. The results for the re- 
ciprocal time constants A; and 2 obtained in this way 
are given in Eq. (13) of the text. The following rela- 
tionships are found for the relative magnitudes of the 
exponential relaxation terms: 


n;/m;= (4w3—X;)/4ws, (i=1, 2). (A7) 


Auxiliary conditions are obtained from the equi- 
librium distributions which exist, first, for zero electric 


* See reference 10; Eqs. (Ala)—(A1/), pp. 294 and 295 
*3'Y. Haven and J. H. van Santen, Nuovo cimento 7, 605 (1958) 
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field, and then in the presence of the applied field, LE: 
M/N= W4/ Ws, 
mtno= (aek/kRT)N, 
mi+m= (2aek/kT)M. 


(A8) 
(A9) 
(A10) 


rhe solutions for m, me, m, and nz are obtained by 
combining Eqs. (A7-A10). 

The net polarization, P(/), is derived from the con- 
centration of each type of dipole multiplied by the 
appropriate dipole moment : 


P(t)=2ea(M.—M,)+ea(4N.—4N.). (Al11) 


Substituting into Eq. (A11) the results of the above 
solution, one obtains 


4a°e’ NEL (wo— 2wst+ws)?+4wyw, }} 
P(t)= aT, | 
kT 


by { (1 —_-> M*)F2(wotws)—A2(1 +s Ws) | 


+ ( 1 =——~g rat) Ax ( 1 +w, W3)— 2(wot+ws) |} * (A12) 


At the relatively low temperature involved in the 
present experiments, the impurity ions can be assumed 
to be essentially all in an associated state. The equi 
librium concentration of vacancies at each position is 
then related to the concentration of impurity ions, .V 


\ = 12V+6M = 6N(2+w, W3). (A13) 


By using Eqs. (9), (13), and (A13), the relation (A12) 
can be separated into the two polarization magnitudes 
given in Eqs. (11) and (12) of the text. 

In view of the fact that the de solution consists of 
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two exponential terms, one may be led to wonder why 
Lidiard did not express the ac solution as the sum of 
two Debye peaks. In fact, Lidiard stated that only by 
introducing the effect of vacancy sites more distant than 
n.n.n. could one obtain a second Debye peak. A re- 
examination of the ac solution, however, shows that 
it can be expressed as two Debye peaks. By algebraic 
manipulation of Eqs. (A4) and (A6) of Lidiard’s paper, 
which represent the ac solutioh to the problem, they 
can be put in a form analogous to that given in Eq. 
(A12) of the present paper, as follows: 


4a*e?\ koe : 
P(w)= )4+-4ue0} 
kT 


+-w4)—Ao(1 T W4/ W3) 


7 
t 


(1—w Ai) 


Ai(1 T W/W; )— 2(wo+ws) | 


+ 


, (Al4) 
1—iw/X>e) 


where w/2z is the frequency of the applied voltage. The 
loss angle, 5, is given by 


£ 1s) —Av(1 tT W4/W3) 
(A; /wt+w/A) 


Axl 1 + W4/W3) — 2(wotwa) | 


, (A115) 
(ro/w-+w/ds) 


which is simply the sum of two Debye peaks with 


relaxation times A; and A,~", respectively. 
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Superconducting Transition in Zinc and Gallium* 
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The superconducting transitions of Ga and Zn have been studied to compare the supercooling of these 
elements with that shown by Al under similar conditions. Both Ga and Zn show considerably less tendency 
to supercool than Al despite their lower critical temperatures. The measurements also provide values of 


T,. and (dH./dT) r, 


for Ga and Zn for comparison with recently reported calorimetric data 


Attention is 


called to the fact that discrepancies still exist between direct calorimetric determination of the specific 
heat discontinuity at the critical temperature and the value deduced thermodynamically from critical field 
data. It is shown that such discrepancies are conspicuously worse among the elements Zn, Ga, and Al than 
for the elements of higher T, (In, Sn, Ta, and Pb) where agreement is within experimental error 


INTRODUCTION 


ENERAL arguments given by Pippard' predict 

that his range of coherence parameter £ should 
vary inversely with the critical temperature 7, of a 
superconducting element. Such a relationship is expected 
to lead to an increasing degree of supercooling in ele- 
ments of decreasing 7.. General confirmation of this 
regularity is found in the circumstance that the elements 
of the sequence Pb (7.=7.18°K), Sn (T.=3.72°K), 
and Al (T= 1.19°K), show progressively larger amounts 
of supercooling. In the case of Al the tendency to super- 
cool is strikingly pronounced.?~* 

The present measurements on Ga and Zn (both of 
which have 7, values below that of Al) were undertaken 
to see whether these elements would show a degree of 
supercooling comparable with that of Al. The measure- 
ments also yield fairly reliable values for T. of Ga and 
Zn which have not been frequently measured owing to 
the relative inaccessibility of their superconducting 


range. 
EXPERIMENTAL 
Measuring Technique 


The present measurements were made using the same 
apparatus which has been described in two previous 
articles on the superconducting transition in Al.*:> (For 
brevity these references will be designated as I and II 
hereafter.) 

The Ga data were obtained using the apparatus of 
II which employs a paramagnetic salt pill for thermom- 
etry at the lowest temperatures. The apparatus of II 
proved incapable of reaching the critical temperature of 
Zn, and thus the apparatus of I was used with tempera- 
tures being determined from the critical field of a single 


* This work received partial support from the Office of Ordnance 
Research, U. S. Army. 

+ Present address: Physics Department, Massachusetts Insti- 
tute of Technology, Cambridge, Massachusetts. 

1A: B. Pippard, Proc. Roy. Soc. (London) A216, 547 (1953). 

2D. Shoenberg, Proc. Cambridge Phil. Soc. 36, 84 (1940). 

3T. E. Faber, Proc. Roy. Soc. (London) A231, 353 (1955). 

4 J. F. Cochran, D. E. Mapother, and R. E. Mould, Phys. Rev. 
103, 1657 (1956). 

5 J. F. Cochran and D, E. Mapother, Phys. Rev. 111, 132 (1958). 


crystal of Al in thermal equilibrium with the Zn 
specimen. 


Specimen Preparation 
Zinc Specimens 


Zinc single crystals were grown from 99,999% pure 
Zn (obtained from the New Jersey Zinc Sales Company). 
Specimens were prepared in 6-mm i.d. Pyrex tubing 
which was precoated with graphite, and using a gradient 
furnace similar to that described by Jillson.* After 
crystallization, the Pyrex was cracked away from the 
specimens by thermal shocking at notches filed in the 
glass. Hydrofluoric acid could not be used to dissolve 
the glass because it attacked the Zn too rapidly. The 
resulting specimens were electroetched at the ends to 
remove strained material and to produce a hemispherical 
shape. Grain boundaries were revealed by etching in a 
50% solution of HCl. 

The above technique produced single crystals about 
half of the time. All such specimens were oriented with 
the C axis parallel to the cylinder axis, as determined 
by reflection of collimated light from etch pits. The 
single-crystal specimen used in the present measure- 
ments was 2.75 inches long and 0.22 inch in diameter. 


Gallium Specimens 


Gallium presents some unusual problems owing to: 
(a) its low melting point (29.7°C), (b) its tendency to 
supercool well below the melting point, and (c) the 
expansion which occurs in Ga upon solidification. Be- 
cause of the expansion during crystallization, specimens 
were cast in tubes of the flexible and chemically inert 
plastic, Tygon, using the arrangement shown in Fig. 1. 
Tygon tubing of nominally 0.125-inch i.d. was stretched 
within a glass sleeve, the ends being held by the flared 
glass bushings. This scheme straightened the Tygon 
tubing and also reduced its bore slightly, thus facilitating 
subsequent removal of the gallium crystal when tension 
was released. 

Crystals were cast from Ga of 99.95% purity supplied 

®D. C. Jillson, Trans. Am. Inst. Mining Met. Engrs. 188, 1005 
(1950). 
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by the Aluminum Company of America. Molten Ga 
was sucked up to the required height in the mould 
through the lower glass bushing which was then sealed 
off. The ambient temperature of the room (in summer) 
provided a constant temperature bath of 28.5°C, slightly 
below the melting point. The supercooling of pure 
molten Ga is so pronounced that it will remain liquid 
for hours even when its temperature is reduced to 0°C. 
To initiate nucleation of the solid phase, the tip of the 
lower glass bushing was dipped into liquid nitrogen and 
subsequent crystallization was then allowed to proceed 
at 28.5°C. The solid-liquid interface moved through the 
mould at the rate of 2 to 4 cm per hour. 

Upon completion of crystallization, the Tygon was 
cut away from the glass bushings at each end whereupon 
the Ga cylinders readily slipped out of the tubing. The 
whisker of metal at the bottom of the main cylindrical 
specimen was easily removed with a warm wire. To 
reveal grain boundaries, specimens were etched for three 
minutes in a chilled bath of aqua regia at 10°C. The Ga 
single crystals used in the superconductivity measure- 
ments were cylinders 2.125 inches long and 0.125 inch 
in diameter. 

In order to prevent the specimens from melting while 
making the various solder joints necessary in loading the 
cyrostat of II, the bottom ends of the specimen cham- 
bers were packed in dry ice. 


RESULTS 
Measurements on Zinc 


The lowest stable temperature which could be reached 
was about 0.03°K below 7. for Zn. Since conditions were 
so unfavorable, only one specimen was measured and 
at only two different temperatures. The observed tran- 
sitions are shown in Fig. 2 where the effective perme- 
ability, u., is plotted vs the applied field. The behavior 
at the lowest temperature [Fig. 2(b) ] showed all the 
qualitative properties previously seen in superconduct- 
ing transitions of Al including supercooling and the 
quench effect. The S-.V (superconducting-normal) tran- 
sition widths are broad, showing apparent demagne- 
tizing factors of 0.36 and 0.13 in comparison with the 
value, n=0.01, expected on the basis of specimen 
goemetry.’ Similar broadening in the transition occurs 
in Al near its critical temperature. 

It is questionable whether any supercooling occurs 
in the transition shown in Fig. 2(a), although the tran- 
sition in decreasing field is clearly displaced below that 
in increasing field. Because of the small H,. value at this 
temperature, the step width in the experimental varia- 
tion of H, (limited by considerations of galvanometer 
sensitivity‘) is too great to give good resolution of the 
discontinuous drop in yw, expected for a supercooled 
transition. The value of H,(Zn) at this temperature is 
taken to give the largest degree of supercooling consistent 
with the observed data. 


7 E. C. Stoner, Phil. Mag. 36, 803 (1945). 
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Fic. 1. Flexible mould for casting gallium single crystals. 


The data obtained in these measurements were as 
follows: 
H.(Zn) 


Obs. 1 0.91 
Obs. 2 2.32 


H.(Al) 


47.4 
49.6 


H,(Zn) 


0.81(?) 
2.05 


T (°K) 


0.864 
0.846 


H.(Zn) and H,(Al) denote critical fields (in gauss) of 
the indicated elements observed under conditions of 
mutual thermal equilibrium, H,(Zn) is the value of the 
observed supercooled transition in Zn, and temperature 
values are deduced from H,(Al) using the results of IT. 

Extrapolation of the two critical field points to zero 
field gives a critical temperature of Zn of 0.875+0.01°K. 
The limiting value of the slope of the critical field curve 
gives (dH ./dT)7T-= —83.542.5 gauss/deg, and, as dis- 
cussed below, this is a considerably smaller value than 
might be expected. 


Measurements on Gallium 


A relatively wider range of temperature was available 
in observations on Ga and data were obtained for two 
specimens (called Ga-1 and Ga-2). Typical S-N transi- 
tions are shown in Fig. 3, where the critical field values 
of Ga-1 and Ga-2 agree within about 0.5%. The widths 
of the transitions are in excellent agreement with the 
value expected on the basis of specimen geometry over 
the entire temperature range of observation, a result in 
striking contrast with the behavior of Al and Zn near 
their critical temperatures. Near T, the Ga transition 
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Fic. 2. Superconducting transitions in Zn specimen. (a) 
H,(Al) =47.4 gauss, T=0.864°K. The N-S transition, although 
displaced to lower fields than the S-N transition, does not show 
clear evidence of supercooling. (b) H,(Al)=49.6 gauss, 

*=0.846°K. Definite supercooling occurs when /H/, is increased 

sufficiently above H,. Three observations are shown: 1. 
H,(max)~2.6 gauss, A(H, increasing), a(H. decreasing). 
2. H,(max)=10 gauss, O(H, increasing, -+(//, decreasing). 
3. H,(max) =50 gauss, ()(//, decreasing). 


occurred within a field interval of 0.08 gauss, or, taking 
into account the value of (dH ./dT)7. for Ga, equivalent 
to a temperature interval of about ? millidegree. This 
observation suggests that the surface free energy for Ga 
is relatively small (see Appendix of II). 

The transitions were reversible (providing the applied 
field did not exceed H.), showed a fairly large super- 
cooling effect, and specimen 1 exhibited a quench effect* 
(see Fig. 4). No attempt was made to record the quench 
field H, since it was very erratic, showing widely 
scattered values during successive observations at a 
single temperature. 

The critical field of Ga is plotted as a function of 7° 
in Fig. 4 together with data for the supercooled transi- 
tions. The H,. values for the two specimens agreed within 
0.1 gauss over the range of observations and so these 
points are not distinguished in Fig. 4. The curve of H, 
vs T* was linear to within the experimental error, and 
was fitted by least squares to a straight line with the 
following results: 


H (T)= (54.340.3) — (45.6+0.3)7°. 


From this expression we obtain the value, T.= 1.091 
+0.005°K, where the probable errors include a contri- 
bution due to the uncertainty in the salt pill calibration. 
The limiting slope of the critical field curve gives 
(dH ./dT)7.= (99.5+1.0) gauss/deg. 
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DISCUSSION 
Supercooling Behavior 


The supercooling behavior of a specimen may be 
characterized by plotting the field of the supercooled 
transition H, against the critical’field H. of the speci- 
men at the same temperature.* Such a plot is given in 
Fig. 5 and contains points near T, for Ga-2 (which 
showed the greatest supercooling of the Ga specimens) 
and the 2 points for Zn. The curve marked Al gives some 
typical results in corresponding measurements on speci- 
men 19 of II, while the light line inclined at 45° 
responds to the case of no supercooling. 

The Zn data are admittedly fragmentary although the 
two observations shown were made very near T.., which 
is the most significant region for determining the super- 
cooling properties. It is clear from Fig. 5 that the super- 
cooling tendency observed here is just the reverse of 
that expected on the basis of Pippard’s arguments. 
However, the conclusion is not so obvious as these re- 
sults seem to suggest. 

It should be noted that the present measurements 
give the average supercooling behavior of the entire 
specimen. The extensive work of Faber** has shown that 
the intrinsic supercooling of superconducting elements 
(to which Pippard’s predictions apply) is, in some cases, 
very sensitive to the presence of “flaws” in the specimen 
under observation. The nature of such ‘‘flaws” 
entirely clear, but considerable evidence suggests that 
they occur in microscopic regions of strain within the 
crystal lattice. Both Ga and Zn possess anisotropic 
thermal expansion coefficients. This fact can be expected 
to militate against efforts to prepare suitable ‘‘flaw-free”’ 
specimens, even when, as in the present case, the speci- 
mens are carefully prepared single crystals. 

We think it safe to conclude that bulk specimens of 
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Fic. 3. Typical S-N transitions of two gallium specimens at 
T~0.90°K (0 ,Ga-1; @,Ga-2). Supercooled transitions occur for 
both specimens at fields which are far off the scale of this figure 
(see Fig. 4). 

8 T. E. Faber, Proc. Roy. Soc. (London) A241, 531 (1957). 

*T. E. Faber, Proc. Roy. Soc. (London) A214, 392 (1952). 
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Fic. 4. Critical field curve and supercooling results for two 
gallium specimens. Critical field values for both specimens are 
indistinguishable on this scale and are shown by ©. Supercooled 
transitions are identified as follows: Ga-1; X—unquenched, 

quenched; Ga-2; @ (no quench effect observed) 


Ga and Zn fail to show the strong tendency to supercool 
which is so easily observed with Al. However, it is not 
possible on the basis of the present work to separate 
the relative importance of lattice defects from intrinsic 
surface energy effects at the superconducting phase 
boundary. 


) 


Critical Field Curve Parameters 


Observed values of the critical temperature and the 
slope of the critical field curve at 7, are listed in Table 
I together with values for the specific heat discontinuity, 
AC. The value of AC at T. may be computed from 
critical field data using Rutgers’ equation" 


Vn il. (dH .\? 
toes (—) | 
dor dT / 7, 


where V,, is the molar volume. Values so calculated are 
followed by the note (mag). The specific heat discon- 
tinuity is also directly observable in calorimetric meas- 
urements and recently reported values are listed for 
comparison, followed by the note (cal). Corresponding 
data for Al are also included in Table I for comparison. 

With but few exceptions, agreement between the 
various measurements of T. is acceptably good even 
though in many instances the small differences exceed 
the stated experimental error. The worst disagreement 
in 7, occurs in the case of Zn where values spread over 
a temperature range of about 0.17,. Unless Zn proves 
itself exceptional among the soft elemental supercon- 
conductors in showing a pronounced dependence of 7, 
upon the mode of specimen preparation, these differences 
must be attributed to the vagaries of absolute tempera- 
ture determinations below 1°K. 

Concerning values of (dH./dT)r., the present low 
value for Zn is noteworthy, since, despite the poor 

10 1), Shoenberg, Superconductivity (Cambridge University Press, 
New York, 1952), Chap. III. 
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TABLE I. Comparison of magnetic and calorimetrically determined 


] (dH-/dT)r, 
(°K) (gauss/deg) 


(nillijoules 


Element mole deg) Source 


Zinc 0,875 83.5 


0.43 (mag) 
V» 9.03 0.905 116 


This work 
Goodman and 
Mendoza” 
Seidel and 

Keesom# 
Phillips 


This work 
Goodman and 
Mendoza” 
Seidel and 

Keesom4 
Phillips« 


0.861 0.61 (cal) 


0.825 0.68 (cal) 


1.091 1.02 
11.8 cc)! 1.103 


Gallium (mag) 


1.097 0.93 (cal) 


1.085 . 0.96 (cal) 


Aluminum 
m =9.87 


1.196 - 2.57 Cochran and 
Mapother® 
177 . Goodman and 
Mendoza 
Faberi 
Phillips 
Biondi and 
Garfunkel! 


mag) 


164 2.46 (mag) 
ee 2.06 (cal) 
microwave measurements) 


* Corrected for thermal contraction using results of H. L. Laquer, Atomic 
Energy Commission Report AECD-3706 (Office of Technical Services, 
Department of Commerce, Washington, D. C.) 

> See reference 11. 

© Corrected for effect of earth's 

1 See reference 12. 

¢ See reference 15. 

* Value characteristic of 20°C 
peratures are available for Ga. 

*N. E. Phillips (private communication) 

b See reference 5. 

i Corrected for thermal contraction using results of B. F. Figgins, G. O. 
Jones, and D.- P. Riley, Phil. Mag. 1, 747 (1956). 

1 See reference 3 

* See reference 16 

M. A. Biondi and M. P. Garfunkel, Phys. Rev 


magnetic field 


No thermal expansion data at low tem- 


116, 853 (1959). 


circumstances of measurement, the value reported here 
is probably accurate to about +5%. About half the dif- 
ference between our value and that of Goodman and 
Mendoza" is due to the nonparabolic shape of the critical 
field curve of Zn” which was not known at the time of 
the earlier measurements. The remaining difference ap- 
pears to suggest that Zn shows the same decrease in 
the magnitude of (dH ./dT) near T, that was previously 
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Fic. 5. Comparative supercooling tendencies shown by zinc, 

gallium, and aluminum under similar experimental conditions. 

Light line inclined at 45° corresponds to no supercooling; decreas- 
ing slope corresponds to increasing supercooling effect. 


1B. B. Goodman and E. Mendoza, Phil. Mag. 42, 594 (1951). 


12 G. Seidel and P. H. Keesom, Phys. Rev. 112, 1083 (1958). 
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reported for Al. The abnormal width of the magnetic 
transitions in Zn is also similar to the effect noted in Al. 

Agreement between the magnetic and calorimetric 
determinations of AC is not as good as it ought to be in 
view of the estimated experimental uncertainty. The 
case of Zn shows such great discrepancy that it seems 
advisable to defer any attempt at explanation until 
further data are available. 

Disagreement in AC values is not great in the case of 
Ga although it is somewhat outside the experimental 
error (about 1-2% for the calorimetric data and possibly 
as much as 3% for the magnetic data). A major un- 
certainty in AC(mag) results from the present lack of 
information concerning the thermal expansion of Ga." 

The case of Al presents the worst diagreement. De- 
spite evident variation in reported 7, values, the critical 
field measurements seem self-consistent within a few 
percent. The calorimetric data appear to be of excellent 
quality and should yield AC(cal) with a precision of 
1-2% at worst. However, AC(mag) exceeds AC (cal) by 
about 20%. 

It is of interest to compare the agreement between 
AC(mag) and AC(cal) for some elements of higher 7, 
for which complete data are available. Results for four 
elements are given in Table II, and it is evident that 
agreement is excellent. except for the case of Pb." The 
general conclusion from the data of Table II is that 
Rutger’s equation is very well confirmed. It is, therefore, 
strange that measurements of dpparently equal quality 
produce such discrepancies as are displayed in Table I. 

It seems probable that the disagreement in the case 
of Al arises from inaccuracy in (dH,./dT)r,. The H., 
measurements on Al ® showed a reduction in slope near 
T. which was disregarded in calculating the results. 
Reanalysis of the earlier data considering only points for 
which T?>1.22, yields a value of (dH ./dT)?T, which is 
in much better agreement with the calorimetric result. 
However, owing to the difficulties in fixing H, described 
earlier,®> there is considerable scatter. New measure- 

'8 A volumetric change of 6% due to thermal contraction be 
tween 20°C and 1°K would be necessary to produce agreement 
with the nearest value of AC(cal) for the case of Ga if this was 
the sole cause of the difference. This seems unreasonably large. 

‘Observation of AC(cal) is difficult since AC/C,~0.05 for 
Pb (where C,, is the normal specific heat at T.). Thus an accuracy 
of 1% in AC(cal) for Pb would require measurements of C, and 
C, accurate to 0.05%. This is very difficult to achieve in low- 
temperature calorimetric measurements. A much more favorable 
situation exists in the case of Zn, Ga, or Al (where the ratios, 
AC/C, are, respectively, 0.97, 1.27, and 1.27) and the accuracy 
of AC should be about the same as that obtained in the value of C,,. 
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TABLE II. Verification of Rutgers’ equation for 
In, Sn, Ta, and Pb.* 


AC (cal) 
(millijoules 
mole deg) 


AC (mag) 
(millijoules 
mole deg) 


Tan (dH ./dT)T 
(cm*) (gauss/deg) 


In 3. 15.33> —152 
Sn 3. 16.1 - 148.8 
Ta 48 10.9 —327 
Pb 175 17.85! — 238.4 


9.62° 
10.56° 
41.6 


58.1 


9.75» 
10.64 
41.5 
53.08 


® The AC (cal) values for both In and Pb were measured using the ‘1948 
Scale’’ of temperature. However, the correction to the 1958 He* Scale is 
negligible in the case of In, and the Pb results were not reported in sufficient 
detail to permit a correction. Except for Pb, all AC (cal) values were re 
evaluated from the original data. 

b J. R. Clement and E. H. Quinnell, Phys. 

eR. W. Shaw, D. E. Mapother, and D. (¢ 
(1960). 

4W. S. Corak and C. B. Satterthwaite, Phys. Rev. 102, 662 (1956). 

¢ D. White, C. Chou, and H. L. Johnston, Phys. Rev. 109, 797 (1958) 

fD. L. Decker, D. E. Mapother, and R. W. Shaw, Phys. Rev. 112, 1888 
(1958). 

«J. R. Clement and E. H. Quinnell, Phys. Rev. 85, 502 


Rev. 92, 258 (1953) 


Hopkins, Phys. Rev. 120, 88 


1952) 


ments of H, for Zn, Ga, and Al near 7. would be de- 
sirable to clarify this point and also to fix the 7, values 
with greater precision. 

In Table I we have not included the AC values com- 
puted from the work of Goodmanand Mendoza. Their 
(dH ./dT)tT. 
critical field curve, are strongly biased by data observed 
well below 7,. Recent calorimetric measurements!?:!5:!6 
imply nonparabolic critical field curves for all of these 
to re- 


values, based on an assumed parabolic 


elements with deviations of such magnitude as 
quire an approximately 15% reduction in the originally 
quoted values of (dH ./dT)r.. This leads to modifica- 
tions in the value of AC of about 30%, which is larger 
than the magnitude of the discrepancies between 
AC(mag) and AC(cal) that are under consideration. 
It was felt that significant corrections of this magnitude 
could not be applied to the older data. The values of 
T.. in the earlier work are not seriously affected by these 
considerations and appear to be of accuracy comparable 
to that of the present work. 
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Interaction of Slow Electrons With Insulating Crystals. 2. Comparison of Electron 
and Photon Absorption Coefficients for KCl and KBr+* 
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The electron absorption coefficient for pure KCI and additively colored KCI and KBr was measured in the 
energy range from 0.2 to 12 ev. These data are compared with photon absorption measured in the same 
crystals in the energy range from 1.2 to 6.5 ev and with published optical and photoemission data above 6.5 
ev. Certain imperfection interactions were found at corresponding photon and electron energies. The surface 
transition layer, even for pure KCl, was observed to contain F and V; centers. There was no evidence of 
direct electron-exciton interactions. The valence band of KCl was observed to be 8.6+0.2 ev below the 
vacuum level; this agrees with Eby, Teegarden, and Dutton’s measurements. Upon electron bombardment, 
an optical absorption near the first fundamental band was found to develop. Its characteristics do not 
coincide with any of the absorption bands previously reported in this energy region. 


I. INTRODUCTION 


EVERAL attempts have been made to correlate the 

observed results of electron-insulating crystal inter- 
actions with the target’s band structure. In an early 
study of low-energy electron reflection from evaporated 
films of KCI, Hilsch' found that a sharp change occurred 
in the reflection coefficient at an energy near the 
optically assigned band-gap width. More recently, 
Jacobs et al.? systematically investigated interactions 
between slow electrons and evaporated films of KC] and 
attempted to correlate inflections in the observed target 
current with various photon interactions which have 
been reported in the literature. Fridrikov and Gorya- 
cheva* studied the secondary emission from cleaved 
alkali halide crystals for electrons impacting with ener- 
gies greater than 3.5 ev. The results of these three 
studies are in apparent conflict. The present authors‘ 
observed the absorption coefficient 6, for 0.2- to 12-ev 
electrons on pure KCl and on additively colored KCl 
and KBr, and outlined probable causes for the dis- 
crepancies among the previous measurements. 

Most investigators interpret the structure found in 
electron absorption or reflection coefficients as a func- 
tion of energy, as electron interactions with the vari- 
ous crystal imperfections which have been observed 
optically. However, no previous investigation has com- 
pared the electron and photon absorption in the same 
target crystal, although correspondence has been fre- 
quently assumed. The results of direct measurements of 
photon and electron absorption for target crystals 


+ This work was supported by Engineer Research and Develop 
ment Laboratories Military Engineering Department, Fort 
Belvoir, Virginia. 

* Portions of this paper were presented at the International 
Color Center Symposium, Corvallis, Oregon, September, 1959. 

1 R. Hilsch, Z. Physik 77, 427 (1932). 

2H. Jacobs, I. N. Greenberg, L. Geble, and A. Ramsa, Phys 
Rev. 106, 921 (1957). 

8S. A. Fridrikov and G. N. Goryacheva, Izvest. Akad. Nauk 
S.S.S.R. 22, 486 (1958) [translation : Bull. Acad. Sciences U.S.S.R. 
22, 491 (1958) J. 

4C. J. Cook and W. J. Fredericks, J. Appl. Phys. (to be pub 
lished). 


cleaved adjacent to each other from the same parent 
crystal are discussed in this paper. 


Il. EXPERIMENTAL METHOD 


The apparatus used and methods required for uniquely 
measuring the electron absorption coefficient have been 
previously described in detail: Briefly, the apparatus 
consists of an electron accelerator,® target chamber,‘ and 
vacuum crystal cleaver.‘ The electron accelerator is 
capable of delivering a beam with a minimum energy 
dispersion corresponding to a temperature ranging from 
750° to 1000°K in the energy range from 0.2 to 30 ev. 
The mean beam energy at the target chamber entrance 
aperture can be determined to within 0.03 ev. The 
target chamber (shown in Fig. 1) consists of a target 
with a which a heater and 
thermocouple can be placed ; a 2 x spherical collector for 
secondary and reflected electrons shielded from the 
target by a high-transparency grid; and a collecting 
electrode behind the target to measure the defocused 
beam. The crystal cleaver is attached to the back plate 
of the target chamber when required. 

The experimental method and the precautions neces- 
sary to obtain unique data have been previously de- 
in detail.‘ It was found that effects due to 
trapping of electrons in deep and shallow traps could 
strongly perturb the data. Effects due to shallow trap- 
ping could be essentially removed by pulsing 3X 10~-* 
amp beams 10 usec on and 15 usec off. Deep trapping 
was reflected as residual surface potential. Measurement 
of residual target potential showed that pure KCl after 
each bombardment retained a charge which could be 
removed by heating to 230°C for 45 to 60 min. The 
additively colored crystals did not retain a residual 
charge and thus were only occasionally heated as a 
precautionary measure. 

The target crystals, 4x41 mm, were cleaved from 
the same parent crystal of each material, i.e., pure KCl, 
additively colored KCl or KBr. These crystals were 
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°C. J. Cook, Rev. Sci. Instr. (to be published). 
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Fic. 1. Assembly drawing of the target chamber. 


obtained from Professor A. B. Scott, Oregon State 
College, Corvallis, Oregon. After cementing (Emmerson 
and Cumings, Inc., Eccobond 56C or 60L conducting 
cements) the crystal to the target holder, the holder was 
placed in the cleaver. After evacuation the crystal was 
cleaved and the part remaining on the target holder was 
inserted into the target chamber—this operation also 
being performed under vacuum. The cleaver was then 
removed from the electron absorption apparatus. The 
free piece of crystal taken from the cleaver was used to 
obtain the photon absorption reported herein as the 
“before” data. After measurement of the electron ab- 
sorption coefficient by methods previously described,' 
the crystal was removed from the target holder and the 
“after” photon absorption curves were measured. 
Optical absorption measurements were made with a 
Cary model 14 M spectrophotometer. All measurements 
reported were made in air against a standard aperture. 
The wavelength range used was from 1850 to 10 000 A. 
The electron absorption coefficient is obtained by an 
extrapolation technique. After the crystal’s surface 
charge has been removed by heat cycling, the beam is 
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INCIDENT ELECTRON IMPACTING ENERGY —ev 


Fic. 2. Comparison of electron absorption coefficients 
for various alkali halides. 
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turned on and the target current i, and secondary elec- 
tron collector current i, are measured as a function of 
beam bombardment time (Fig. 1). From these a time- 
dependent electron absorption coefficient 6,” 
defined as 


can be 


(1) 


provided that i,, the beam current missing the target is 
negligible. By extrapolating 6,’’ to zero beam time, a 
unique value 6, can be determined if all measurements 
are made with pulsed, low-intensity beams that satisfy 
the uniqueness requirements for this experiment. (These 
requirements are fully discussed elsewhere.*) From Fig. 
1 it may be seen that Eq. (1) can be expressed as 


where ig is the charge influx to the crystal, 7, is the 
secondary electron current, and i, is the 
electron current. 
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Fic. 3. Comparison of electron absorption coefficients for colored 
KCI cleaved in air and vacuum 


Ill. EXPERIMENTAL RESULTS 
A. Electron Absorption 


The electron absorption coefficients 6, for pure KC! 
and additively colored KCl and KBr (KCI:K and 
KBr:K) have been determined‘ and are compared in 
Fig. 2. The electron absorption coefficients for KCl, 
colored KCl, and colored KBr show remarkable self- 
consistency. Common features are observed for pure and 
colored KCl. 6, for both pure and colored KC! has sharp 
negative inflections at 2.5 ev. (Inflection as used here 
refers to the intersection of two lines of differing slope.) 
Other common inflections occur at 6.15 ev and near 
4.40 ev. 6, for colored KC] exhibits additional structure 
at 8.0 ev and below 2.0 ev. A further difference between 
pure and colored crystals is the energy at which 6,=0. 
For the colored KCi it is shifted toward higher energies. 





SLOW ELECTRONS WITH 
The bulk F-center concentration was estimated from 
optical absorption measurements to be 6X10"? cm~ in 
the colored KCl and about 10'* cm~* in colored KBr. 

All crystals studied exhibited one narrow energy 
region between 3 and 5 ev, where the electron absorption 
coefficient was not reproducible. This nonreproducibility 
has been attributed to surface contamination effects. 
However, the adjacent energy regions were independent 
of crystal cleaving conditions. For example, Fig. 3 shows 
a detailed comparison of 6, between air- and vacuum- 
cleaved colored KCI crystals in the 0.5- to 3-ev region. 


B. Photon Absorption 


The electron and photon absorption coefficients repre- 
senting data obtained from several pure KCl slabs 
cleaved adjacently from the same parent crystal are 
shown in Fig. 4. For reasons discussed later, the electron 
absorption coefficient has been displaced 0.3 ev toward 
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iG. 4. Relative photon absorption and electron absorption 
coefficient for KC] as a function of energy and target history. 


lower energies. It is of particular interest to note that 
the lack of structure in the pure KC] photon absorption 
coefficient before electron bombardment clearly demon- 
strates that these crystals are free of bulk impurities and 
imperfections which absorb in the 1850 to 10000 A 
region. After electron bombardment, however, a new 
band has developed in the KCI. Unfortunately, only the 
initial rise at 6.25 ev could be observed with the optical 
equipment available. 

Figure 5 shows both the electron and photon absorp- 
tion coefficients representing data obtained from several 
additively colored KCI slabs cleaved adjacently from 
the same parent crystal. The electron absorption coeffi- 
cient has again been shifted by —0.3 ev to make the 
correspondence apparent between the electron and 
photon data. The photon absorption before electron 
bombardment shows only an F band and the lower 
energy bands usually associated with it. After electron 
bombardment the F band has decreased and a strong 
band at about 6.25 ev has developed. 


INSULATING CRYSTALS 


KCL:K 

; , PHOTON 

| SURFACE ABSORPTION - 

\ CONTAMINANT / { 

EFFECTS / After Experiment — 
EcT: : 


iy aaa | ie ELECTRON 


ABSORPTION * 





— ) 2 
PHOTON ENERGY—ev 
ELECTRON ENERGY REDUCED BY O,3 ev 


RELATIVE PHOTON ABSORPTION — 
ELECTRON ABSORPTION COEFFICIENT 


'ic. 5. Relative photon absorption and electron absorption 
coefficient for colored KCI as a function of energy and target 
history 


Similar data for the colored KBr are shown in Fig. 6. 
These electron absorption data have also been displaced 
by —0.3 ev. The colored KBr exhibits not only an F 
band but a strong band rising at 6.00 ev with a shoulder 
at 5.35 ev. Studies of the band edge at 6.00 ev, observed 
both before and after the electron absorption coefficient 
was determined, indicate that this band increases during 
electron bombardment. 


IV. DISCUSSION 


The similarity of structure between the photon and 
electron absorption coefficient as a function of the inci- 
dent photon or electron energy is striking for the colored 
crystals. Table I gives the energies at which strong 
electron interactions (inflection points in 6.) were ob- 
served in pure and colored KC] and compares them with 
energies of photon interactions. Where available equip- 
ment permitted direct optical observation on the crystal, 
these are given; otherwise the data were obtained from 
the reference cited. Table II lists the experimental re- 
sults for colored KBr. The data presented in Tables I 
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TABLE I. Electron and photon absorption in KCl. 


Electron absorption band Photon absorption band 


Observed energy Observed energy Observed energy 
(ev) (ev) less 0.3 ev (ev) 


Pure Colored Pure Colored Pure Colored Center 


~1.90 ~1.60 None f WU 


1 
None 1 R 
2.20 None 2.20 F 
4.0. None None 
8 None 5.858 
<6.25 < 


ist 
exciton 


8.90 


® Only after electron absorption measurement. 


b+ From photoemission data 


and II suggest a correspondence between electron and 
photon interactions with certain crystal imperfections. 
The following discussion of this correspondence is based 
upon the assumption that a systematic experimental 
error is present in the data and that this error can be 
removed by shifting the energy scale —0.3 ev. The 
source of this assumed error will be discussed later. 

The strongest inflection in the experimentally meas- 
ured electron absorption coefficient in the colored crys- 
tals corresponds very closely to the energy at which the 
optical absorption band assigned to F center occurs. 
This energy correspondence was also found in both the 
colored KC] and KBr; however, structure was observed 
on the low-energy side of this inflection which was not 
completely resolved by these measurements. In colored 
KCl and colored KBr this structure occurs approxi- 
mately at the R- and M-absorption band energies ob- 
served in these crystals. Thus, the strong inflection near 
2.2 ev can be considered with some confidence to be due 
to electron-F-center interactions. 

The inflection point at about 4.5 ev occurs in the 
energy region where the data were sensitive to crystal 
history. The heats of formation of various simple po- 
tassium compounds such as KCl, KBr, K.0, and KOH 
are all in the range from 3.5 to 5 ev; however, chemical 
dissociation should not give rise to the sharp inflections 
observed,® but should occur over a range of energies. 
The conclusion that this surface-sensitive inflection is 
not due to actual chemical dissociation is supported by 
Wargo.’ He found for the alkaline earth oxides that 
electron crystal interactions in this energy range re- 
sulted in the evolution of absorbed gases. Without ex- 
periments which uniquely associate this inflection with 
definite surface contaminants or imperfections sensitive 
to surface treatment of the crystal, no assignment can 
be made. 

Another major inflection occurs at 5.85 and 5.45 ev 


6D. A. Wright and J. Woods, Proc. Phys. Soc. (London) 66, 
1073 (1953). 
7P. Wargo and W. G. Shepherd, Phys. Rev. 106, 696 (1957). 
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in colored KCl and KBr, respectively, after the —0.3-ev 
scale correction has been made. These agree with the 
optical energies reported for V; centers in KCI (5.85 ev) 
and KBr (5.35 ev). There is a weak absorption band 
observed in colored KBr at 5.35 ev both before and after 
electron bombardment. However, in colored KCl, a 
broad absorption band about 5.85 ev appears only after 
electron bombardment. 

At 7.90 ev an inflection was found in the colored 
crystals that is apparently independent of the host 
lattice and depends on the presence of nonstoichiometric 
potassium. An optical lattice absorption occurs in KCl 
at an energy close to this inflection and is usually 
attributed to exciton formation. However, for pure KC 
there is no indication in the data of exciton formation; 
furthermore, if it were due to exciton-nonstoichiometric 
potassium interactions, the inflection in KBr should be 
at about 6.7 ev. No definite correspondence was found 
between this inflection and known optical absorption 
bands. 

In pure KCl, inflections were observed at 2.20, 4.15, 
and 5.85 ev (after the —0.3-ev scale shift). The inflec- 
tion at 4.15 ev lies in the energy region sensitive to the 
history of the crystal surface. No discussion other than 
that given for the colored crystals would be applic able 
here, and the nature of these interactions must await 
further research. 2.20-ev and 
inflections agree energetically with the F- and V3-center 
interactions found in the colored crystals. The 2.20-ev 
inflection has no low-energy structure, is symmetrical, 
and has a much than the 
colored crystal. This structure is suggestive of a classical 
thin-film interaction. 

The optical measurement methods used could not 


However, the 5.85-ev 


narrower “band” width 


detect a high F-center concentration if it were present 
only in a sufficiently thin surface layer. For example, 
under the most favorable conditions a surface layer 300- 


TaBLe II. Electron and photon absorption in colored KBr 


Electron absorption band Photon absorption band 


Observed Observed 
energy 
(ev) less 0.3 ev ev) 


Observed 
energy 
(ev) 


€ nergy 

Center 
1.7+0.2 1.4+0.2 1.4 Vl 
1.6 Rz 
2.05 F 


2.30 2.00 


= > 3.95 None 
7 5.45 


© ae 


> 5 


S 
Sa 


5 
<6.2! 


7.90 


ist 
exciton 


8.00—10.9 gio E, 


* Apparent increase after electron absorptiot 
> From photoemission data. 





SLOW ELECTRONS WITH 
lattice-constants thick with an F-center concentration 
of 10"-centers cm™, the maximum density of F centers 
that can be produced by irradiation,* would be barely 
detectable. If a crystal is exposed to light in its funda- 
mental absorption band, a layer of F centers no thicker 
than about 10-® cm or about 16-lattice-constants is 
produced® and, of course, could not be detected by the 
optical equipment used. Thus it is not surprising that 
pure KC! exhibits no photon absorption spectra charac- 
teristic of the various centers detected in the 
electron absorption studies where interactions occur 
dominantly in the surface layers. The electron-crystal 
interactions at F/- and V;-center energies show that in 
pure KCI a relatively high concentration of imperfec- 
tions exist near the geometrical surface, i.e., the thin, 
bulk-surface transition region. 

The maximum observed in 6, at 8.6 ev (after the 0.3- 
ev scale shift) in both pure and colored KCI is of par- 
ticular interest. The removal of an electron from the 
valence band of an insulating crystal to the vacuum level 
requires energy equal to the energy difference between 
the top of the valence band and the bottom of empty 
band E, plus x the electron affinity.’ An incident elec- 
tron gains energy equal to x on entering the crystal. 
Thus, the onset of secondary emission would be ex- 
pected to occur when the incident electron’s energy is 
equal to E, and, after exceeding £,, the electron absorp- 
tion coefficient should plunge catastrophically through 


slow 


zero. It will become negative when the secondary emis- 
sion current exceeds the charge influx to the target 
crystal, i.e., when 7,>74. Based on these considerations, 
the data obtained from electron absorption experiments 
in KCl are consistent with a forbidden energy gap of 
8.6 ev. 

This measurement of £, is in excellent agreement with 
the value 8.5 ev reported in the recent ultraviolet ab- 
sorption studies by Eby, Teegarden, and Dutton."® The 
results of both of these studies are more consistent with 
the photoemission studies which measure E,+ x, than 
they are with the previously accepted value 9.44 ev." 
Vasek and Anderson” and Turner" found the bottom of 
the conduction band in NaCl lies within 0.1 ev of the 
vacuum level by determining the energy required for 
internal photoemission from a metal into the insulating 
crystal." Thus, the optical and electron absorption 
measurements should differ from photoemission meas- 
urements only by x, which is small. Based on extensive 
measurements of external photoemission yield and the 
energy distribution of emitted electrons, Taylor and 


8 F. Seitz, Revs. Modern Phys. 26, 87 (1954). 

®F. Seitz, Modern Theory of Solids (McGraw-Hill Book Com 
pany, New York, 1940), p. 400. 

10 J. E. Eby, K. J. Teegarden, and D. B. Dutton, Phys. Rev. 116, 
1099 (1959). 

11H. Dorendorf and H. Pick, Z. Physik 128, 106 (1950). 

2. §. Vasek and J. M. Anderson, Proc. Phys. Soc. (London) 
73, 733 (1959). 

18 W. S. Turner, Phys. Rev. 101, 1653 (1956). 

144N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Clarendon Press, Oxford, 1950), p. 97. 
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Hartman" find the valence band to lie 8.3 ev below the 
vacuum level. Taft and Philipp'* report a value of 8.7 ev 
from careful measurements of photoelectric quantum 
efficiency. For KCl, Eby ef al.'° report x=0.2 ev using 
Taft and Philipp’s'® photoemission data; however, if 
Taylor and Hartman’s" data had been used, x would be 
—0.2 ev. While discrepancies exist between photoemis- 
sion and the optical or electron impacting measure- 
ments, they are only of the order of 0.4 ev. Only one 
other pertinent measurement of band gap by electron 
bombardment technique has been reported. Jacobs et al.” 
assumed an electron affinity of 0.3 ev and obtained a 
band gap of 9.5 ev from electron bombardment data on 
evaporated KCI films. The differences between Jacobs 
et al. and the present studies have been discussed by the 
present authors.* 

In colored KBr, the electron absorption coefficient 
data are severely perturbed in the region of the band 
edge by the 7.9-ev interaction characteristic of addi- 
tively colored crystals. Eby, Teegarden, and Dutton” 
report the band gap of KBr to be 7.8 ev. The energy 
difference between the valence band and the vacuum 
level is 8.1 ev from the photoemission experiments of 
Taft and Philipp.'® The electron affinity is then 0.3 ev 
from these measurements. At present the electron ab- 
sorption data on KBr do not allow an unequivocal 
estimate of the band gap energy, for there is no clearly 
defined maxima. This must await the development of 
experimental techniques suitable for studying pure KBr. 

Both colored KBr and KCl exhibit severe electron- 
defect trapping'’ of the secondaries. This is evident from 
the decrease in the slope of the characteristic plunge of 
5, through zero after the onset of true secondary emis- 
sion of colored KCl compared to pure KCl. In the 
colored KBr, this trapping of secondary electrons may 
be responsible for the plateau from 8.3 to 11.2 ev. 

During the measurement of 6, both pure and colored 
KCl developed a new optical absorption band which 
rises at about 6.25 ev, near the short wavelength limit of 
the Cary spectrophotometer. A similar band, which 
rises about 6.0 ev, was already present in colored KBr 
bombardment and became enhanced 
during the experiment. The origin of these bands is 
obscure at present; the only band stable at room tem- 
perature that has been reported in this energy region is 
the 8 band. Measurements have not yet been made to 
correlate the growth rate of these bands with the num- 
ber of incident electrons, their energy, or other experi- 
mental parameters; however, some experimental facts 
can be reported. The average KCl crystal had been 
heated to 230°C for 1 hr about 20 times; the colored 
crystals were similarly heated but only 4 or 5 times. 
Samples which had been attached to the target holder 


before electron 


16 J. W. Taylor and D. L. 
1959). 
ie. A. 
1959). 
17 A. J. Dekker, Physica 21, 29 (1954) 


Hartman, Phys. Rev. 113, 1421 


Taft and H. R. Philipp, J. Phys. Chem. Solids 3, 1 
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with either graphite or silver-based conductive cement 
had the same new band present. This new band was also 
observed in crystals which had been cleaved to remove 
the side glued to the target holder before the optical 
measurement. Thus, this band is not due to the cement- 
ing of the crystal, but represents a change due to the 
slow electron bombardment. All crystals were bom- 
barded with between 10" and 10" low-energy electrons. 
If all of the electrons incident on the crystal formed a 
center responsible for optical absorption in this band 
near 6 ev, too few centers would be present at termina- 
tion of the experiment to be detected by optical meas- 
urements. If the absorbing centers were produced by 
bleaching the F centers, the band should not appear in 
pure KCl. At present an adequate interpretation cannot 
be given for this band. 

In the foregoing discussion, the 0.3-ev shift toward 
lower energy of the electron absorption data necessary 
to bring them into agreement with optical absorption 
data was treated as a simple energy scale correction. 
However, this correction exceeds the experimentally 
established error in the measurement of the mean beam 
energy by 0.1 ev® and thus could provide information 
about the target crystals. The electron-crystal inter- 
actions are detected by sharp excursions of 5, and they 
arise when a marked change in electron scattering or 
secondary emission occurs. It is assumed that the inci- 
dent electrons have interacted with an imperfection or 
that new electrons have been ejected from the filled 
band. When an electron enters an insulating crystal, it 
gains or loses energy’ equal to x, the electron affinity. 
If the electron affinity is positive, then the energy «i of 
the incident electron is increased to ei+x. In this case 
the interactions would occur at energies less than the 
corresponding optical interaction and would be detected 
as an increase in 6. If the electron affinity is negative, 
the energy «i of the incident electron is decreased to 
ei— x. The energy at which the electron interaction oc- 
curs would then exceed that of the energy required for 
the corresponding photon interaction and would be de- 
tected as a scattering event. The latter case is observed 
in these experiments, i.e., x= —0.3 ev. While this result 
agrees well with that obtained from comparing Taylor 
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AND C COOK 

and Hartman’s'® photoelectric measurement to the 
optical absorption measurements of Eby ef al.,! it 
represents an apparent electron affinity for crystal sur 
faces prepared under these experimental conditions and 
measured with the crystal mounted in the manner de- 
scribed. Many explanations can be proposed to account 
for the observed “apparent electron affinity.” Any 
model which will uniformly decelerate the incident elec- 
trons by 0.3 ev would be satisfactory; for example, it 
could be attributed to a surface dipole layer due to ab- 
sorbed gases, to contact potentials, etc. The evidence 
on hand supporting any single source is highly circum- 
stantial, and further research must be performed to 
substantiate any one of them. 


V. CONCLUSIONS 


These experiments, while creating many new ques- 
tions, do clearly show that an energy correspondence 
exists between electron and photon interactions with 
crystal imperfections. Within experimental error, the 
8.6+0.2 ev KCl band gap found in this experiment is in 
agreement with optical absorption and photoemission 
measurement. The incident electron undergoes similar 
interactions at 2.2 ev in clear and colored crystals. From 
a consideration of the energy of interaction, variation of 
linewidth, and the observation of associated low-energy 
structure, the 2.2-ev interaction is ascribed to F centers. 
If this assignment is correct, a thin layer of F centers 
must exist near the surface of even a pure KCI crystal. 
Similarly, a thin layer of V 
same region. 

The need for further research in low-energy electron- 
solid interactions is obvious from the surface treatment 
sensitive inflection at 4.15 ev and the 7.9-ev inflection 
found only in colored crystals which is apparently inde- 
pendent of the host crystal. Further, the new optical 
band which is produced by slow electron bombardment 
must be characterized. 


; centers must exist in the 
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The paramagnetic resonance spectra of single crystals of potassium chrome alum and ainmonium chrome 
alum have been investigated in the presence of applied electric fields at 9.3 kMc/sec in the temperature 
range 4-300°K. The measurements were made in an effort to detect the possible existence of a term of the 
form guo@-E in the interaction Hamiltonian for an electron in an electromagnetic field. Such a term corre 
sponds to the existence of an electron electric dipole moment and would result in a lifting of Kramers’ 


degeneracy for a magnetic ion in a crystalline field. No such term was observed, and the upper limit on & 


s 


obtained was — <0.007. A dependence of the dielectric loss on electric field was observed in both alums at 


microwave frequencies. 


I. INTRODUCTION 


OSSIBLE implications of parity nonconservation 
and time-reversal noninvariance in electromagnetic 
interactions have been investigated theoretically by 
Sachs and Schwebel.'* They have generalized the 
electromagnetic four-potential in order to include a 
pseudovector part as well as a vector part. This pseudo- 
vector potential modifies the interaction Lagrangian, 
resulting in a Hamiltonian for spin one-half particles 
which is symmetrized with respect to the electric and 
magnetic field variables at the expense of sacrificing 
parity conservation and _ time-reversal invariance. 
Restrictions are imposed so that Lorentz and gauge 
invariance are retained. Such a theory has particular 
significance to the problem of the energy levels of a 
magnetic ion in a paramagnetic crystal. For magnetic 
ions which have an odd number of unpaired electrons, 
Kramers’ theorem states that the crystalline electric 
field can never remove the last twofold degeneracy of 
the energy levels. Wigner* has shown that such an 
assumption is equivalent to invariance of the Hamil- 
tonian under time reversal. Thus, any violation of 
Kramers’ theorem would support the theory of Sachs 
and Schwebel. 
If P (parity) and 7 (time-reversal invariance) are 
not conserved, Sachs' has shown that the interaction 
Hamiltonian for a single 3d electron in a dilute para- 
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We have considered here the case where ¢, is equal to 
--eEo-r, the energy associated with a uniform external 
field Eo. Since the operator ¢-¥V X(¥V¢X¥) will couple 
only the states m and n’ which have different parities, the 
potential g.—eEo-r must contain odd terms if it is to 
couple the same states |) and |n’). In the absence of 
an applied electric field, this means that the space group 
which describes y. must lack an inversion center if 
1M. Sachs, Ann. Phys. 6, 244 (1959). 


2M. Sachs and S. Schwebel, Ann. Phys. 8, 475 (1959 
3 E. Wigner, Z. Physik 43, 624 (1927). 
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magnetic crystal can be expressed as follows: 
H=HotK), 
where 
Ho= — (h?/2m)V2+ oo—tko-V ooXV, 
anc 
Ry eget ¢.—iko [V(¢-+¢.)XF | 
— (Euo/e)o-V(got¢etee). (3) 


The total potential energy ¢ consists of three contribu- 
tions: ¢o of the free atom, yg, due to the crystalline field, 
and gy, due to an externally applied field. Here @ is the 
electron spin operator, uo is the Bohr magneton, and & 
is a small mixing parameter. For simplicity we have 
assumed no nuclear spin. The last term in Ho corre- 
sponds to the spin-orbit energy, where k= (h/2mc)*. We 
shall see that the crystal structures of interest are those 
that lack an inversion center, in which case the spin- 
orbit term in 3 will give no contribution. 

We may obtain the energy eigenvalues by perturba- 
tion theory, expressing (3C») in terms of the free atom 
eigenfunctions |). 


Ho|ny=W, |n). (4) 


By expressing 3C; in terms of commutator brackets (see 
Sachs and Schwebei?), one can obtain (3€;) by a second- 
order perturbation calculation. The leading term which 
is linear in € is 


XV) |2’)(n'| ee—eEo-4| n)+ir 
W,©-W, (5) 
W,©-W,.0 


(3C,), is not to vanish. It should be emphasized that 
the existence of a nonzero term o-E is dependent upon 
the presence of spin-orbit coupling. If the spin-orbit 
coupling were not present, it can be shown that the 
electron would experience no anomalous force. The mag- 
nitude of (3C;),) is of the order of n&uo| —¥ ¢-/e+Eo!|. 
Here 7» is a reduction factor, approximately equal to the 
spin-orbit interaction energy divided by the energy 
separation between lowest energy states of opposite 
parity. 

If an interaction of the form o- E does exist, it should 
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be possible to detect its existence by means of a para- 
magnetic resonance experiment. 


Il. EXPERIMENTAL RESULTS 


The paramagnetic resonance spectra of potassium 
chrome alum, KCr(SO,4)o-12H.»O, and ammonium 
NH,Cr(SO,4)2:12H,O crystals were studied in the 
presence of applied electric fields. The choice of these 
crystals was motivated by the observed anomalies in 
the zero-field energy level splittings reported by 
Bleaney,‘ and by the specific heat measurements of de 
Klerk, Steenland, and Gorter.® Bleaney has observed 
two splittings in potassium chrome alum below 160°K 
of 0.26 cm™ and 0.15 cm~. In ammonium chrome alum, 
splittings of 0.314 cm™ and 0.242 cm were observed 
below a transition point of 81°K. The experiments of 
de Klerk et al. were performed at temperatures low 
enough so that only the lowest energy doublet of the 
Cr** ion was populated, yet high enough so that dipole- 
dipole interactions were negligible. For a _ twofold 
degenerate level, they expected an entropy of order 
R \n2, but observed a value less than this. These two 
experiments have never been satisfactorily explained. 
Both experiments suggest an apparent lifting of some of 
the Kramers’ degeneracy. 

In these crystals, the paramagnetic ion Cr** has three 
unpaired 3d electrons, resulting in a fourfold degenerate 
ground state. The ‘F; ground state is split by the 
cubically symmetric field into two triplets and a 
singlet. The triplets lie much higher than the singlet 
level and give rise to absorption lines in the visible. The 
crystalline field is not purely cubic, however, because of 
the electric dipole moments of the octahedron of six 
water molecules surrounding the Cr** ion (nearest 
neighbors). Distortion of this octahedron gives rise to a 
trigonal component which splits the quadruply de- 
generate singlet into two doublets of spin +4 and +3. 
In such crystals, the orbital angular momentum is 
“quenched” and does not contribute to first-order 
magnetic properties. If a term of the form Enuoo-E is 
present in the Hamiltonian, the conventional Zeeman 
splitting magnetic resonance condition will be modified 
accordingly. Thus, the ordinary Zeeman term will be 
replaced by 

guo(o-H+née-E), (6) 
and E 


where H are applied magnetic and electric 


fields. In a conventional field-modulated magnetic 


resonance experiment the dc magnetic field Ho is 
modulated at an audio frequency while sweeping 
through the resonance at a constant frequency w. This 
enables one to utilize a narrow band detection scheme 
and results in a signal which is the derivative of the 
absorption. Since E and H appear symmetrically in 
Eq. (6), application of an audio-frequency electric field 
4B. Bleaney, Proc. Roy. Soc. (London) A204, 203 (1951). 


® PD. de Klerk, M. J. Steenland, and C. J. Gorter, Physica 15, 649 
(1949). 
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should also modulate the absorption, with the effect 
reduced by the factor né. 

Single crystals of pure KCr(SO,4).-12H.O and 
NH,Cr(SO,4)2-12H,O and dilute crystals of the iso- 
morphous aluminum chromium 
(Al: Cr= 30:1) were grown from water solution. The 
crystals were cut and polished in the form of slabs 
approximately 1X55 mm, with edges parallel to the 
cubic [100] axes. Thin gold electrodes (0.001 in. 
thick) were attached to the broad faces with a thin 
layer of polystyrene cement. The sample was mounted 
in a TE,o2 resonant cavity with the electrodes parallel 
to the ends of the cavity. In such an arrangement, the 
rf magnetic field is not appreciably reduced, as was 
verified by checking the intensity of the resonance with 
electrodes in place, but only the conventional magnetic 
field modulation applied. Leads of No. 40 enameled 
copper wire were brought out through the narrow side 
of the cavity. 

The spectrometer used was a modified Varian V-4500 
X-band instrument 
kMc/sec. The apparatus was calibrated by observing 
the signal obtained with the minimum magnetic field 
modulation which 
ratio of greater than 3:1. 

The same audio-frequency oscillator (usually oper- 
ated at 200 cps) was then used to apply an electric 
field of approximately 1000 v rms to the sample. 
Measurements were made in the temperature range 
4°-300°K, with most of the data obtained at 77°K, 
which is below the transition temperatures reported by 
Bleaney. 

The results of the experiment may be summarized 
as follows: No evidence of a term in the Hamiltonian of 
the form @-E was observed. In the dilute crystals the 
sensitivity was such that n§<5X 10 

For ammonium chrome alum, the spin-orbit inter- 
action energy is cf the order of 100 cm™,® and the 
denominators of Eq. (5) are of the order 15 000 cm™,’ 
thus 9 is approximately 7X10~*. Consequently, we 
obtain €< 0.007. For the concentrated alums, an upper 
limit on £ was more difficult to obtain because of an un- 
expected nonresonant signal, apparently due to a modu- 
lation of the dielectric properties of the crystal by the 
electric field. As a result the limiting value of obtained 
was ££0.015. Any modulation linear in the applied 
electric field will yield an audio signal at the modulation 
frequency and results in differentiating the absorption 
curve. If by some mechanism an applied electric field 
modulates the dielectric properties of the crystal in a 
nonresonant manner, the reflection coefficient of the 
resonant cavity will be modulated at twice the applied 
field frequency. A variation of either the real or 
imaginary parts of the dielectric constant can 
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operated at approximately 9.3 


would maintain a signal-to-noise 


have 
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rab e I. Electron electric dipole moment (EDM) 
(expressed in units of eh/2mc). 


EDM Experiment Reference 

Absence of K — L; x-ray tran- 8 
sitions in heavy atoms 

Hyperfine splitting of positro 
nium ground state 

Metastable 2s state in hydrogen 

Lamb shift 

This work 

Electron beam 


<0.01 
<0.04 


<0.06 
<0.008 
<0.007 
<0.0002 


such an effect. When electric modulation is applied, 
a second harmonic audio signal was obtained inde- 
pendent of the dc magnetic field. This signal is pro- 
portional to the microwave carrier power level. Sweep- 
ing the magnetic field through resonance causes a large 
change in reflected power for a concentrated crystal of 
the size used. Hence, this variation in power level, which 
effectively multiplies the constant audio signal, is 
superimposed on any effects linear in E but is almost 
completely filtered out in the detection circuit. For the 
dilute crystals the change in power level is much less; 
consequently, a lower limit on & could be obtained. 
The exact mechanism of the dielectric effect has not 
been established. That the effect is not an instrumental 
one was established by applying a dc bias to the crystal 
in addition to the ac dielectric modulation. Application 
of a bias of 270 v dc increased the nonresonant audio 


signal by a factor of approximately 30, and the signal 
amplitude varied linearly with bias field. An attempt 
=O 


was made to observe a hysteresis loop at 77°, but no 
effect of this nature was detected. 


III. DISCUSSION 


A term of the form guoe-E in the Hamiltonian is 
equivalent to the existence of an electron electric dipole 
moment of order gu. Values of £ obtained from various 
experiments are given in Table I. It should be em- 
phasized that the theoretical interpretation made by 
Salpeter e/ al.’ differs from the theory of Sachs discussed 
here, so the values*- quoted in Table I can only be 


8 E. E. Salpeter, Phys. Rev. 112, 1642 (1958). 

® G. Feinberg, Phys. Rev. 112, 1637 (1958). 

1D. F. Nelson, A. A. Schupp, R. W. Pidd, and H. R. Crane, 
Phys. Rev. Letters 2, 492 (1959). 
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compared as experimental data. The smallest value to 
date was obtained in the electron beam experiments of 
Nelson et al."° Investigation by means of paramagnetic 
resonance in solids is complicated by the complex 
environment of the paramagnetic ion in the crystal. 
Because the spin-orbit coupling and term splittings 
enter into the expressions for experimentally observed 
quantities, the measurement is not as clean-cut as is a 
free-electron or isolated-atom experiment. It is not 
possible to use applied fields much stronger than 10 
kv/cm with chrome alum crystals without causing the 
crystal to break down. 

Since no evidence for a lifting of Kramers’ degeneracy 
in chromic alums was found, the zero-field splitting 
anomalies must be attributed to another mechanism. 
The possibility of several different chromium sites 
giving rise to different splittings is plausible. For the 
ammonium alums such an explanation is satisfactory, 
but. for potassium chrome alum this model is not con- 
sistent with the specific heat data. The presence of a 
hyperfine splitting could be used to explain the specific 
heat, but Bleaney has pointed out that there is in- 
sufficient natural abundance of Cr, the only odd 
isotope, to cause an appreciable effect. 

The dielectric behavior of the alums is not presently 
well understood. Various investigators" have reported 
unusual dielectric behavior of the alums as a function 
of temperature. The apparent electric field dependence 
of the dielectric loss observed in this experiment can be 
described phenomenologically by an expression of the 
€y’(1+a*). Behavior of this type has been 
observed above the Curie point in barium-strontium 
titanate by Roberts.” He found the dielectric constant 
was reduced to half its zero-field value by application 
of an electric field of 7 kv/cm. Any such effect in the 
alums is much determined 
quantitatively. 
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Isotope shifts in the 4d°5s 'D.—4d°5p °F ;° transition at 44212 A in the first spectrum of Pd has bee: 
studied with the use of enriched isotopes. The shifts are similar to those found by Kuhn and Warner in the 
4d°5s *D;—4d°5p *F ,° transition at \3405 A. The most interesting feature is the maximum in the isotope 


shift which appears at the neutron number pair 60-58. 


I. APPARATUS 


PECTRA from enriched samples of Pd isotopes' 

were produced in liquid-air-cooled hollow-cathode 
discharge tubes. Six such tubes were arranged in a circle 
at 60° intervals allowing motion into and away from 
the exposure position. High resolution was accomplished 
by crossing a Fabry-Perot interferometer with a Hilger 
E-458 Littrow quartz-glass spectrograph. 


II. TREATMENT OF DATA 


Table I shows the isotopic concentrations of the Pd 
samples used. As can be seen, the isotopic impurities in 
the samples must be taken into account. The odd 
isotope, Pd’, represents an important impurity. Spec- 
trograms were taken of the 105 sample. Within the 
spectral range where even isotopes appear, the 105 hfs 
components seemed to contribute a uniform back- 
ground. It therefore seemed reasonable to disregard the 
presence of impurities of Pd'®* in our corrections. 

Table II includes shifts corrected for isotopic im- 
purities, neglecting the contribution of Pd’* impurities. 
Excluding the 104-102 shift, the shift corrections were 
merely center-of-gravity corrections for the presence of 
only the immediately adjacent even-mass-number iso- 
topic impurities. A glance at Table I shows that this is 
indeed a reasonable procedure. 

The 104-102 shift is extremely difficult to correct, 
however. The simple center-of-gravity correction breaks 
down for the 102 spectrogram The fringe pattern for 
this sample was spread over a relatively large distance 
on the photographic plate because of the several iso- 
topic impurities, and thus the fringe separations became 
larger compared with a single isotope fringe width. 
Because the photographic emulsion response is non- 
linear near threshold exposure, the weaker isotopic 
components toward the fringe edge away from the 
stronger isotopic components affect the plate blackening 
somewhat less than their isotopic abundance would 
indicate. As in this case, where the fringe overlap is 
small and the isotopic abundances are considerably dif- 
ferent, there is a tendency to overcorrect in using a 
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TABLE I. Isotopic concentration of the palladium 
samples in percentages. 


iple 
Isotope 104 105 106 108 110 


102 0.1 
104 78.3 
105 16.5 
106 3.9 16.04 
108 1.0 1.75 

0.1 0.23 


0.04 
3.76 
78.16 


0.06 
1.24 
11.25 
82.33 
4.56 
0.42 


0.03 
0.20 
0.63 
2.84 
94.19 
2.08 


0.10 
0.35 
0.86 
7.28 
91.42 


simple center-of-gravity correction. The corrected 104 
102 shift in Table II represents some application of 
subjective judgement. 


III. DISCUSSION 


Included in Table II are the data in Kuhn and 
Warner.2 Our uncorrected shifts correspond quite 
closely with their uncorrected shifts, despite a suspected 
different mass effect shift and the fact that our 102 and 
104 samples were different and considerably better en- 
riched (50.9% enrichment compared with 35.2% for 
102 and 78.3% enrichment compared with 63.2% for 
104). Kuhn and Warner obtained the 104-102 shift by 
a trial-and-error method of reproducing the intensity 
profile from profiles of the various components, intensi- 
ties of which were known from the mass analysis. This 
is an excellent procedure, assuming that the nonline- 
arity of emulsion response is taken into account. 

As pointed out by Kuhn and Warner, the isotope 
shift ratios do not correspond well with the isotope 
shift ratios obtained for Cd where the neutron numbers 
overlap. Our data represent a worse correspondence. 
However, it should be pointed out that the isotope shift 
ratio probably should be used only for qualitative com- 
parison between elements, particularily in this mass 
region, because the specific mass effects may not be 
negligible. The isotope shift for a given mass number 
difference then represents the sum of a mass effect con- 
stant plus the field effect which will vary from isotope 
to isotope. However, the variations (differences) in the 


*H. G. Kuhn and A. G. Warner, Proc. Roy. Soc. (London) 
A245, 330 (1958). Note: Apparently Kuhn and Warner made an 
error in determining the isotope shift ratio for the neutron pair 
60-58 in the case of Cd. They quote a value of 1.07 for this ratio. 
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ase II. Isotope shifts in the first spectrum of palladium in units of 10-* cm™ 
shift in the field effect direction. 


Shifts in the 44212 A line* 


Shift Plate shift® Corrected shift’ 


—14.4+1.6 
—16.2+1.6 
—16.2+1.2 
—13.5+3.6 


110-108 
108-106 
106-104 
104-102 


—13.341.5 
—15.641.5 
-16.1+1.0 

7141.5 


» Present work. 
Kuhn and Warner (reference 2) 

¢ Errors are limit errors (high confidence) 
Normal mass effects have been subtracted. 


Isotope shift ratios are calculated for our data and 
can be compared with the values of Kuhn and Warner. 
\lthough it appears that our accuracy suffers in com- 
parison with theirs, we believe that for the most part 
this reflects our conservativism in estimating errors. 

A weighted isotope shift ratio is shown for Pd in 
lable III. Considerably more effort was made on the 
part of Kuhn and Warner in establishing their measure- 
ments. For this reason we weighted their shift ratio 
between neutron numbers 62-60 heavily but allowed 
our measurements associated with neutron numbers 


ras_e III. Comparison of isotope shift ratios for Pd 
with those for neighboring elements. 


Neutron number pair 


Element 54-52 56-5 58-56 60-58 62-60 64-62 66-64 68-66 


1.61 1.05 
Pd 0.87 1.08 
0.97 


1.00% 
1.008 


1.15% 
1.15 
1.15 


0.87 0.65 


* Arbitrary basis for comparison. 


Shi 


Isotope 
shift ratio 


rs IN 


Pa 


Negative sign indicates 


Shifts in the 43405 A line> 


Isotope 
shift ratio* 


1.00 
1.07 
1.19 
0.84 


Plate shift Corrected shift 


1.00 3.3 14.36+0.3 
i.11 14.8 15.46+0.5 
5.9 17.40+0.6 


2 11.35+1.0 


1.11 1 
0.90 j 


60-58 and 58-56 to carry equal weight because of the 
greater purity of our 102 and 104 samples. 

Table III gives a comparison of the isotope shift 
ratios for ruthenium,* palladium, and cadmium.‘ As 
can be seen, the isotope shift ratios apparently reach a 
maximum for the neutron pair 60-58 after a minimum 
in the isotope shift ratio at 56-54 neutron pair. An 
analysis in terms of nuclear deformations is difficult, 
since there is little information on nuclear deformation 
in this region. It may be worthwhile to point out, how- 
ever, that in terms of the simple independent-shell de- 
formation theory a minimum deformation would be 
expected at .V =56 if the 4d5,2 neutron subshell is closed 
at that number, and that following this shell closure a 
maximum deformation would be expected at V=60 
where the 5g7/2 shell is half filled. Such a scheme would 
qualitatively fit the isotope shift data. 

'R. H. Hughes, Phys. Rev. 121, 499 (1961). 

‘Mean values from several investigations are taken from 


W. M. Cloud, in Summaries of Doctoral Dissertations (University 
of Wisconsin Press, Madison, Wisconsin, 1956), p. 360. 
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A systematic method is presented for deriving the Thomas-Fermi equation for an atom and the quantum 
corrections from the many-body description. The novel feature of the method is that it does not require any 
a priori assumptions about the assignment of electrons to fully occupied single-particle states or about the 
distribution of electrons in phase space, but shows instead that the distribution which is usually assumed, or 
derived from the assumption of fully occupied single particle states, is a direct consequence of specifying that 
the many particle system is in its ground state. The procedure used in the derivation is the expansion of the 
mixed position-momentum representation of the Green’s function in a series of powers of h. The lowest order 
term is found to correspond with the Thomas-Fermi density. The form of the higher order terms, which are 
to be considered as corrections to zeroth order term, depends on the approximations made in the many-body 
equations for obtaining the Green’s function. This paper deals only with the Hartree-Fock approximation 
but the methods presented here allow generalization to other approximations which can include correlation 


effects. 


I. INTRODUCTION 


HE Thomas-Fermi model of the atom developed 

historically from reasonable physical assumptions 

about the nature of an atomic system.' However, be- 

cause the development was not a systematic derivation 

from the many-body Schrédinger equation, it was diffi- 

cult to incorporate corrections for certain higher order 
effects. 

Dirac? in 1930 showed the connection between the 
Hartree-Fock theory and the Thomas-Fermi model. In 
this paper, the Hartree-Fock equations were expressed 
in terms of the density matrix, and the Fourier trans- 
form of the density matrix was identified as being the 
phase space distribution of electrons having a given spin 
direction. In order to proceed with the solution of his 
equations, Dirac made the plausible assumption that 
the distribution of electrons in phase space is the local 
Fermi density; that is, it equals (2xh)~* for momenta 
less than the Fermi momentum pp(R) and is zero 
otherwise. The solution of his equations yielded the 
Thomas-Fermi equation plus an extra term due to 
exchange. This augmented equation has since become 
known as the Thomas-Fermi-Dirac equation. 

In 1955,* Theis was able to show that Dirac’s plaus- 
ible assumption was a consequence of the fact that the 
system was in its ground state and that: the single- 
particle density matrix is idempotent, (p?=p). This 
latter property of single-particle density matrices is 
satisfied for systems in which the m electrons can be 
assigned to m single-particle states, each of which has 
an occupation number equal to unity. 

* The research reported in this paper has been sponsored by the 
Geophysics Research Directorate of the Air Force Cambridge 
Research Center, Air Research and Development Command, the 
Office of Ordnance Research, and the Office of Naval Research. 

+ National Science Foundation Predoctoral Fellow. 

' The basic references and the classical Thomas-Fermi model 
are described in the review article by P. Gombas in Handbuch der 
Phystk, edited by S. Fliigge (Springer-Verlag, Berlin, 1956), 
Vol. XXXVI. 

2P. A. M. Dirac, Proc. Cambridge Phil. Soc. 26, 376 (1930). 

3 W. R. Theis, Z. Physik 142, 503 (1955). 


To complete this historical introduction, in 1957 
Kompaneets and Pavlovskii' apparently independently 
of Theis, showed how, starting from Dirac’s assumption, 
one could derive quantum corrections to the Thomas- 
Fermi model using the scheme proposed by Theis, 
namely, expansions in powers of fi. The extra terms in- 
cluded both exchange and inhomogeneity corrections. 
A somewhat different, but equivalent scheme was pro- 
posed by Kirzhnits® at about the same time. By assum- 
ing that the occupation number of each single-particle 
state depended on the expectation value of the Hamil- 
tonian in that single-particle state, Kirzhnits was 
derive the Thomas-Fermi model at 
tures. Thus, to date, all systematic correct 
Thomas-Fermi model are based either on an @ priori 
assumption about the momentum distribution of the 
electrons or on a model which, at zero temperature, 
approximates the wave function of the atom by a 
single Slater determinant.’ 

Before one attempts to introduce correlation correc- 
tions into the Thomas-Fermi model, it is necessary to 
investigate whether Dirac’s assumption regarding the 
distribution of electrons in phase space depends on the 
description of an atomic system by a single Slater 
determinant. Léwdin’ has shown that the introduction 
of correlation by using sums of Slater determinants re- 


able to 
elevated tempera- 
ions to the 


4A. S. Kompaneets and E. S. Pavlovskii, Soviet Phys.-JETP 
31(4), 328 (1957). 

5 DP. A. Kirzhnits, Soviet Phys.-JETP 32(5), 64 (1957) 

® An apparent exception to this statement is the work of S 
Golden, Phys. Rev. 105, 604 (1957); 107, 1283 (1957); and Revs 
Modern Phys. 32, 322 (1960). Golden’s work consists of two parts 
In the first, he does not confine himself to single-particle Hamil 
tonians and makes no special assumption about the occupation 
number of single-particle states. However his working equations, 
while elegant, are not in the spirit of the Thomas-Fermi model in 
the sense that their greatest utility is for treating problems in 
which the number of particles is small. In the second part, he does 
indeed derive the Thomas-Fermi equation and quantum correc 
tions from his formalism, but in doing so, he makes the usual 
assumption of introducing a single-particle Hamiltonian and a 
single-particle density matrix in which each single-particle state 
is either fully occupied or empty 

7P. O. Léwdin, Phys. Rev. 97, 1474 (1955), Sec. 4. 
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sults in fractional occupation numbers for the single- 
particle states. 

By applying field-theoretic methods to the problem 
at hand, we show in this paper that Dirac’s assumption 
can be derived from a statement that the atomic system 
is in its ground state, and that the Thomas-Fermi model 
with the previously derived quantum corrections can 
also be obtained using this formalism. But, by freeing 
ourselves at the outset from dependence on a deter- 
minantal wave function, we obtain a formalism capable 
of generalization to include correlation effects. We shall 
exploit this freedom in a future publication. 

We use the Green’s function formulation introduced 
by Schwinger,® discussed by Galitskii and Migdal® for 
the quantum mechanical many-particle system in the 
ground state, and by Martin and Schwinger” for the 
quantum mechanical many-particle system at nonzero 
temperature. This formalism for treating the V-particle 
system is a time-dependent description which resembles 
in some ways the time-independent description employ- 
ing the set of 1, 2, - -- N-particle density matrices. In it, 
the -particle Green’s function 


Ga(tili: + Entn3 ib’: +t n't’) (1.1) 
is analogous to the n-particle density matrix and can 
supply all of the information about the system con- 
tained in the latter." As is the case for the density 
matrices, the Green’s functions satisfy a hierarchy of 
equations in which the m-particle Green’s function is 
coupled to the (n—1)-particle and the (w+1)-particle 
Green’s function. 

Explicit solutions to this set of equations coupling 
the various Green’s functions are not known. Martin 
and Schwinger” discuss a systematic approximation 
scheme for truncating this set of equations, retaining 
the first m equations and approximating G,,,; in terms 
of the Green’s functions for fewer particles. The simplest 
of these approximations is the Hartree-Fock approxima- 
tion,” which results from approximating the two- 
particle Green’s function by the antisymmetric product 
of one-particle Green’s functions. We shall show by 
using an expansion similar to that used by Theis that 
the first term in the expansion of the solution of the 
Hartree-Fock approximation in powers of # yields the 
Thomas-Fermi model. The Dirac and inhomogeneity 
effects appear together in the equation determining the 
first nonvanishing correction to the Thomas-Fermi 
model. Higher order corrections can be generated in a 


8 J. Schwinger, Proc. Natl. Acad. Sci. U. S. 37, 452 (1951). 

9 V. M. Galitskii and A. B. Migdal, Soviet Phys.-JETP 34(7), 
96 (1958). 

0 P. C. Martin and J. Schwinger, Phys. Rev. 115, 1342 (1959). 

1A. Klein and R. Prange, Phys. Rev. 112, 994 (1958); R. 
Prange and A. Klein, Phys. Rev. 112, 1008 (1958). 

12 This approximation, in common with the usual Hartree-Fock 
equations for the self-consistent field, neglects dynamic correla- 
tion between the particles. It differs from them, however, in that 
it does allow for fractional occupation numbers, and does not by 
itself make any assignment of electrons to single-particle states. 
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manner similar to the method of Kompaneets and 
Pavlovskii.‘ 

This technique of using the Green’s function to derive 
the Thomas-Fermi model from the many-body equation 
is useful because it enables one to incorporate correla- 
tion corrections into the Thomas-Fermi model. We 
shall treat this problem in a forthcoming paper by re- 
placing the Hartree-Fock approximation with the Gell 
Mann-—Brueckner approximation.” 

In Sec. IT, we state without proof some useful prop- 
erties of the Green’s functions. We also state the first 
hierarchy equation satisfied by the single-particle 
Green’s function and the Hartree-Fock approximation 
to it. We transform this equation to a mixed position- 
momentum representation. This transformation intro- 
duces an infinite order differential operator 6, which 
acts on the mixed representation single-particle Green’s 
function to produce an equation completely equivalent 
to the original Hartree-Fock equation. In Sec. III, we 
make use of the structure of @ to expand the solution in 
a series involving powers of #. We then show that the 
lowest order term yields the Thomas-Fermi density. In 
Sec. IV, we discuss higher order corrections. Sec. V con- 
tains the proof of the assertions made in Sec. II. Most 
important, however, it contains the discussion of the 
analytic properties of the exact Green’s function which 
indicates clearly the connection between the appear- 
ance of the Thomas-Fermi density and the specification 
that the system be in its ground state. The derivation 
of the operator @ is to be found in the Appendix. 


II. TRANSFORMATION TO THE MIXED 
REPRESENTATION 


We consider an atom or an ion to consist of a nucleus 
with charge Ze and infinite mass located at the origin, 
surrounded by N electrons, each of mass m. When we 
neglect spin-dependent forces and all relativistic effects 
in our system, the Hamiltonian is 

H=)>°; Ho(ri) +3 > 5; 0(ri— 1), 
Ho(4,;) = (—h?/2m)V 2Z—Ze?/ | r;| 


(2.1a) 
(2.1b) 


v(r;—4r))=e/|r,—1;|. (2.1c) 


We have mentioned the n-particle Green’s function 
in the previous section: For the purposes of this section, 
we shall need only a few of its simplest properties. These 
properties follow directly from the basic definition (see 
Sec. V) and will be stated in the following paragraph. 
First, however, we must comment on notation. If the 
n-particle Green’s function is denoted by (1.1), then 
each coordinate r,; and r,’ specifies both a spatial loca- 
tion and a spin direction. Consequently, equality of two 
coordinates indicates that the spatial locations are the 
same and that the associated spin indices are identical. 
Integration over a coordinate will be understood to 
imply summation over the corresponding spin index, 
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and a Dirac delta function of two coordinates will be 
understood to be multiplied by the Kronecker delta of 
the corresponding spin indices. 

The n-particle Green’s function contains all the in- 
formation necessary to compute the expectation value 
of any n-particle property of the system." In particular, 
the density of particles with a given direction of the 
spin is given by 


n(r,t)= (—1)G, (rl; rt*), (2.2) 


where /* is a time infinitesimally later than /. The energy 
of the system is the expectation value of the Hamil- 
tonian and is computed from the one- and two-particle 
Green’s functions by the prescription 


E= ( iy f ar lim». o(r)Gi(rt; r’t) 


1 
+-(—12)? f erdta(es- fo)Go(rylrel; rltreft). (2.3) 
? 


For the system governed by the Hamiltonian (2.1), 
the Green’s functions satisfy a set of integro-differential 
equations in which the m-particle Green’s function is 
coupled to the (mw—1)-particle and to the (m+1)- 
particle Green’s functions. The first of these equations is 


[ih(d Ol1) — Ho(81) Gi (tits; r)'t;') 


+i fdr v(41— F2)Go(ryty, Pet, 3 Eylr’ Pelyt) 


=hé(ry—1y')6(4—th'). (2.4) 

The Hartree-Fock approximation results from ap- 
proximating G, in the equation above by the antisym- 
metrized product of one-particle Green’s functions as 
follows: 
Go(1,2; 1'2)\G1(1; 11)G,(2; 2’) 

—Gi(1; 2’)G,(2; 1’). (2.5) 

The functions appearing in (2.4) and (2.5) have the 
spin indices implicit in the coordinates and a spin sum- 
mation implied by the integration. When we neglect 
spin-dependent forces of our system and choose a 
Hamiltonian (2.1), a single particle propagates without 
change of spin. That is, the single-particle Green’s 
function vanishes unless the spin indices for the par- 
ticle r; and the spin coordinate for tle particle r,’ are 
the same. 

Substitute (2.5) into (2.4) and make the spin indices 
and summation explicit. If we use the fact that the 
Green’s function for a spin-independent system is zero 
if the two spin indices are not alike and is otherwise 
independent of spin, then we find the only effect to be a 
factor of two multiplying the term arising from the first 
product on the right of (2.5). Accordingly, we shall in- 
clude this factor of two, and in the future understand 
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that there are no longer any implicit spin indices or 
summations in the equation which results: 


[ik(d, 0t,)— Ho(r) IGi(tits; r;'t1') 
bi f drs o(r.— 19) L264 fol; rott)G, (rit; r1't1’) 


— Gi (ris; Poly? )Gy( Pols; r,l;') 


hé(ry—11')6(4,—-1 (2.6) 


It is in the spirit of the Hartree-Fock self consistent 
method to consider (2.6) as a pair of integral equations 
by writing it as 


[xen Yolo)drodts Gi(felo; r,t’) 
hé(r,— ry’ )d(t; —{,'), 
K (ris; Tole) 


-| ina Ol;)— Ho(11) +2% fae’ of —r’)G,(r'l; r’t*) 


. 


6 (t;— to)6 (41 — re) —iv(r,— re) 


K Gil rils; rely )b(i -t,’). (2.8) 


Taking the Fourier transform of (2.7) with respect to 
r,—r,’ and 4;—t;’, keeping R= }(r,+1,’) fixed, we have 


[ K(eu; Folo)drodts Gy (rele; ryty’)d(r— ry’ )d(4,—t) 


e 


(2.9) 


Xexp{—iLp:(m—1n’)—w(i—h’) |/hy=h. 


The integral in (2.9) may be expressed in terms of the 
Fourier transforms K and G, 


RK(R, pw) 


= f a(n ra.) K (rly; ols) 
Xexp{—i[p-(ri—re)—w(ti—te) |/A}, (2.10a) 


G(R, pw) 


= f deed t— le) Gi(rili; Lolo) 


Xexp{—i[p: (ti— te) —w(ti— 2) |/h}, (2. 10b) 


R=}(r,+r,), (2.10c) 


by means of a differential operator of infinite order 
Arp as 
Op pK (R,pw),G(R, pe) | 


4 See Appendix 
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Equation (2.9) then takes the form 
OLK,G]=h. (2.11) 


K(R,pw) may be expressed in terms of G by using the 
definitions (2.8) and (2.10), with the result that 


K (R, pw) =w— p°/2m+Ze/ | |= 2 f dr’e(R—r)n(r) 


dp’ 
+f —n(R,p’)d(p—p’), (2.12) 
(2rh)* 
where 
dw 


n(R,p) G(R, pw) exp(iw0*), 


(2xh) 


Hie) 


n(R) (2.13b) 


n(R,p), 
(2h)? 


(2.14) 


The relationship between n(R,p) and n(R) permits us 
to interpret n(R,p) as the phase-space density for 
electrons of a given spin direction. The system of Eqs. 
(2.11) and (2.12) is completely equivalent to the original 
Hartree-Fock equation (2.6). We next turn our atten- 
tion to the expansion of the set (2.11) and (2.12) in a 
power series in h. 


III. EXPANSION IN POWERS OF ih 


We refer to the Appendix and find that the operator 
Or» consists of an infinite series of terms, each term 
containing explicitly some power of h as a factor 


Orp = Py h’0;. 


(3.1) 


The zeroth order term is simply the product of the 
transforms K and G on which 0p, operates. Higher order 
terms all contain derivatives of the transform with re- 
spect to components of R. Hence, in an infinite homo- 
geneous system for which neither K nor G can depend 
on R, the zeroth order approximation to (2.11) is exact, 
within the Hartree-Fock approximation. For a non- 
infinite system, higher order terms of @ do contribute, 
and provide corrections for the effects of inhomo 
geneities. The higher order terms of the operator @ all 
contain the operator #(0/AR;)(0/dp;), which suggests 
that the physically significant parameter exhibited by @ 
is the fractional variation of K and of G within a cell 
of area f in the R,p; phase plane. If # were small enough 
relative to the extent of the phase plane occupied by 
the system, then higher order terms of the operator @ 
would again be unimportant. 

This observation, that the operator @ involves powers 
of h in a series of terms whose relative size depends on 
the importance of the uncertainty principle, suggests 
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that it might be useful to expand the density #(R) in a 
series in which the size of A enters in a systematic 
manner. Accordingly, we write 
n(R)= >. jo hin;(R). (3.2) 

In writing this expansion we do not imply that m;(R) 
is independent of /; if it were, this would require that 
there be a classical charge density for the atomic sys- 
tem, namely, mo(R), which could be found in the limit 
h=0. As we shall see, the quantum effect which pre- 
vents the atom from collapsing into the nucleus will be 
manifest in a negative power of h multiplying each of 
the terms n;(R)." 

The expansion of the density 2(R) implies the possi- 
bility of similar expansions for n(R,p) and G(R, pw): 


n(R,p)=? > hin,(R,p), (3.3) 


G(R, pw) =i + WG;(R, pw). (3.4) 
The powers of / appearing outside of the summations 
above have been so chosen that those relationships 
between the coefficients which are a consequence of 
(2.13) will be independent of h. These relationships are 


(3.5a) 


dw 
n;(R,p)=— if - exp(iw0*)G;(R, pw), 
? 


LT 


dp 
(R= [ —n;(R,p). 


(2r)* 


We should now consider the effects of these expansions 
on the kernel K(R,pw). The exchange potential (2.14) 
for the Coulomb force (2.1c) is 


d(p—p’)=4reh?/| p— p’|*. (3.6) 


Substituting the expansions (3.2) and (3.3) into the 
definition (2.12) of the kernel K gives 
K(R, pw) 

=w— p?/2m+Ze?/R—> 2h! fae o(R—r)n,;(r) 


“J 


| =f dp’ 
(2r)*J | p—p’ 


Chis form suggests that we can classify the terms in K 
according to the explicit power of # they contain. 


-nj(R,p’). (3.7) 


‘6 Recall that the radial scale factor in the dimensionless 
Chomas-Fermi equation is proportional to #?. In the limit 4 > 0, 
the atom takes on zero extension. A physical way of looking at 
this is the following: The sole function of # in classical Thomas- 
Fermi theory is to establish a relationship between the local 
density and other physical quantities. This relation is such that 
the density is proportional to a negative power of #. As k — 0, the 
density becomes infinite which means, since particles are con- 
served, that the density can differ from zero only at a single point. 
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Therefore, we write 
K(R,pw)=>°; A7K;(R, pw), 
Ky=w— p’/2m+Ze/|R| 


(3.8a) 


-2 far v(R—r)no(r), 


Ki=—2 far v(R—r)ni(r), 


K;= -2 far v(R—r)n;(r) 


4re* dp’ 
+ f n;-»(R,p’). 
(2r)*J | p—p’|? 


The expansions (3.1), (3.4), and (3.8a) are to be in- 
serted in Eq. (3.11) and the explicit powers of h are to 
be separated in such a way that the zeroth order 
approximation is nonvanishing. The result is the series 
of equations below: 


Oo Ko,t'Go |=h, 
> 6K. (R,pw),G,(R,pw) ]=0. 


i+k+l=n 


(3.8d) 


3.9a) 


3.9b) 


The solution to the set of Eqs. (3.8) and (3.9) can be 
obtained in principle by starting with the zeroth order 
equation of each set, solving sirnultaneously, then pro- 
ceeding to the first order equation in each set, solving 
these simultaneously using the results of the zeroth 
order solutions, and so on. We shall now show that the 
solution of the zeroth order equations, i.e., of (3.8b) 
and (3.9a), yields the Thomas-Fermi model. 

The operator %) appearing in (3.9a) consists of the 
product of the transforms, so that this equation may be 
written 

Go(R, pw) =h-K o(R,pw) | 


=h-[w- EP, 


(3.10a) 


(3.10b) 
where 


E(R,p)= p?/2m+¢o(R), (3.10c) 


oo(R)= —Ze?/|R +2 f o(R—r)no(r)ae (3.11) 


It is necessary to recover mo from Go by performing the 
integrations indicated by Eqs. (3.5). In order to carry 
these out, however, it is first necessary to specify a 
path in the complex w plane. This choice of path is 
discussed in Sec. V. It turns out that the choice of a 
path is determined by the energy state of the ion or 
atom, and by the number of electrons N surrounding 
the nucleus. For a system in its ground state, the path 
of integration lies just below the real w axis from 
— © <w<y, crosses the real axis at w=y, and lies just 
above the real axis from u<w<+, The constant p is 
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the chemical potential, approximately the energy re- 
quired to add another electron to the system. It deter- 
mines the number of electrons surrounding the nucleus. 
This point is brought out in detail in Sec. V. 

The exponential exp(iw0*) in (3.5a) makes it possible 
to complete the path by adding the integral over the 
infinite semicircle in the upper half of complex w plane. 
no(R,p) is then given by a contour integral, and is 
equal to #-* or zero, depending on whether the point 
w= E is inside or outside the contour. Since the contour 
crosses the real axis at w=, this means that 


‘2m+¢o(R) <p 
0, p?/2m+o(R)> uz. 


(3.12a) 


n(R,p)=h, 
(3.12b) 
The density mo(R) defined by (3.5b) is then 


(3.13) 


no(R)= (6rh*)p r*(R), 


where pr(R), the maximum momentum of electrons in 
the Fermi gas, is given by 

pr 
The density o(R,p), which equals h~* for p<pr(R), is 
of course the density usually assumed at the outset in 
derivations of the Thomas-Fermi model. Its appearance 
here is a consequence of the theory. 

To complete the derivation of the model, one may 
obtain the integral form of the Thomas-Fermi equation 
by eliminating ¢o(R) from (3.14) and (3.11), and 
eliminating mo(R) from (3.11) with the result 


2m+¢o(R)= un. (3.14) 


pr*(R)/2m—Ze?/|R 
+ (32h) ‘| pr*®(r)v(R—r)dr=u. 


(3.15) 


The differential form of the Thomas-Fermi equation 


may be obtained by first combining (3.13) and (3.14) as 


(3.16) 


?(R—r) 


no(R) = (627*h®)—{ 2m[_u—oo(R) |}, 


then taking the Laplacian of (3.11) with 


=¢?/| R—r|. The result of this operation, 
Vbo= — 8rre*no(R), 
is combined with (3.16) to give 
V*bo(R) = — (4e?/3arh*){ 2m| u—do(R) ]}?, (3.17) 


which is the Thomas-Fermi equation in its usual form. 


IV. HIGHER ORDER TERMS 


Having found that the zeroth order term in the spa- 
tial density is the Thomas-Fermi density, we turn our 
attention to a consideration of the higher order terms. 
We shall find that the first-order correction vanishes, 
and that the second-order correction is identical with 
that discussed by Kompaneets and Pavlovskii.t We 
consider the n= 1 equation of the set (3.9b). The opera- 
tor 6, (see Appendix) constructs the Poisson bracket of 
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the functions on which it operates—in this case Ko and 
Go. The zeroth order result (3.10a) guarantees that this 
Poisson bracket vanishes. Moreover, since the operator 
4) merely forms the product of the functions on which 
it operates, the solution of the first equation of (3.9b) is 

Gi= — K,Go/ Ko= —h*K,/ (w— E)*. (4.1) 


The density m;(R) may be recovered from G; by the 
integration indicated in (3.5), 


dw exp(iw0*) 
(2rh)*n,(R)= Ky (R) f apf ——— . 


2mri (w—E)’ 


(4.2) 


We have previously found that, over the path described 


in Sec. ITT, 
{- exp (iw(*) 
2ri(w— E) 


5S(x)=1, 


= S(u—F), (4.3a) 


(4.3b) 
(4.3c) 


x>0 


=), «<Q. 


Repeated differentiations of (4.3) with respect to E 
will develop a series of relationships we shall use later 
in this section. 


dw exp(tw0*) © 1 o\72 
2ri(w— EE)” art 


Furthermore, if polar coordinates are introduced into 
momentum space, one may write 


dp= mpdEd¢d cosé. (4.5) 


The integral in (4.2) may be evaluated using (4.4) and 
(4.5). We note that when E=uy, p= pr. 


ny (R)= (22°h*)—"'mp r(R)Ki(R). (4.6) 


An integral equation for K,(R) results by using this 
density in the definition of K,(R) given by (3.8c) 


K,(R)=-—- (rht)-'m f a pr(r)Ki(r)o0(R—r). (4.7) 


The integration in (4.7) is over that region for which 
pr(R) is greater than zero because the density (RX) 
given by (4.6) is nonzero for positive pr only. Depend- 
ing on the choice of y, the region of integration may or 
may not be all space. 

One solution to (4.7) is that K,(R) vanishes identi- 
cally. To show that this is the only solution, multiply 
(4.7) by K,(R)pr(R) and integrate over the region for 
which pr(R) is greater than zero. Making use of the 
specific form for v(R—r), the result is 


R) 
fx: (R) Ppr(R)dR= —C SS Aiea -drdR, 


R—-r| 
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where 
C= me?/ (xh’), 
p(r)= pr(r)Ky(r). 


The integral on the left is non-negative. The integral 
on the right is the self-energy of a distribution of charge 
with density p; it too is non-negative. The minus sign 
then requires that each integral vanish. Equation (4.1) 
indicates that G,; also vanishes. 

We may now consider the n=2 equation of (3.9b), 
which we solve explicitly for Gz using the fact that K, 
and G, are zero. 

G.= — KG» Ko—62[ Ko,Go | Ko, 
or, equivalently, 
K.(R,p)/(w— E)? 

+(w—E 


—h®G» = 


.[ (w—E),(w—E)-]}. (4.8) 


When the set of differentiations which constitute 6, are 
performed, the result is 


—h®G.= (w— E)*K2(R,p)+ (w— E)*C(R) 


+(w—E)“D(R,p), (4.9a) 


Lfd’p 2 
C(R)= | —+ (4.9b) 


2 db | 
4ml dR? R dRI 
a? do p: R 3 1 doo px R 
D(R,p)= |= ( ) + ( ) 
L dR?\ mR RdR\ mR 
1 doo 2 
LAY ae 
m\ dR 
The density mo\ R) is to be recovered from G, by inte- 
gration, as before. In performing this integration, we 
note first that Eq. (3.8d) indicates that K» will depend 
only on the magnitudes of R and p. Utilizing (4.4) and 


(4.5) and integrating by parts where necessary, we 
obtain 


dp 
4o?h'n.(R) = 2mprK2(R,pr)—mC(R) ( —) 
dG} a. 


dg 
ee <p f DiR pM cost | ‘ 
6LOE E=u 


The remaining integration in (4.10) may be carried out 
by choosing the polar axis in the direction of R, after 
which the differentiations may be performed, resulting 
in 


(4.10) 


4r’h®n.(R) = 2mpe(R)K2(R,pr)— 2m?C(R)/ (3pr) 


doo 3 
-n:(—) / (1299. (4.11) 
dR 


A single-integral equation for K» will result if the equa- 
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tion (3.8d) for K, is written using the density m2 given 
by (4.11) and mo given by (3.12). Instead of doing this, 
however, we shall exhibit the differential equation 
which shows that the second-order term in our solution 
is the same as the first quantum correction found by 
Kompaneets and Pavlovskii. Define 


¢2(R) 2] no(r)o(R—r)dr. 


Since »(R—r) is the Coulomb potential, 


— Sre*ny. (4.13) 


V*o2" 
The mo of Eq. (3.12) used in the j=2 term of Eq. 
(3.8d) gives 


K2(R,p) 
h-dp 


e 
=—odrT f 
Ir p'<p! p—-?p’ |? 


e pr’ — PP | pr—p| 
= —¢.(R)+ | pr—( — ) In|——— | (4.14) 
wh 2p brt+p 
Finally, m2 is eliminated from (4.11) using (4.13) and 
K2(R,pr) is eliminated from (4.11) using (4.14). In 
the equation which results, we evaluate C(R) using 
(4.9b) as (4m)"V*oo Pr(R) using (3.14) as 
[ 2m(u—do) |! 


and 


4me? 
—Voet [2m(u—¢o) }*o2 
ah* 


me*[ 2m(u—o) |? 


12h? 


doo\? 
x | Arb a4) ( ) | (4.15) 
dR/ . 


This equation was derived by Kompaneets and Pav- 
lovskii using a different method in which the Thomas- 
Fermi distribution (3.12) is assumed at the outset. The 
authors discuss this equation and its numerical solution 
and point out that the exchange effect (first term on the 
right) and the inhomogeneity correction (last term on 
the right) appear together in this equation. Therefore 
the first nonvanishing correction to the Thomas-Fermi 
equation contains both exchange effects and inhomo- 
geneity effects. 

The higher corrections could presumably also be ob- 
tained by using systematic methods such as Kirzhnits 
or Golden has proposed. Retaining all higher corrections 
must ultimately lead back to the Hartree-Fock result. 
The utility of the Green’s function method which we 
have presented here becomes apparent when we go to 
methods beyond Hartree-Fock, in which correlation 
effects preclude use of a scheme based on a single- 
particle Hamiltonian. This will be made more apparent 
in a future publication. 


8m? e* (37h®)— (u— go) — 
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V. GENERAL PROPERTIES OF THE 
GREEN’S FUNCTION 


In this section, our main concern is to establish the 
connection between the state of the ion or atom and the 
path of integration used to recover the density from the 
Green’s function. This cdnnection follows from certain 
general properties of the Green’s function. These 
properties are best exhibited by starting with the well 
known definition of the Green’s function and working in 
the formalism of second quantization. In this formalism, 
the Hamiltonian (2.1a) takes the form 


H=Zaf vo! (e) Haley (rt)dr 


+} Low f Yel Wet (FOa(e -r’) 


XY v (rd w.(ridrdr’. (5.1) 


Va(rt) and y,'(ri) are the annihilation and creation 
operators for the electrons; a is the spin index and 
takes on two values. These operators satisfy anti- 
commutation relationships 

Yalta (rt) +a (r'dwa(rt)=0, 

Val (rt)Wa (rt) +a (rt wa! rt VU, 

Walt at (r’t)twat(r’tWa(rt) 
It will be convenient to suppress the spin index a@ by 
considering it to be implicitly contained in r and using 
the convention described in the beginning of Sec. II. 
We shall use the Heisenberg representation, in which 
the time dependence of the operators is 

y (ri) eit ay ( r, i 


¥t(rt) =e! UA) t(r, i=O)e— 7! 


m . , 
=Oaq'0(\F—TF ). 


O)e~iA/h 


States of the ion are specified by \, the number of 


electrons surrounding the nucleus, the energy FE, and 
possibly some degeneracy parameter y, i.e., 


H|N,E,y)=E|NEy), 
Nop= |N,E,y)=N|N,E,7). (5.4b) 


5.4a 


The operator giving the number of electrons surround- 
ing the nucleus is 


Vop= fv "(rt)p(ri)dr, 


and hence, the operator m.,(ri) giving the spatial 


density of electrons with a given direction of spin is 


(5.6) 


Nop(ri)='(rt)y (rt). 


We shall be especially concerned with the ground state 
of the system with N electrons, having energy Eo(), 
and for this state, we shall suppress the indices NEy 
and the vertical bar, leaving just the angular bracket 
to denote the state. 

Green’s functions for the many-particle system are 
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well known and have been widely studied." To fix the 
definition we have been using, the m-particle Green’s 
function for the ground state of the N electron system 
was defined by 


G,,(1,2,---n; 1'-+-n’) 
(—i)"™(((A)W(2)- + Wn) it(n’)-- -wt(1’)),). 


The operators in (5.7) are the time dependent annihila- 
tion and creation operators; the bracket ( ), indicates 
the time ordering of the operators enclosed: operators 
with later time coordinates stand to the left of opera- 
tors with earlier time coordinates and the collection is 
multiplied by +1, the parity of the permutation of the 
operators from the sequence indicated in (5.7) to the 
time-ordered sequence. The expectation value is taken 
with respect to the ground state of the \-electron 
system. 

It is now evident that Eqs. (2.2) and (2.3) are nothing 
other than the statements that the energy of the ground 
state is equal to the expectation value of the Hamil- 
tonian in the ground state and that the particle density 
is the expectation value of the density operator." The 
equation (2.4) linking the one-particle and two-particle 
Green’s function may be derived’ by differentiating 
(5.3 ): 


(5.7) 


thoy (rt)/dt= (ri)H — Ay (rt), (5.8) 


evaluating the commutator on the right of (5.8) using 
the relations (5.2), multiplying the result by —ip'(r’t’) 
from the right, and time-ordering the result. A delta 


function arises because 


0 


oy 
(W(rdy' (r't’)),= (- virr)) +6(r—r’)é(i—V’). 
at al ; 


Finally, taking the ground-state expectation value re- 
sults in Eq. (2.4). 

We are especially concerned with the Fourier trans- 
form G of the one-particle Green’s function and its w 
dependence. The transform was defined by (2.10b), 
which we rewrite, using the specific definition (5.7), as 


G(R,a; pw) 
= -if d(x— y)d(tz—ly) WalX,tzWa' (y,ty)) 
ts> 


; 
“Vv 


Xexp{—i[p: (x— y)—w(t,—1,) |/h} 


+i f d(x— y)d(tz—1,) (Wa! (¥ ty) WalX,l2) 
ae 


Xexp{—i[p: (x—y)—w(t.—t,) /h}, 
R=}(x+y). 


There is no spin summation implied in (5.9). The time 
dependence of the matrix elements is exhibited by 
using a resolution of the identity between the two 
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operators in each matrix element, and the Heisenberg 


time dependence (5.3): 


(Wal XtzWa'(Y,ty)) 
Lin ByWa(Xte) | N’Ey)(N’ Ey |\Va'(Y,ty)) 
Dn ByWa(x)| N’Ey)(N’ Ey |Wat(y)) 
Xexp{i(tz—t,)[Eo(N)—EV/h}, (5.10) 
Witn 


Wa(X)=Wa(x,/2=0), 
Va'(¥Y)=Palyty=0). 


The summation in (5.10) is symbolic, and implies in- 
tegration over the continuous range of eigenvalues also. 
The only intermediate states which will contribute are 
those for which (V’|yt|.V) does not vanish, i.e., states 
where V’=N+1. The energy E appearing here specifies 
energy levels of the system with (V+1) particles, and 
will be denoted E(V+1). Similarly, for the other 
matrix element in (5.9), the same technique yields 


Wal (y,tyWal(X,tz)) 
De.val(y)|N-1, Byy)(N—-1, Eyy|va(x)) 
Xexp[i(t.—t,)[E(N—1)—Eo(N) V/A]. (5.11) 


The spatial Fourier transforms are w-independent, and 
will be denoted as 


E f dx— yaa) V+1, Eyy)(N +1, Eyy|Pa'(y)) 
Xexp[—ip: (x—y)/hj | 


=h~A[R,a; p, E(N+1)], (5.12a) 


E f de-N") N—1, EyyXN—1, Eyy|Wa(x)) 
Xexp[—ip:(x—y)/h ] 


hk” BUR,a; p, E(N—1)]. (5.12b) 
When (5.10), (5.11), and (5.12) are inserted into (5.9), 
the remaining time integration does not converge and is 
therefore ambiguous. The integration can be made un- 
ambiguous in the usual manner by inserting a con- 
vergence factor exp —n|/.—/,| ] into the integrand and 
taking the limit 7 — 0* after the inversion to the time 
dependent form is performed. The result of the integra- 
tion with the convergence factor inserted is 


A[R,a; p, E(N+1)] 
E(N+1)—E(N)—in—w 
BCR,a; p, E(N—1)] 


G(R,a; pwo)=>> 


a 


- ———=, (5.33) 
E.\(N)— E(N—1)+in-—w 
The sums in (5.13) are over the energy levels of the 
(V+1)-particle system and of the (N—1)-particle 
system. 

At this point, we'call attention to the fact that 
Eo(N) appears in (5.13) because the state which ap- 
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peared in the definition of the Green’s function was the 
ground state of the system with N particles. We can 
make use of this by introducing the excitation energy, 
a positive quantity defined by 


e(V)=E(N)—Eo(N) = 90. (5.14) 


It is also convenient to introduce the chemical potential 
u, defined as the minimum energy required to add 


another electron to the system, i.e., 
u(N)=Eo(N+1)—E£o(N). (5.15) 


These two definitions bring (5.13) to the form which 
exhibits its w dependence most clearly, namely 


A[e(N+1)] 
e(N+1) u(N)+e(N+1)—in—w 
Ble(N—1)] 


+ 2 -. 
€(N 1) p(N—-1)—e(N—1)+in—w 


= 


(5.16) 


We observe that the singularities of (5.16) in the 
complex w plane are poles and branch cuts adjacent to 
the real axis. The singularities below the real axis are 
contributed by the first sum in (5.16) and extend from 
u(NV) to infinity. The poles arise from the discrete 
(bound state) energies of the (V+1)-particle system. 
The branch cut arises from the continuum state eneriges 
of the (V+1)-particle system, for which the sum in 
(5.16) becomes an integral. The bound-state energies 
(if any) are expected to lie below the continuum-state 
energies, i.e., have lesser excitation energies. Therefore 
the poles, if any, are expected to lie to the left of the 
branch cut. No matter how many bound states of the 
(V+1)-particle system there are, all the singularities 
below the axis lie to the right of u(V). 

The singularities above the real axis are contributed 
by the second term in (5.16), and extend from u(V—1) 
to minus infinity. This time the branch cut lies to the 
left of the poles, if any. All singularities above the real 
axis lie to the left of u(N—1). The reason the two sets 
of singularities terminate at the yw is that the ground 
state of the N-particle system was used to define the 
Green’s function. If the Green’s function had been de- 
fined relative to an excited state, then each series of 
singularities would extend past its u a distance equal to 
the excitation energy of this state. This statement is 
most easily verified by substituting for Eo(N) in (5.13) 
the energy of the state used to define the Green’s 
function. 

In the inversion of (5.16) to recover the time de- 
pendent form, the path of integration of w along the real 
axis defines a path which passes beneath one set of 
singularities and above the other. The relationship be- 
tween the two sets of singularities depends on whether 
u(N) is larger or smaller than u(N—1). The exact rela- 
tionship between these two will depend in detail upon 
the nature of the system. For an ion, however, the fact 
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Fic. 1. Path of integration in complex w plane. 


that it becomes increasingly difficult to remove succes- 
sive electrons indicates that u increases with V. Hence, 
the set of singularities below the axis lies completely to 
the right of the set of singularities above the axis, with 
no overlap. 

The nonoverlapping of the two sets of singularities 
makes it possible to shift slightly the path of integration 
off the real axis, so that it still passes beneath the one 
set of singularities and above the other, even as the 
operation of letting n go to zero moves all of the singu- 
larities onto the real w axis. In this way, the imaginary 
part of the denominators in (5.16) may be discarded 
but the path used for recovering the time dependent 
form now lies below the real axis from minus infinity 
to uw, crosses the real axis at w=, and lies above the real 
axis from yp to plus infinity. Here, u is some real number 
such that 


u(N—-1)<p<p(A (5.17) 


The path of integration discussed above is possible 
for the ground-state Green’s function, because of the 
separation of the sets of singularities. But this path is 
precisely the one which in Sec. III yielded the Thomas- 
Fermi density. 
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APPENDIX. THE OPERATOR 6p ,, 


An operator @z,p was defined in Sec. II by the re- 
quirement that it produces the Fourier transform of the 
matrix product of two functions when it operates on 
the transforms of the individual functions. The precise 
definition is 


Ox. p LK (R, pw) ,G( R, pw) | 


= [ewe y)—w (tz—ty)] kd(x— y)d(t,—t,) 


(A.1) 


x K(x. wi, )dWdlwG (Wl; yly). 
R=3(x+y). 
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A four-dimensional notation will be convenient, in which 
px= p-x—al, 

dx= dxdt, 
dp=dpdw 
R=}(x+y). 


The kernels K and G in (A.1) must be expressed in 
terms of their transforms, so that the right side of 
(A.1) becomes 


(2h) *f a(x—ydwdprdp: e~ lp (2—v)— pi (2—w)— p2(w—w)]/h 


_ fxtw wty 
xR(- ,»:)6(—, »). (A.2) 


Eliminate p; and p, by putting pi=p+qi po= pt a. 


The preceding expression (A.2) becomes 


(ani) f d(e—y)ddgadgs eilai(z—-u )+q2(w—y)]/h 


« w-y . x—W 
xR (R+ i p+ )G(R-— :P+a:). (A.3) 


Each of the transforms K and G may be expanded as a 
Taylor’s series about R and p. For clarity we shall tem- 
porarily neglect the fact that R and p each have four 
components. Then the Taylor’s series expansion is 


: w-y A i ame i 
pCa Siaon eas bas 
2 ke jLRIN 2 


x—wW 1 
G(x-—*: p+) 


lm 1! m! 


a l 0 m 
ver -2) (2S cna, 
OR Op 


The powers of (w—y) and of (x—w) are derivatives of 
the exponential with respect to ig,/h and ig2/h. On 
integration by parts, the derivatives of the exponential 
may be transferred to the other factors of the integrand, 
which, exclusive of the exponential, is then 


1 0\%s0\*F_ 
5, jana a) ag) =| 
jkim 7 \Ril!m! NAR Op 
0 l 0 m2 
{(-3) (yen 
\\ ar] \ap 
ih ay! ih ar? 
(22) (22 Yer. ao 
2 0q1 2 0g2 
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The integration may be performed first over w, then 
over g2, then over (x—y) and finally gq, with the result 
that the integral equals the value of (A.4) with qi:=0, 
g2=0. Setting the g equal to zero deletes all terms from 
the summation except those for which /=k and m=j. 
The result is 


ba (ih/2)**) 79 Vi79\* | 
aR cjer ( ) ( ) R(R,p) | 
mm jlk! |Nar/ \ap | 
| 0 sraXF 
” (- ) ( ) cry) (A.5) 
\\ ar/ \ap 
iho Oo 0 0 
= lim exp| ( ait )| 
p’-—-» L2\aRAp’ OAR’ ap/- 


R’-R 
<K(R,p)G(R’,p’). (A.6) 


This latter form has been given by Theis. The modifica- 
tion brought about by the multicomponent nature of R 
and p is simply the appearance of an index for each 
component, i.e., the argument of the exponential 


becomes 
th 4 ( re) 0 0 2a ) 
2 mi \OR; 0p; AR,’ Op; 


Ry=$ (tz t+1,) 


where 
ps = —@. 


There will be no Ry dependence in either of the func- 
tions K or G because the ground-state system is time 
independent, and so the summation need be extended 
only over i= 1, 2, 3. If we separate out terms according 
to the explicit power of # they contain as indicated by 
(3.1), then!® 
Oo K,G]=KG, (A.7) 
aK aG 

- _ ; (A.8) 
zuz Ox Op, Ops. OX 


‘ 1 Kx 2G YK &G 
22\ 0x Op, dp? dx 


eK &G eK &G 
+2. ( + ) 
ryz Oxdy Op.0p, App, Oxdy 


Ta % 


c &G 
- —"| (A.9) 


pz DyPz zv2 Ox0 py OVOP. 


16 The summation of xyz means xyz are to replace each other 
cyclically. The double summation means that xp, is to be replaced 
by each of the eight other combinations of a component of R and 
a component of p. 
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The energy distribution of electrons produced in ionizing collisions of ions and fast atoms with atoms of 
the parent gas at rest has been measured for A and He. The energy of the incident particles ranged from 
0.30 to 3.0 kev. Electrons released at 90° with the incident ion or atom beam were analyzed in an electro 
static energy selector which consisted of 90° segments of coaxial cylinders. The use of a fine wire grid in the 
region in which the ionization occurred allowed a positive differentiation to be made between the ionization 
electrons and the secondary electrons from any metal surfaces. The electron distributions for argon ions 
and atoms in argon are similar and show a rapid decrease in the yield as the energy increases from zero to 
about 4 ev followed by a plateau and a flat maximum near 12 ev. The distributions for He also show the 
initial rapid decrease continuing to a small maximum which for the ion is at about 31 ev and for the neutral 
atom at about 16 ev. These distributions are almost collision energy independent, though with an increase in 


the over-all yield with increasing energy. 


INTRODUCTION 


LOW, inelastic collisions of ions and atoms are be- 

lieved to involve the formation of a temporary 
molecule in which energy of relative motion is trans- 
ferred to that of excitation and ionization. The general 
theoretical method of treating the problem was de- 
veloped by Stueckelberg and others'; but it has not 
been applied to any particular atomic species though 
some general results have been obtained by Bates and 
Massey.” In this approach a transition may occur, if 
the initial and final potential energy curves of the quasi- 
molecule. cross or nearly cross at some internuclear 
separation. As Bates and Massey point out, however, 
the lack of knowledge of the potential curves and of the 
prevalence of curve crossing makes it difficult to esti- 
mate even order-of-magnitude effects. For the case of 
ionization, the final state is a continuum corresponding 
to the energy given to the ejected electron. It might 
therefore be expected that the energy spectrum of the 
ionization electrons would be characteristic of the 
atomic species and the quasi-molecule involved in the 
collision. 

Few experimental investigations of the electron 
energy distributions in ionizing collisions have been 
made. In one such measurement,’ for collisions of 
protons in Hy, A, Ne, and Kr, the distributions show 
the expected decreasing yield at first but with a slow 
increase above a hundred or so electron volts. Also, 
Moe and Petsch‘ recently measured the energy spectrum 
of electrons from ionizing collisions of K* in A, Ne, 
and Kr. In these, they found maxima in the distributions 
that seemed to be characteristic of the particles involved. 

In the investigation reported here, the electron 
energy distribution has been measured for ionizing col- 


* This research was supported in whole or in part by the U. S. 
Air Force, monitored by the Aeronautical Research Laboratories, 
Wright Air Development Division. 

1 —. C. Stueckelberg, Helv. Phys. Acta 5, 370 (1932). 

2 C. Zener, Proc. Roy. Soc. (London) A137, 696 (1932). 

2D. R. Bates and H. S. W. Massey, Phil. Mag. 45, 111 (1954). 

3 E. Blauth, Z. Physik 147, 228 (1957). 

4D. Moe, and E. Petsch, Phys. Rev. 110, 1358 (1958). 


lisions of helium ions and neutral atoms with helium 
gas and argon ions and neutral atoms in argon gas, 
in which the energy of the incident particle ranged 
from several hundred to several thousand electron 
volts. In the following sections, the apparatus and 
method of measurement are described, with finally a 
discussion of the results obtained. 


EXPERIMENTAL METHOD 


The experiment consisted of (1) producing a beam of 
the desired ion specie and energy, (2) neutralizing, if 
desired, the ions of the beam by charge exchange with 
atoms of the parent gas, (3) allowing this beam to 
traverse a region containing the target gas where the 
inelastic collisions will occur, and finally (4) measuring 
the energy distribution of the electrons produced in 
the inelastic collisions. A schematic arrangement of the 
apparatus for this is shown in Fig. 1. The vacuum 
envelope was composed of sections of four-inch Pyrex 
glass pipe, with the apparatus supported from the brass 
plates mounted at the ends of these sections. The sys- 
tem was evacuated by a fractionating, three-stage oil 
diffusion pump. Pressures less than 5X 10~* mm of Hg 
were customary before the admission of gases into the 
source and ionization regions. 
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Fic. 1. Schematic diagram of the apparatus 
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The ion source used in this study was adapted from 
that designed by Beckman.® It is mounted between the 
poles of an electromagnet so that the magnetic field is 
oriented normal to the plane of Fig. 1. This field colli- 
mated the electrons producing the initial ionization, 
provided a low-resolution mass spectrograph, and ef- 
fected an increase in the ion beam density by a novel 
focussing action. Gas introduced into the source was 
ionized by the bombardment of electrons emitted from 
filaments above and below the ionization chamber. The 
electrons traversed the region in a direction parallel to 
the magnetic field and thus were prevented by the field 
from readily going to the walls. Consequently, many 
traversals through the chamber should be made with 
a resulting increase in the number of ions produced. 
Pole shoes mounted in the vacuum system were notched 
where the filaments were mounted and served also as 
reflectors to reverse the electron motion. It was found 
adequate to maintain the pole shoes at the potential 
of the negative end of the filaments. The source ioniza- 
tion chamber was made of copper with a tantalum in- 
sert to form the ion exit slit. The length of this slit was 
1} in. with the electron entrance slits on the top and 
bottom slightly longer. Two tantalum accelerating elec- 
trodes were mounted as shown in front of the source 
exit slit with 0,150-in. separation between the source 
chamber and the first grid as well as between the grids. 
The second grid served to focus the beam in the verti- 
cal direction (along the magnetic field) and seemed to 
do this best when operated at a potential near that of the 
copper ionization chamber. The first grid was most 
effective when near the total accelerating voltage. An 
electric field free brass box completed the source and 
was operated at the potential desired for the total 
acceleration, 

To produce the “focussing” action on the beam, the 
pole shoes were tapered to decrease the magnetic field 
strength in such a way that ideally all trajectories are 
tangent to one line on emergence of the beam from the 
field. To do this the field must decrease to zero at this 
line so that ions from the right side of the source undergo 
a 90° turn over a longer trajectory than those from the 
left side. Several sets of pole shoes with different cross 
sections were tried and for each the magnetic field was 
measured in the azimuthal plane with a small search 
coil. Graphical construction of the trajectories showed 
in all cases that the field did not drop off fast enough to 
insure proper focussing. The excess of field had the 
effect of overbending the outermost rays or, if this was 
compensated for by adjusting the accelerating potential 
difference, then the innermost trajectories were not 
turned enough. 

Following the source the ion beams passed through a 
three element electrostatic lens and from there into a 
neutralizing chamber where the beam may be partially 
neutralized. On removing the remaining ions, a neutral 


5 L. Beckman, Arkiv Fysik 8, 451 (1954). 
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beam of the same energy as the ion beam resulted. The 
lens consisted of three elements with the first and third 
elements at the same potential. The second and third 
elements were split parallel to the axis of the system so 
that in one case a small potential difference between the 
halves would move the beam vertically and in the other 
case—horizontally. This has decided advantages in that 
the exact angle of emergence of the ion beam from the 
source is not known and further it removes the necessity 
for very careful alignment. The sources of potential 
for the lens and the source were so arranged that an 
additional acceleration could be introduced between the 
source exit slit and the first element of the lens to change 
the beam energy without adjusting the source magnetic 
field. 

The neutralizing chamber consisted simply of an 
enclosed region in which a gas may be confined and of 
several electrodes for applying a field sufficient to re- 
move any unneutralized ions from the beam. While 
the neutral atom beam was not measured, it is estimated 
that this was the order of } to 7 of the incident ion flux. 

The chamber in which the ionizing collisions occurred 
was a cylinder }-inch inside diameter and 2} inches 
long. One side was milled off and fastened to a flat plate 
which contained the exit slit for the electrons. The slit, 
% inch by 3 inch, was beveled on the inside to conform 
to the cylindrical symmetry. Concentric with the cylin- 
der was a fine wire grid with the wires mounted parallel 
to the axis of the cylinder. Twenty-four 0.001-inch 
tungsten wires were evenly spaced around a circle of 
}-inch diameter. The grid was supported by lavite 
rings mounted within the ionization cylinder. These 
rings placed at the ends of the cylinder also served as 
the mountings for the entrance and exit apertures. The 
entrance aperture was 35 inch in diameter with a 73-inch 
aperture following ; the latter was held at ten or so volts 
negative with respect to the entrance aperture to sup- 
press electron emission generated by ion bombardment 
of the aperture edges. The grid was maintained at the 
same potential as this second entrance aperture. At the 
opposite end of the cylinder, there was a Faraday cage 
for the beam current measurement with an aperture 
preceding to again suppress electron emission. 

Electrons ejected at about 90 degrees to the beam, 
which emerge from the cylindrical chamber entered an 
energy analyzer which is indicated only schematically 
in Fig. 1. The analyzer electrodes are 90-degree sections 
of concentric cylinders and attain the same focussing 
action as the 127-degree electrostatic analyzer by placing 
the exit and entrance image foci 0.35 times the mean 
radius from the ends of the deflecting electrodes.* A 
2-mm entrance slit restricted the angular spread of the 
entering electrons while a 1.1 slit at the exit focus was 
used for all the measurements. For this analyzer, as 
with the 180-degree magnetic type, the exit slit width, 
in terms of the energy range passed, is proportional to 


®°M. G. Ingraham, Advances in Electronics, edited by L. Marton 
(Academic Press, Inc., New York, 1948), Vol. I, p. 219. 
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the mean particle energy. The correction for this tends 
to magnify the experimental errors excessively at low 
energies. By use of an accelerating potential difference 
between the source of the electrons and the analyzer, 
the effect of this correction can be much reduced. 
Further, since it is desired to maintain the grid negative 
relative the cylinder, this potential difference can be 
part of that applied between the grid and analyzer. 
For most of the data taken, about 90% of the total 
potential difference through which the electrons were 
accelerated was applied between the grid and cylinder. 
This could be readily varied, and data were taken with 
other divisions with no effect on the observed 
distribution. 

A test of the analyzer resolution was made by in- 
serting a small, V-shaped filament of 0.002-inch tung- 
sten wire in the center of the ionization cylinder. Elec- 
trons emitted from this were then accelerated with the 
same potential arrangement used in the distribution 
measurements. For a total drop of 21.5 volts, the dis- 
tribution peak at half height was 1.0 volts. This is some 
50% larger than the calculated width in which no 
cognizance is taken of the source size, angular spread 
of the electron beam, or source energy spread. 

To insure proper operation of the analyzer and pre- 
vent distortion of the energy distribution, the residual 
magnetic field in the analyzer region was annulled with 
three sets of Helmholtz coils with the axis of each pair 
mutually perpendicular to the others. Since the leakage 
field from the source magnet tended to cancel the earth’s 
field in the region of the analyzer, the residual field was 
only a few tenths of a gauss. This could be readily 
annulled by use of a sensitive dip needle and compass 
with an uncertainty of about 0.005 gauss. 

It was more feasible to measure the energy distribu- 
tion of the electrons with a constant potential difference 
for the acceleration of the electrons and so a varying 
deflection potential difference on the analyzer, rather 
than the reverse. This method allows the velocity com- 
ponent perpendicular to the plane of symmetry of the 
analyzer to vary as the transit time of the electrons in 
the analyzer changes. The range of variation is not large, 
however. With the analyzer dimensions used, the energy 
range associated with the perpendicular component of 
the velocity would be 0.4 to 1.0 ev, while the self-energy 
of the electrons varied from zero to 30 ev. 

The electron current passed by the analyzer was 
amplified by a secondary electron multiplier then fed 
into a micromicroammeter and finally to a chart re- 
corder. The ten-stage multiplier was a commercial unit 
with an original gain of the order of 10°; but on exposure 
to air this gain dropped to about 5000. Background 
noise limited the measurements to currents greater than 
2X 10-'* ampere. The analyzer deflection potential dif- 
ference was applied through a synchronous motor 
driven potentiometer with the distribution swept out 
in about two minutes, Examination of the sweep voltage 
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on the recording chart showed a linearity of better 
than 5%. 
MEASUREMENTS 


A major difficulty in these measurements arises from 
the electrons ejected from the surfaces of the ionization 
cylinder by ion and atom bombardment. For gas covered 
surfaces this can be as large as one electron per incident 
atom or ion with a kinetic energy of about one kev.’ 
Consequently this can easily mask the much smaller 
yield of electrons from the ionizing collisions with the 
gas molecules. For ions with particularly large ionization 
energies such as He* or At*, the secondary emission 
coefficient can be large even for little or no kinetic 
energy.® In general, the energy range of these secondary 
electrons is about that expected for the ionization 
electrons. Consequently, it becomes necessary to sup- 
press the emission or in some way differentiate it from 
the ionization yield. 

This is the prime function of the grid placed in the 
ionization cylinder. With the grid some twenty volts 
more negative than the cylinder, most of the electrons 
ejected from the cylinder would be turned back. Those 
produced, however, in the neighborhood of the slit 
would be turned into the slit so as to enter the analyzer, 
but would originate at a potential much different from 
that of the grid and the region within and so would be 
observed as a separate group at a lower total energy as 
shown in Fig. 2 as the peak on the left. Measurements’:* 
of the energy distribution of electrons ejected from both 
clean and gas covered surfaces by both atoms and ions 
indicated that few electrons would have energies in 
excess of 15 ev. This seems to be borne out by the 
measurements here, for the contribution from the cylin- 
der walls seems to have levelled off before the onset of 
the peak of the ionization electrons. 
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Fic. 2. Sample data record for 1.0-key At in A. The analyzer 
deflection voltage increases from left to right. The small peak on 
the left represents secondary electrons from the cylinder walls. 
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Fic. 3. Electron energy distributions for ionizing collisions of 
A* in A. The numbers appearing after the beam particle energies 
represent the relative heights of the zero-energy peak. 


There still exists though a possible source of trouble. 
The grid was designed to present as small an obstacle 
as possible to the ions and atoms scattered from the 
beam. Yet, since it is the most negative electrode within 
the cylinder, it will still attract any slow positive ions 
produced in a charge exchange collision. Secondary 
electrons originating on the grid wires would generally 
be indistinguishable from the ionization electrons. How- 
ever, the space within the grid does not have the poten- 
tial of the grid. An electrolytic tank analysis of the 
potential distribution within the cylinder showed that 
the space inside the grid was almost uniform in potential 
with a value 20% lower than the potential of the grid 
relative to the cylinder. Over an area of cross section 
four times larger in diameter than the beam, the poten- 
tial varied less than 2%. The value of the potential 
within the grid may be altered by changing the voltage 
between the grid and the cylinder, while still leaving 
the total potential difference constant. In this way, the 
potential of the point of origin of the ionization electrons 
can be shifted while that of the secondary electrons 
from the grid remains fixed. When this was done it was 
found that the peaks on the data associated with the 
ionization electrons shifted by the expected amount 
while those associated with electrons from the grid 
wires remained fixed. 

If the zero-energy peak position of the ionization 
electrons is plotted against the potential difference be- 
tween the ionization cylinder and the grid, the result 
is a straight line which, when extrapolated to zero 
potential difference, appears near the expected position 
for electrons of zero self-energy. Actually this was true 
only for ionization by incident fast neutral atoms; for 
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ions an additional peak shift was superimposed on that 
above which moved the peaks to lower apparent energy. 
Such an effect as this could arise from a positive space 
charge accumulating within the grid. Since it was not 
present for ionization by neutral atoms, the space 
charge very likely arises from the slow positive ions 
produced in charge-exchange collisions. Because of the 
small size of the grid wires it seems possible that an 
equilibrium concentration much larger than the space 
charge of the beam alone would be reached, which is 
largely beam current independent, and which would 
give the obesrved change in the potential of the region. 
This effect amounted to almost two volts for argon ions 
in argon and about one-half a volt for helium ions in 
helium. 

As described above, when the peak position for the 
neutral atom ionization is extrapolated to zero potential 
difference between the grid and the cylinder, the posi- 
tion corresponded within one half a volt to the total 
potential difference between the grid and the entrance 
slit of the analyzer. It would seem reasonable that this 
difference could be accounted for by a contact potential 
difference. Positions on the recorder chart were repro- 
ducible to better than ;5 inch so that absolute values of 
the energy are in doubt by about 0.5 ev. Because all 
the distributions showed the same rapid rise with in- 
creasing voltage, it seemed reasonable to take the peak 
as the zero of the electron self-energy (Figs. 3 through 
6). Hence all data were adjusted to match at this peak. 
In some cases the yield at higher collision energies pro- 
duced a broader peak, and some justification would 
exist for considering the edge of the rapid rise as more 


RANGE 


ENERGY 


+ 
| 





i= 
= 








RELATIVE YIELD PER UNI 


6 











4 8 l2 
ELECTRON ENERGY (ev) 


l'1c. 4. Electron energy distributions for ionizing collisions of A 
neutral atoms in A. The beam energy is indicated by the same 
letter as used on the curve. 
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Fic. 5. Electron energy distribu 
tions for ionizing collisions of He 
in He. The incident particle energy 
is indicated by the same letter as 
used on the curve. Sections of each 
curve are magnified by 10 and 100 
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appropriate for the zero. It should be noted also that 
the slit width at the point of zero self-energy is almost 
one ev. 

There is a possibility that the passage through the grid 
would affect the low-energy part of the distribution 
since the region in which the ionization electrons origi- 
nate is more positive than the grid. This did not seem to 
be the case since the peak height and width remained 
unchanged as the potential difference between the grid 
and the ionization cylinder was changed. Further evi- 
dence for a lack of effect in this was found in the elec- 
trolytic tank study of an enlarged model of the system. 


RESULTS 


Figures 3, 4, 5, and 6 show the energy distributions 
observed for argon and helium ions and neutral atoms 
in the parent gas. The ordinate is proportional to the 
number of electrons per electron volt represented as a 
fraction of the zero energy peak height. The data have 
been corrected for the variation in slit width with 
analyzer energy by dividing the observed current by 
the total energy of the electrons selected. The curves 
are also displaced upward in the figure to reduce the 
confusion from overlapping. The base line for each 
curve is indicated by the same letter as used on the 
curve, as are the incident particle energies. 

The electron energy spectrum for ionization by argon 
ions in argon (Fig. 3) shows, for all collision energies, 
a rapid decrease in yield as the electron energy increases 
from zero, with this followed by a plateau terminating 
in a small peak and finally an almost exponential de- 
crease. While the spectrum is nearly collision energy 
independent, the peak coming after the plateau appears 
at about 8.5 ev for the lowest beam energy used (0.30 
kev) and shifts upward to about 12 ev at 3.0-kev beam 
energy. Many of the data records showed evidence of a 


double peak at 12 ev but attempts to resolve these with , 


narrower analyzer slits failed. Similar distributions 


(Fig. 4) were found for the ionization of argon by argon 
neutral atoms. Again the spectrum shows an extended 
flat yield from about 4 to 12 ev for the higher collision 
energies. The yield in the neighborhood of the plateau 
is about one-half that for argon ions, and also the peak 
at the end of the plateau is less pronounced but again 
shows an upward shift with collision energy. 

A similarly interesting spectrum was found for the 
helium ion and neutral atom ionizing collisions in 
helium. These are shown in Figs. 5 and 6. The helium 
ion electron distributions are partly masked at low 
energies by the electron emission from the grid. This was 
so identified by the shift of the ionization spectrum with 
changing grid-ionization cylinder potential difference 
described above. The data have been plotted like that 
above except that the shoulder on the rising part of the 
distribution was taken as the usual zero peak. This 
shoulder becomes relatively more prominent as the col- 
lision energy increases. Such would be expected since 
the cross section for ionization increases with the rela- 
tive velocity of collision, while the charge-exchange cross 
section decreases. The large maximum in the region of 
4 ev should therefore be disregarded. One might expect 
the ionization electron distribution to show again a 
rapid drop as observed with the neutral helium atom 
collisions. An interesting part of these distributions is 
the maximum observed in the neighborhood of 31 ev. 
Again this can be identified as the ionization electron 
contribution by the shift of the spectrum with variation 
of the grid-ionization cylinder potential difference. This 
peak position is essentially collision energy independent 
although the relative yield increases sharply with energy. 

The neutral helium collisions, however, produce a 
somewhat different spectrum. The high-energy group 
is much less pronounced and decreases into a mere 
suggestion of a peak as the collision energy increases. 
Also, the peak or plateau end is in the neighborhood of 
16 ev. The yield observed for the 0.51-kev collisions was 





ENERGY DISTRIBI 


ENERGY RANGE 


PER UNIT 








RELATIVE YIELD 














2 ié 20 24 
ELECTRON ENERGY (ev) 


Fic. 6. Electron energy distributions for ionizing collisions of 
He neutral atoms in He. From 8 ev on, the curves have been magni 
fied by a factor of 10. 


very small and seemed to be distorted more than the 
rest by secondary electrons. Probably, this accounts 
for the apparently greater relative yield and higher 
position of the plateau end. For these data, the observed 
current in this region was only a few times the back- 
ground noise. The slight rise at 4 ev for the lower 
energy distributions has the behavior of electrons from 
the grid wires. The dashed curves in Fig. 6 represent the 
estimated ionization electron spectra. 
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{ is interesting to note that the high-energy electron 
groups in Het—He and A*—A occur at values (31 
and 12 ev, respectively) which seem related to the atomic 
energy states. These energies are nearly the differences 
of the first and second ionization potentials. It might 
indicate a collision in which the incident ion is nearly 
ionized again but through an Auger transition two 
ionized atoms and a free electron are produced. A similar 
relationship can be found for the peaks or plateau ends 
of the neutral atom induced ionization but involving 
the excitation of the colliding particles with the subse- 
quent production of an ion and a free electron. 

It should be noted that the ionization by ions will 
include a contribution by those neutral atoms produced 
through charge exchange in the ionization cylinder. 
Whenever gas was introduced into the cylinder pre- 
paratory to taking data, the ion beam dropped by one- 
third to one-half of its initial value. Very likely, this was 
largely the result of partial neutralization of the beam 
by charge exchange. One might estimate, therefore, 
that about twenty percent is neutral as the beam passes 
the exit slit of the ionization cylinder. 
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An extension of recently developed methods determines a rigorous upper bound on 


-k cotn), where 


n is the phase shift, for the general one-channel scattering process. The method, unfortunately, requires 
truncation of the various potentials, but it should generally be possible, in practice, to so truncate the 
potentials that the difference between the phase shifts of the original problem and of the problem for which 


a bound is obtained is insignificant. 


In the course of the development it is necessary to introduce, for compound system scattering, an absolute 
definition of the phase shift, not simply a definition modulo x. The definition chosen is to take the projection 
of the full scattering wave function on the ground-state wave function of the scattering system, and to 
treat the resultant one coordinate wave function as if it were the scattering wave function for a particle 
on a center of force. Though irrelevant with regard to the determination of a bound on cot», it is interesting 
that at least for some simple cases this definition automatically increases the phase shift by at least x 
whenever the Pauli principle introduces a spatial node into the scattering wave function. The triplet scat 
tering of electrons by hydrogen atoms provides an example. 





1. INTRODUCTION 


N a series of papers,’ it has been shown that for 
the one-channel problem, to which the present paper 
is restricted, it is possible to replace certain variational 
principles for scattering theory by much more powerful 
minimum principles. More specifically, a rigorous upper 
bound on the scattering length, A, was first obtained 
for the relatively simple case of the (zero-energy) 
scattering of a particle by a static central potential 
which is not sufficiently attractive to bind the particle.' 
Using the Hylleraas-Undheim theorem, it proved to 
be possible® to extend the method to the scattering of 
a particle by a static central potential (henceforth to 
be denoted simply as one-body scattering) when bound 
states do exist. (The interaction with the electromag- 
netic field is assumed to have been turned off, so that 
capture can not take place.) The generalization to the 
scattering of one compound system by another, for 
zero initial relative kinetic energy of the two scattering 
systems, was trivial.? 

The method was then extended to treat positive 
energy scattering.‘ The presentation was there re- 
stricted to the one-body problem, taking into account 
bound states when they exist. The quantity bounded 
from above in this case is (—k cotn), where 7 is the 
phase shift; this, of course, reduces to A as k goes to 
zero. Unlike the situation at zero energy, it was, 
unfortunately, necessary to restrict the potentials to 
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Office of Ordnance Research, and the Office of Naval Research. 
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118, 184 (1960). 

4L. Rosenberg and L. Spruch, Phys. Rev. 120, 474 (1960). 
In Eq. (5.4c) —kR should be replaced by @—(P+1) x. In the last 
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5 —. A. Hylleraas and B. Undheim, Z. Physik 65, 759 (1930). 


those which vanish identically beyond some given 
point R. While the rigorous bounds obtained do not 
then generally apply directly to the real problem of 
interest (account must be taken of the truncated 
portion of the potential), it should be emphasized that 
the effects of the artificial restrictions on the potentials 
may be made to be quite small; indeed, in principle, 
we may come as close as desired to the true problem, 
by choosing the point R beyond which the potential 
must vanish to be further and further out. In practice 
the necessary labor increases as the point is moved 
out, but it increases sufficiently slowly so that it should 
ordinarily be possible to choose the point R far enough 
out so as not to have introduced any serious truncation 
error without having unduly the work 
required. 


increased 


It is the purpose of the present paper to provide the 
further extension to the problem of the positive energy 
scattering of one compound system by another. (For 
the one-channel scattering with which we are presently 
concerned, this is the final possible extension.) As for 
positive energy one-body scattering, the various po- 
tentials must be truncated. 

In the extension of the formalism for positive energy 
scattering from the one-body problem to the case of 
compound system scattering, certain new features arise 
which were not present in the zero-energy case and 
which require some study. The development of a bound 
in the method that we have used always effectively 
involves the expansion of the difference function, the 
difference between the trial function and the exact 
function, in terms of some complete set of functions. 
More precisely, the question is always whether or not 
the difference function satisfies the boundary conditions 
which are necessary if it is to be possible to use it as 
one of the trial functions in the application of the 
Hylleraas-Undheim theorem. For one-body scattering, 
it was shown‘ that the complete set could be taken to 
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be the eigenfunctions either of an associated potential 
strength eigenvalue problem or of an associated energy 
eigenvalue problem. The former was found to be 
preferable, but both gave rigorous bounds. It will be 
demonstrated in Sec. 4 that the potential strength 
eigenvalue approach admits of a_ straightforward 
generalization to include the case of compound system 
scattering. The energy eigenvalue approach, on the 
other hand, will not, in general, be applicable for 
compound system scattering. It is possible to make the 
energy eigenvalue approach applicable, but unfortu- 
nately only by introducing certain rather restrictive 
boundary conditions on the trial function (see Sec. 5). 
The origin of the necessity of these restrictive condi- 
tions, for many-body scattering, lies in the fact that 
for any given R, the wave functions of the virtually 
excited states, while decaying, have not vanished 
identically, 

The technique for getting bounds on phase shifts 
using the associated potential strength eigenvalue 
problem® was first given by Kato for the one-body 
problem and later extended to some restricted cases of 
scattering by compound systems’; in this latter work 
numerical calculations for e+H scattering were included. 
We note that using the method of the present paper it 
would now be quite feasible to perform the e+H calcu- 
lation for higher values of the kinetic energy of the 
incident positron. 

It might be noted that the same remarks are appli- 
cable for compound system scattering with regard to 
the error introduced by truncation as were applicable 
for one-body scattering. As examples, consider the 
scattering of electrons or positrons by hydrogen. An 
estimate based on the method of the present paper is 
that for R of the order of 15 Bohr radii, only about 
three or four eigenstates need be accounted for,’ right 
up to the threshold energies for inelastic scattering, 
i.e., 7 ev for e+H and 10 ev for e~H. 


2. DEFINITION OF THE PHASE SHIFT 


The formal development of a bound is based on a 
consideration of the associated potential strength 
eigenvalue problem noted above. One here encounters 
the necessity of having a definition of the phase shift 
which is unambiguous. This is in contrast with the 
normal requirements where one need only know some 
trigonometric function of n, that is, one need merely 
know 7 modulo w. Despite the fact that theorems have 


6 T. Kato, Progr. Theoret. Phys. (Kyoto) 6, 395 (1951). We 
might note that a somewhat similar eigenvalue problem has 
recently been studied by M. Rotenberg (to be published). 

7L. Spruch and L. Rosenberg, Phys. Rev. 117, 143 (1960). 

8 This estimate was arrived at with the aid of a rather crude 
approximation, namely, by assuming that the incoming particle 
is unaffected by the hydrogen atom. It is nevertheless adequate 
for the purpose intended, i.e., to indicate that there exists a 
significant range of energies in which the calculation can be 
performed without an undue amount of labor. Of course the actual 
bound obtained will not depend on any such free wave approxima 
tion, 
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been surmised which involve the value of 7 (not simply 
of » modulo 7), and despite the fact that phase shift 
values are often discussed for scattering by compound 
systems, to our knowledge no definition of » has been 
given which is applicable to genera] compound system 
scattering. While the above theorems and values 
undoubtably have some meaning,® and certainly so 
within the context of some approximation, such as the 
static approximation, it is clear that an unambiguous 
definition of the phase shift is very much called for. 
One would, of course, like to choose a definition which 
is the most natural possible generalization of the 
definition for one-body scattering, but this general 
question doesn’t arise in our present concern in ob- 
taining a bound on cotn. 

We now propose a definition of the phase shift for 
the scattering of one compound systems by another. 
(As always in the present paper, we are concerned 
with systems and energies for which the open channels 
can be decomposed and analyzed in terms of uncoupled 
channels.) To avoid irrelavant kinematical complica- 
tions, we give the definition for the particular case of 
the zero orbital angular momentum scattering of a 
neutron by a nucleus of angular momentum J. We 
further assume, purely for convenience, that the total 
angular momentum J, and its z projection, J,, satisfy 
J=J,=I++4. (In Sec. 4 the description of the method 
for obtaining a bound on & cotn will be given in terms 
of this system.) We define the function 


g(qi) - f Fay Ode, 


where g; is the distance between neutron i and the 
center of mass of the nucleus which consists of all the 
particles except neutron i. F; is the ground-state wave 
function of this nucleus, V is the full scattering wave 
function, and Xss,(z) is the spin function for neutron 7. 
The integral is over all coordinates except q;, and is 
understood to represent a summation over all spin 
indices as well. The phase shift is defined by treating 
g(qi) as a one-body wave function and applying one of 
the standard definitions of the phase shift for static 
potential scattering, namely 


(2.1) 


n= lim (mr—kgi*”), 


m+ 


where g,;” is the mth zero in g(q; 
We note that from the relation 


Vv — const Xi (2) FP; sin(kg:+-n) qi; 


it follows that g(q:)—> const sin(kg;+n) as gi © 
which guarantees that 7 modulo 7 as defined by Eq. 


(2.1) is correct. 


It seems likely, for example, that when finally some definition 
will have been introduced of sufficient utility to be generally 
acceptable, the phase shifts that follow from this definition will 
generally be the same as those that have been quoted. 
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An Application : Triplet Electron 
Hydrogen Scattering 


It has been stressed that for the purposes of obtaining 
a bound, the question of the justification of our defi- 
nition of the phase shift does not arise. However, since 
the question of a useful definition of the phase shift for 
compound system scattering is a very interesting one 
in its own right, it may be worth noting that the 
definition given enables us to see, in a few simple cases 
at least, how contributions to the zero-energy phase 
shift arise by virtue of the Pauli principle. (Such 
contributions have been discussed previously’ on the 
basis of an approximate model, the so-called static, or 
no-polarization approximation.) As an example we 
consider the zero-energy scattering of electrons by 
atomic hydrogen in the triplet (spatially antisymmetric) 
case. We wish to show that the antisymmetry of the 
wave function implies that the phase shift is at least 7. 
According to our definition, as applied to this problem, 
we need only show that the function, 


a= f ade [ $1N832d8 15 F (q2)¥ (q1,92,912), (2.2) 
0 0 


has at least one node. Here g; and gz are the magnitudes 
of the electron position vectors, 4;2 is the angle between 
those vectors, and F(q2) is the hydrogenic ground-state 
function. (The subscript on F is redundant in this 
particular discussion and will not be retained here.) 
The spins have been accounted for. We form the 
integral 


J Faveadaraa= f ada f q2°dq2 
0 0 0 


he 


xf SiN 1248 12F (qi) F (q2)¥ (q1,92,412). 


0 


This integral clearly vanishes since V is antisymmetric 
in the electronic coordinates while F(q,)F(q2) is sym- 
metric. The fact that the ground-state function F(q;) 
is nodeless leads to the desired result, namely n2 7." 

After the present work was completed, we learned 
from Dr. A. Temkin that he has considered the identical 
definition of the phase shift for compound system 
scattering, and further that he has obtained theidentical 
result for the zero-energy triplet e~H phase shift. 

An extension of the triplet e~H phase-shift result to 
positive energy scattering is discussed in Sec. 4.B. 


1” P, Swan, Proc. Roy. Soc. (London) A228, 10 (1955). 

11 The zero-energy triplet phase shift is generally taken to be 7. 
We note that this has only been established within the context 
of the static approximation. Indeed, as observed above, no 
definition of the phase shift for the true problem has previously 
been advanced. 
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3. DEFINITION OF THE PROBLEM FOR WHICH THE 
BOUND IS TO BE OBTAINED 


For purposes of clarity we begin with the case in 
which the mass of one of the scattering systems can be 
effectively taken to be infinite. A prototype problem 
would then be the scattering of an electron by a neutral 
atom of atomic number Z. To describe the assumed 
potentials, we first define three regions in configuration 
space. The first region contains that portion of configu- 
ration space for which all of the Z+1 electrons are 
within a sphere of radius R centered about the nucleus 
of the atom. Region (2) is further subdivided into Z+ 1 
parts; region (27) contains that portion of space for 
which all but the ith electron are within the sphere of 
radius R, while the ith electron is not, where i runs 
from 1 through Z+1. Region (3) consists of the rest 
of space, that is, the part for which two or more elec- 
trons are outside of the sphere. 

In region (1), the potentials are the true (in this 
case, Coulomb) potentials. In region (27), all but the 
ith electron interact as before, but the ith electron is 
assumed not to interact with the others. In region (3), 
the potentials are taken to be infinitely repulsive. 

We return now to the particular problem discussed 
in Sec. 2, namely, the zero orbital angular momentum 
scattering of a neutron by a nucleus consisting of Z 
protons and N neutrons. We again divide space into 3 
regions, but because the center of mass is not now fixed 
it is necessary to introduce the auxiliary parameters, 
S;. These are defined, for any distribution of particles, 
as the radius of the smallest sphere whose center is at 
the center of mass of the N+Z particles excluding 
neutron 7 and which contains all these V+Z particles. 
(i, of course, now runs from Z+1 through Z+N-+1.) 
The three regions are chosen to be 


gi<R, 

5;< [(N+Z— 1)/(N+Z+1) IR, for each neutron 
gi>R, 

Si<[((N+Z—1)/(N+Z+1)]R, 


s=Z+1, 2+2, --- 


or Z+N+1 


(3) the rest of configuration space. 
The limit on 5S; has been chosen such that the V+1 
regions which make up region (2) are nonoverlapping. 
The potentials are assumed to satisfy the following 
requirements. In region (1) the particles interact via 
two-body central potentials which allow for space and 
spin exchange. As discussed in reference 4 we exclude 
tensor forces since we are restricting ourselves to one- 
channel processes, and we are considering nonzero 
scattering energies. In region (27) the potentials are of 
the same form as in (1) except that the interaction 
between neutron i and the rest of the system vanishes. 
The potentials are taken to be infinitely repulsive in 
region (3). 
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It will now be obvious how to define the problem for 
other systems, such as the scattering of one compound 
system by another,’ where each nucleus may carry a 
net charge.‘ 

As shown in reference 2, the generalization of the 
Kato identity for the problem under consideration 
takes the form 


k cot(n—0)=k cot(m—0)+ (2u/tt) f we —E)V dr 


— (2n/h?) f Q*(H—E)Qdr, (3.1) 


where now the wave function V, which is a solution of 
(H—E)¥=0, satisfies the boundary conditions 


W= (—1)'(N+1)-*Xy (0) { F; sin (Agi t+-n)/La: sin(n—8@) | 
+>. dah; @) f{*)(q;)}, 
in region (27), Z2+1S5i1S5Z+N+1; 


v=0 in region (3). 


Here @ satisfies OS@<- but is otherwise arbitrary. £ is 
the total energy, the sum of the relative kinetic energy 
and of E,, where E, is the ground-state energy of the 
target nucleus. The incident relative wave number k 
therefore satisfies 

h?k?/2u= E— Ey. 


The F,‘@ represent normalized excited state wave 
functions of the system which does not include the ith 
particle, while the /,;°* are free particle decaying 
functions. If, for example, a denotes a nuclear state 
with zero total angular momentum, then 


firaenei/qy 
where 


—Kkah*, ( 2u)+ Ea= E, 


with Ea representing the energy of the ath nuclear 
excited state. If @ represents a nuclear state with 
angular momentum JL, then F;‘” /;@ will involve a 
sum of products, each containing a pair of angular 
momentum eigenfunctions. VY; satisfies similar boundary 
conditions with » and a, replaced by »; and aq:, respec- 
tively. It is our purpose to obtain a lower bound on the 
error integral, /§Q*(H—E)Qdr, where Q=¥,—Y, 
thereby providing an upper bound on k cot(n—@). 


4. BOUND ON kcot (7—0 AND ON 9 


a. Associated Potential Strength 
Eigenvalue Problem 


We consider the equation 
(H— E)= pp?®, 


2 In this case, incidentally, the definition of a one-body scat 
tering function, in terms of which the phase shift is defined, will 
require that we multiply the true scattering function by the 
product of the ground-state wave functions of the isolated 
systems before performing an integration. Correspondingly, 
E, will be the sum of the ground-state energies. 
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where p is positive, but otherwise arbitrary, in region 
(1) and vanishes elsewhere. ® satisfies the boundary 
conditions 


b= (—1)'(N+1)-*X44 (i) {constF; sin[kg:+6(u) / gi 
+e bak § fi (qu)}, 
in region (27), Z+1SiSZ+N+1; 


in region (3). 


(4.1) 


d=0 


The eigenfunctions ®, and their corresponding eigen- 
values wu, are defined by the condition™ 


O(un)=0-+nr. 


In the following, we make the reasonable assumption 
that for finite » and for positive scattering energies 6(y) 
is a continuous function of u; this is, of course, known 
to be true in the one-body problem. 

In order to apply the Hylleraas-Undheim theorem, 
which leads to the desired bound, it is necessary to 
establish the existence of a lowest eigenvalue. By 
virtue of the monotonicity of coté(u) the continuity of 
5(u) leads to the monotonicity of 6(u) itself with 
respect to u. We therefore need only show that 6(— ©) 
is finite. In fact, as in the one-body case, we have 
5(—0)=—kR. Thus, for y=— the corresponding 
wave function, #(— ©), vanishes in region (1) and has 
the form given in Eqs. (4.1) in regions (2) and (3). 
According to our definition of the phase shift (see 
Sec. 2), 6(— ©) is determined by examining the function 


g(qi, — ©) = [ranwo- 00 )dr;. 


We clearly have 


8(9i, — © )=9, 


gai<R 


=const sin[kg;+6(— ©) ]/qi, giZR 


from which the stated value of 6(— ©) is immediately 
deduced. 

The boundary conditions satisfied by the difference 
function Q are given by 


Q) —1)'(V+1) iXiu{consth; sin(kgi+4)/ qi 


+04 Cal’; *) fi; ‘ (q:)}, 
in region (21), Z2+1S51S2+N+1; 


Q=0 in region (3), 


which is of the form satisfied by the eigenfunctions ®,,. 
Theréfore, @ is an allowable trial function in an appli- 
cation of the Hylleraas-Undheim theorem to the 
associated potential strength eigenvalue problem. The 
formal steps required to derive an upper bound on 
k cot(n—@) are then identical to those described in 
reference 4. The upper bound obtained, the basic 


13 The fact that the Hamiltonian, H, is Hermitian under the 
assumed boundary conditions for the ®, is easily verified; the 
required calculation is quite similar to the one by which the 
Kato identity was established (see reference 2) and we omit the 
details. 
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result of the present paper, is 


k cot(n—8) Sk cot (m:—8) + (2p Wt) [ ¥A(H- Ede 


f ®,;*(H—E)¥dr| , 


| 


—P+T’—1 | 


—(2p/*) 2D 


n=— P 


Mant} 
where the ®,, are trial functions which satisfy the 
boundary conditions 
@ny= (—1)'(N+1)-1X44 (4) {constF; sin[kgit+-6)/ 9; 
+>. bark §® fk (qi)}, 
in region (27), Z+1SiSZ+N+1; 


in region (3); 


(4.3) 


®,,,.= 0 


as well as the conditions 


Jae auodr = 6, my 


few (H—E)®ndt=pEnbam, bnte<0. 


We here have the condition that 


6—~(P+1)r< —kR<0—Pr. (4.5) 


Note that the restrictions u,,<0 impose some minimum 
requirements of accuracy on the trial functions ®,,. 
The inequality of Eq. (4.2) is valid provided that the 
number of trial functions JT’ which have been found 
with the required properties is equal to the exact (in 
general, unknown) number 7 of eigenfunctions with 
negative eigenvalues. In almost every case, however, 
it should be possible on the basis of the numerical] 
calculations involved in the determination of the 
negative trial eigenvalues yu, to be fairly certain that 
T’ does in fact equal 7. 


b. Conditional Inequality 


In the one-body case, it was shown‘ that by the use 
of the conditional inequality’ one could obtain a 
rigorous bound on 7 even when one could not be sure 
that 7’=T7, that is, even when one did not have a 
rigorous bound on & cot(n—@). It was found that 


n>n1', 
where 9,’ is defined by the equations 


k cot(nz’—0)= right-hand side of the 


one-body equivalent of Eq. (4.2), 


T’x+0— (P+1)9< nz’ <(T’+1)r+0—(P+1)r. (4.6) 


This lower bound on 7, while rigorous, will be too low 
by roughly (T—T7”’)a if 7’ is less than 7. (7”’ can 
never be greater than 7, for we can never find more 


4L. Spruch, Phys. Rev. 109, 2149 (1958) 
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negative potential strength eigenvalues than actually 
exist.) The lower bound then obtained will then be 
useless with regard to a comparison with the experi- 
mental data, though it may still be useful as the 
starting point for further theoretical calculation." 

The above developments can be taken over directly, 
with complete rigor, for the many-body case. There is 
nevertheless one respect in which the use of the condi 
tional inequality differs for the many-body problem 
when identical particles are present from its use for the 
one-body scattering problem. Thus, account must be 
taken of the additional nodes which arise from the 
symmetry requirements on the wave function, or the 
lower bound 7z’, while rigorous, may be too low by a 
multiple of « even when the number of eigenstates 
with negative eigenvalues uw, has been correctly ac- 
counted for. The effect of the Pauli principle can 
perhaps be better understood through a comparison of 
one-body scattering and the triplet (spatially anti- 
symmetric) scattering of electrons by hydrogen atoms. 
For both systems, we have that 6( —kR. [For 
u=— ©, the one-body scattering function vanishes for 
OSqsSR, as does the equivalent one-body scattering 
function, g(q:)..] However, while 4(u) is a continuous 
function of uw in the neighborhood of .= — © for one 
body scattering, it is mot continuous for e~H triplet 
scattering. It is to be recalled that the e~H problem 
under consideration is the true problem modified by 
the introduction of a cutoff and a repulsive barrier. 
The proof given in Sec. 2 that n27 at zero energy can 
then be immediately extended for k#0 to show that 
kR+n>*7. To see this, we note that in the definition 
of g(q:), Eq. (2.2), the range of integration, 0 to ~, 
can be replaced by 0 to R since F(g2) exists only in 
that range. It then follows, using the same symmetry 


integral 


— 0 ) 


argument as was used at zero energy, that the 


I I I 


f F(qig(quqrda: = J q1 dqi | Y “dq 


xf $in8 od)» fk qi F (g2)¥ (q1,92,012 


vanishes. It follows that g(qg,) has a node for some 
gi1<R, which in turn, as has been previously shown,’ 
implies the inequality kR+n>z. The argument is 
independent of the form of the potential so that we 
have, more generally, AR+-6(u)> 7 for all finite u. There- 
fore, with the integer P defined as in Eq. (4.5) we would, 
in the application of the conditional inequality tech 
nique to this problem, replace Eq. (4.6) by the form 
(T’+1)9r+0—(P+1)9< nr’ < (T’+2)4+0— (P+ 1), 
which gives rise to a more accurate lower bound on ». 


5. USE OF ENERGY EIGENFUNCTIONS 


It was shown in reference 4 that in the one-body case 
the introduction of an associated energy eigenvalue 
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problem will lead to similar though less general results 
than obtained using the associated potential strength 
eigenvalue problem. When the scatterer is a compound 
system, however, the energy eigenvalue approach is 
not valid, since by definition the energy eigenfunctions 
vanish at the box [i.e., at the boundary of region (1) ], 
while the difference function 2 does not; & is therefore 
not an allowable trial function in the application of the 
Hylleraas-Undheim theorem. Here the distinction be- 
tween an allowable trial function and a function which 
can be expressed in terms of a complete set of functions 
is essential. If we were merely interested in the latter 
case we would not have required that the function 
satisfy particular boundary conditions. 

In the one body problem, the difference function, 
there denoted by w, does vanish at the box. There, 
the form of w is known to be 


w(r)=const sin(kr+6), r2R, 


so that by the appropriate choice of R, it is a trivial 
matter to arrange to have w(R)=0. In compound 
system scattering, however, 2 contains, in addition to 
a term proportional to the above form, contributions 
from the virtually excited states, with unknown ampli- 
tudes. There is then no choice of R which will cause 2 
to vanish, though clearly one can still arrange to have 
the nondecaying component of 2 vanish at the edge of 
region (1). 

It is, of course, true that by choosing R large enough, 
it is possible to make the effect of the decaying states 
quite small. However, there is a reason for not making 
R too large; there are then too many energy eigenstates 
which must be accounted for in the determination of a 
bound. Furthermore, one does not really know how 
large RK must be made before the effect of the decaying 
states is truly small. Not only does one then have an 
approximate if well-defined problem (the potentials 
having been truncated), but one has an ‘approximate 
bound” on that approximate problem. 

Recently, Percival'® has attempted to extend a 
technique'®” introduced for obtaining a bound on the 
phase shift for one-body scattering to the compound 
system scattering case. The approach was restricted to 
the very special case where no Pauli exchange can take 
place between particles in the scattered and scattering 
systems, but even for this extremely restrictive case, 
we can find no rigorous justification for this approach. 
This is not very surprising, since we have just seen that 
the straightforward energy eigenvalue approach does 
not lead to a rigorous bound, and, as indicated in 
reference 4, there is an intimate connection for the 
one-body case between the energy eigenvalue approach 
and that of Percival and of Risberg. It seems worthwhile 
nevertheless to give some details as to why the Percival 
approach is not rigorous for many-body scattering. 

18T. C. Percival, Phys. Rev. 119, 159 (1960). 

167. C. Percival, Proc. Phys. Soc. (London) 70, 494 (1957) 

17 V, Risberg, Arch. Math. Naturvidenskab. 53, 1 (1956). 
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[t will be recalled that in one-body scattering, there 
is a simple connection between the wave function for 
the eigenstate with energy £; of a particle confined to 
the region R within which V(r) exists and the scattering 
wave function at the energy E; for the potential V(r) 
truncated at R; the scattering wave function is simply 
the extension of the eigenstate wave function, con- 
tinuous in value and slope at R. There is no such simple 
connection in the case of compound system scattering. 
Once again, the origin of the difference is the existence 
of virtually excited states, for a wave function which 
vanishes at the edge of region (1) must contain terms 
of the form 


F; «) (g-*a qi—R) —et ka(@i—R)) qi; 


where for simplicity we consider the case for which 
F;@ represents a nuclear state of zero total angular 
momentum. Due to the presence of the exponentially 
increasing term, the smooth continuation of the eigen- 
state wave function into the rest of configuration space 
cannot represent a scattering wave function. 

It is true that for R “large enough,” the approach is 
not unreasonable, and that is really all that Percival 
claims, but one does not obtain a rigorous bound on 
any well-defined problem. 

It may be of some interest that the results of the 
present paper can be used to show that there exists a 
modification of the Percival approach which can be 
justified. The modification is not a trivial one since it 
involves placing an additional restriction on the trial 
functions. This modified form, being a special case of 
our general development, has the interesting property 
that it does include the effects of the Pauli principle. 

Thus, suppose we choose for p some constant value 
in region (1). (It must of course vanish elsewhere.) 
Furthermore, we choose the boundary conditions 
satisfied by the trial function ¥; to be of the form 
W.= (—1)*(V+1) XA (i){F; sin(kgitn:) 

[gi sin(m:—8) ]}, 
in region (21), Z+1Si82Z+N+1; 


V,=0 in region (3); 


that is, no sum over excited states appears. Similarly, 
we choose the trial eigenfunctions ®,,; such that the 
coefficients of the terms in the sum over excited states 
vanish. With the choice kR+6= mr, m an integer, the 
functions ®,; vanish at the boundary of region (1), 
i.e., they are allowable trial energy eigenfunctions in 
region (1). Indeed, with our choice of p the boundary 
conditions along with the conditions given by Eqs. 
(4.4) are just those placed on trial energy eigenfunctions 
in the application of the Hylleraas-Undheim theorem. 
The resultant inequality for k cot(n—@), along with an 
application of the conditional inequality, then leads to 
a modification of the Percival result which is rigorous 
and which does allow for identical particles. However, 
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since one here requires the use of trial functions whose 
flexibility is restricted by the physically unnatural 
conditions mentioned above (the exact function does 
not satisfy those conditions) there is a limitation on the 
accuracy of the bound that can be obtained. In fact, 
it may well not be possible to find the appropriate 
number of tria] functions ®,, of the prescribed restricted 
form (i.e., we might necessarily have T’<T) in which 
case the bound obtained on 7 will be too low by approxi- 
mately (T—T")x. 

It should be emphasized that while we obtain valid 
results using (restricted) trial energy eigenfunctions Q 
is nevertheless not an allowable trial function in an 
energy eigenvalue problem. The difficulty has been by- 
passed by the use of the associated potential strength 
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eigenvalue problem as the starting point. The point is 
that in this latter approach one places conditions only 
upon the oscillatory term, through having specified the 
phase shift 6(u,); no restrictions are placed on the 
amplitudes of the virtually excited decaying states. 
The primary purpose of the present paper is the 
derivation of Eqs. (4.2), (4.3), and (4.4). The analysis 
of previous work presented in this section is simply a 
byproduct. We have presented the analysis for two 
reasons. Firstly, it sheds some light on the methods of 
the present paper as well as on previous work. Secondly, 
there will be occasions when for practical reasons one 
would use trial functions of the restricted form; that 
is what was done, for example, in the analysis of the 
scattering of positrons by hydrogen atoms.’ 
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The isotope shift in 31 spectral lines in the nickel arc spectrum 
has been determined by the use of a Fabry-Perot interferometer. 
The normal mass shifts were calculated (~-+0.025 cm™ between 
Ni®® and Ni®) and subtracted from the observed isotope shifts. 
The differences were attributed to the specific mass and field 
effects. The relative shifts of levels of four configurations were 
deduced from the observed line shifts, these being the “complex” 
configurations 3d%4s? and 3d%4s4p and the two-electron configura- 
tions 3d%4s and 3d%4p. It was shown that the shifts due to the 
specific mass effect are a significant part of the observed shifts. 
Perturbations due to interconfiguration interactions were postu- 
lated to explain some of the observed shifts. The isotope shift to 
be expected between Ni®* and Ni® on the basis of field effect 
calculations is about —0.02 cm™ for a single 4s electron, while the 


INTRODUCTION 


SOTOPE shift of spectral lines can be divided into 
two classes, that caused by the mass effect and that 
resulting from the field effect. The mass effect consists 
of two parts, normal and specific, and results from the 
nucleus having a finite mass. The normal mass effect 
can be calculated exactly while the specific mass effect, 
present in spectra of atoms with more than one electron, 
is very difficult to calculate precisely. Both of these 
effects decrease with increasing Z. The field effect, 
which increases with increasing Z, arises because of the 


* Supported by the Department of Army, Chicago Ordnance 
District, the National Science Foundation and, through the 
research committee of the University, the Wisconsin Alumni 
Research Foundation. 

t This report is based on a thesis submitted to the University 
of .Wisconsin in partial fulfillment of the requirements for the 
Ph.D. degree. 

t Currently on leave as Scientific Attaché, Stockholm, Sweden. 


shifts observed are as large as +0.190 cm™. A large fraction of 
this shift must therefore be attributed to the specific mass effect. 
By noting the deviations of the relative shifts between adjacent 
pairs of even isotopes from those predicted by mass effect theory, 
it was possible to deduce the relative field effect. The relative level 
shift resulting from the field effect is nearly the same for the 
adjacent isotope pairs 60-62 and 62-64 while the relative level 
shift for the isotope pair 58-60 is approximately 0.004 cm™ larger 
than that for the other adjacent isotope pairs. The arrangement 
of neutrons in the outermost nuclear shells is believed to account 
for this difference. Within the experimental error the level shift 
of the Ni® relative to the neighboring even isotopes is such that 
there is no odd-even staggering of the levels. 


deviation of the nuclear electric field from a Coulomb 
field and can be used to study details of nuclear struc- 
ture. This is probably the most important consequence 
of isotope shift studies. 

In the very light elements the mass effect dominates 
and can account qualitatively for the observed shifts. 
In the heaviest elements the mass effect is negligible 
and the field effect can roughly account for the observed 
shifts. In the elements of intermediate mass the two 
effects are comparable. As a result, the shifts observed 
are small because the mass and field effects within the 
levels are often in such a direction as to oppose one 
another. In order to use the field effect in the determi- 
nation of nuclear properties, it is necessary that the 
contributions of the and field effects to the 
observed shifts be known. For elements of intermediate 
mass it is difficult to determine experimentally the 
relative contributions of these two effects. 


’ 


mass 
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ABLE I. Isotope shifts (in units of 10-* cm™) and ratios of line shifts in nickel grouped according to transition type. 


Normal Residual 
Measured shifts* shift shift Ratios of shifts 


Transition o (cm™) 58-60 60-62 62-64 58-64 58-64 58-64 (58-60) / (62-64) (60-62) / (62-64) 


3d°4s *D; — 3d*4s4p 5D, 25 548.8 —38.4 -—375 —35.8 111.8 
3d°4s 'Dz — 3d*4s4p °F; 26 422.9 —32.5 -—29.9 —29.6 -91.8 
3d°4s *D; — 3d*4s4p *D; 26 461.2 —40.7 —38.9 34.0 113.6 
3d°4s ®D; — 3d*4s4p ®D, 27 209.8 —39.3 —35.5 35.6 110.1 
3d°4s *Dz — 3d%4s4p °G; 27 698.3 —36.3 —37.7 —32.4 106.0 
3d°4s *D; — 3d®4s4p SF, 28 879.6 — 20.6 F — 18.6 -§7.2 
3d°4s *Dz — 3d*4s4p °F; 28 953.0 —31.3 x -29.3 — 87.8 


3d°4s? °F’, — 3d®4s4p ®D; 26 665.9 18.5 P 19.6 58.7 
3d*4s? °F; — 3d®4s4p 5G, 26 735.9 19.9 21. 21.2 62.3 
3d°4s? 3F, — 3d%4s4p °G; 27 245.9 19.2 21.! 21.3 62.4 
3d%45? 83h, — 3d84s4p 5G, 27 580.4 17.7 21. 20.3 59.5 
3d*45? °F, — 3d®4s4p °G, 28 068.1 18.6 : 20.8 61.2 
3d°4s7 °F, — 3d*4s4p *F, 28 542.1 18.1 a. 21.3 61.9 
3d*4s* °F, — 3d%4s4p °F, 29 084.5 36.5 ‘ 37.1 111.3 


30°45 'D. — 3d*4p 3F; 25 911.0 2.7 
30°45 'D. — 3d*4p 2D; 26 259.0 
3d°4s 'D, — 3d°4p 'F; 27 621.1 
3d°43 ‘Do — 3d 4p Dz 28 031.7 
3@4s*°D; — 3d*4p *P» 28 364.4 
3d°4s *D. — 3d*4p °F, 28 440.9 
30°45 °D, — 3d4p *Po 28 479.2 
3d°4s *D. — 3d4p *P, 28 620.8 
30°45 *D, — 3d%4p 8F, 

30°45 *D, — 30°4p 3D, 

3d%4s *D; — 3d°4p 3F 

3d°4s *D, — 3d°4p 8D, 

3d*45 1D, — 3d°4p 'P, 


3d*4s7 3F, — 3d°4p *Dz 27 672.0 
3d*4s* °F, — 3d*4p FP; 27 988.6 
3d®4s?*F, — 3d*4p *D, 28 696.3 


~ 134.3 1.07+0.06 1.050.006 

~115.0 1.10+0.07 1.01+0.07 

136.9 1.20+0.06 1.14+0.06 

~ 134.0 1.10+0.06 1.00+0.06 

— 130.4 1.11+0.06 1.16+0.06 
82.6 1.11+0.10 0.98+0.10 

3 1.07+0.07 0.934£0.07 


0.94+0.09 1.04+0.10 
0.94+0.09 0.99+0.10 
0.90+0.09 1.01+0.10 
0.87+0.09 1.05+0.10 
0.89+0.09 1.04+0.10 
0.85+0.09 1.06+0.10 
0.98+0.06 1.01+0.06 
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munAD 
RNS 
nD 


58.3 
60.8 
56.0 166.6 


1.01+0.06 1.04+0.06 
1.09+0.07 1.03+0.06 
1.00+0.07 0.97+0.07 
1.01+0.08 1.01+0.08 


NNN 


3d%4s? 8F, 29 481.0 50.5 504 50.0 














case of the weak 3d%4s? —3d%4p transitions where it is +0.002 cm~. The average number of independent measurements contributing to each of the 58-60, 
60-62, 62-64, and 58-64 shifts is 3, 2, 4, and 4, respectively. Different independent measurements here denote values of the shift obtained from measure 
ments on different plates. 


b Since the error limits on the ratios increase as the shifts decrease, the ratios of the shifts are given only when |58-64] >0.04 cm. 


In this investigation the contribution of a field effect EXPERIMENTAL PROCEDURE 
to the observed shifts in Ni has been established. By 
considering the deviations of the ratios of the shifts 
between adjacent pairs of even isotopes from those 
predicted by the mass effect, it has been possible to 
determine the relative, but not the absolute, field effect 
among the Ni isotopes. In this case the absolute field 
effect is defined as the field shift between two isotopes 
given explicitly in cm~, while the relative field effect 
is defined as only the difference in the field shifts 
between different pairs of isotopes. It is possible to 
determine the absolute field effect only if the mass 
effect is negligible or if the mass effect can be calculated 
explicitly. In general, neither of these situations holds 
for the elements of intermediate mass. However, 
knowledge of the relative field effect can be useful in 
the determination of nuclear properties, as will be 
pointed out later. This investigation has also shown 
that for certain types of transitions the specific mass 
effect is the principal cause of isotope shift in Ni. This 
conclusion agrees with other isotope shift investigations 
on elements in this part of the periodic table.’ 


[he apparatus consisted of a Fabry-Perot etalon 
mounted externally in front of a Littrow-type quartz 
spectrograph. The Fabry-Perot plates were coated with 
dielectric multilayer coatings consisting of alternate 
layers of antimony trioxide and cryolite with a maxi- 
mum measured coefficient of reflection of 87% at 
28 000 cm~'. To ensure constancy of optical conditions 
during a set of exposures the interferometer was 
enclosed in a gas-tight chamber and the experiment was 
carried out in a room in which the temperature stayed 
nearly constant for periods of many hours. Spacers of 
10, 15, and 25 mm were used in the Fabry-Perot 
etalon. 

Samples of highly enriched Ni isotopes (A =58, 60, 
61, 62, 64), obtained in the form of NiO from the Oak 
Ridge National Laboratory, were excited in hollow 
cathode tubes which are a modification of an earlier 
design.’ (A description of this modified design is to be 
published later.) Each of the tubes was charged with 
5 mg of an enriched isotope and gave a strong Ni 
2 spectrum for several hours when operated at a current 
'S. Wagner, Z. Physik 141, 122 (1955). agpaseuans 


2M. F. Crawford, W. M. Gray, F. M. Kelly, and A. L 3H. Kopfermann, H. Kriiger, and H. Ohlmann, Z. Physik 126, 
Schawlow, Can. J. Research A28, 138 (1950). 760 (1949) 
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of 10-20 ma. Neon was used as the carrier gas and the 
tubes were cooled in liquid air during operation. Each 
of the samples of an even isotope had a purity greater 
than 95%; the Ni*™ sample had a purity of 83%. Thus, 
only in the case of the Ni® was the contamination of 
other isotopes an important factor. 

The spectra of three different isotopes could be 
recorded on a single plate by moving the plateholder 
between exposures. An exposure of a Hg"* lamp was 
superposed on each of the nickel spectra and was used 
as a check on the constancy of the optical conditions. 
The arrangement was such that the time lapse from 
the end of one exposure to the beginning of an exposure 
on the same plate of a different Ni isotope was only a 
few minutes. Measurements were made only of the 
shifts between isotopes whose spectra were recorded on 
the same plate. Measurements were made only on lines 
in the region 25 000 to 30 000 cm“. 


RESULTS 


The isotope shift in 31 lines was measured with the 
results tabulated in Table I. The sign convention used 
is that which denotes the direction of the normal mass 
shift as positive. All of the shifts are given in units of 
millikaysers (1 mkayser=0.001 cm™'). Most of the 


TABLE II. Relative level shifts in nickel as deduced from the 
observed line shifts and grouped according to configuration. 


Residual 
shift 


Normal] 
shift 

(in 10- cm) 
58-64 


Level 

Level shift 
value 
in cm™ 


58-64 
3d*45? af, 0 0" 
3d%4s? 7 1332 1 
3d*4s? 3f, 2216 —1 


Configuration Level 


3d°4s 3p 
34°45 3D, 
3d°4s 3D; 
3d°4; 'De 


205 
880 
1713 
3410 


| 
me et ek eet 


~~ 7 


—_—— 


25 754 
26 666 
27 415 
27 580 
28 068 
28 542 
28 578 
29 084 
29 833 


vw 
oo 


3d*454p ‘Dy 
3d*4s4p ’D, 
3d*454p ‘Dy 
3d*454p 5G; 
3d*454p 5G, 
3d*4s4p Fs 
3d*454p 5G; 
3d*454 p 5F, 
3d*454p ‘FP; 


—57 
—60 
—60 
—61 
—62 
—62 
—113 
— 82 


3P 4p sP, 
30 4p 5F; 
3P4p of 
3d°4p 3P, 
30° 4p 5D; 
3P4p 3D» 
3@4p *Po 
3@4p Fy 


28 569 —219 
29 321 — 187 
29 481 -151 
29 501 — 218 
29 669 —173 
29 889 —178 
30 192 — 221 
30 619 —183 
304 p 7, 3913 —167 
3d°4p IPs 31031 - 200 
3d°4p 'De 31 442 193 
3d°4p 1P, 32 982 — 230 





® The shift in this level is arbitrarily set equal to zero. 
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measurements were made on the photoelectric com 
parator at the Argonne National Laboratory.‘ This 
comparator was recently modified so that the measure- 
ments can be recorded on IBM-cards, thus facilitating 
reduction of the data. There was no error analysis made 
other than giving the mean spread in the measurements 
as indicated in Table I. Since each of the shifts between 
adjacent even isotopes was measured directly, it is not 
necessary that the sum of the partial shifts in Table I 
be equal to the 58-64 shift, which was also measured 
directly. 

It is more important to consider the relative level 
shifts than the line shifts. From the tabulated line 
shifts the relative level shifts were deduced by arbi- 
trarily assigning a zero shift to one of the levels. This 
choice is arbitrary since the actual level shifts cannot 
be determined. The deduced level shifts are tabulated 
in Table II, which indicates only the gross features of 
the relative shifts. The detailed features of the relative 
spacings between adjacent pairs of even isotopes will be 
considered later in terms of the ratios given in Table I. 

The normal mass shift AT in a level is calculated by 
using the relation AT/7=mAM/M,Mo, where T is the 
term value in cm™ of the level as measured from the 
ionization limit, m is the electron mass, M; and M, are 
the isotopic masses, and AM is the mass difference of 
the isotopes. The normal mass shift in a line is just 
the difference of the normal shifts in the corresponding 
levels. The residual shifts in Table I, obtained by 
subtracting the calculated normal mass shifts from the 
measured shifts, can then be attributed to the specific 
mass and field effects. 


DISCUSSION OF RESULTS 


There are a number of interesting features which are 
apparent from a study of Table I. Some of the features 
are present as regularities in the observed shifts, while 
some of the more interesting features are apparent 
deviations from regularity. 

Some of the observed regularities are the following: 
(1) Large negative shifts occur in lines resulting from 
transitions from the d*sp to the d*s configuration. (2) 
Very large positive shifts occur in lines resulting from 
transitions from the d*p to the d*s? configuration. (3) 
There are relatively small shifts in lines arising from 
transitions from the d*p to the d°s configuration. (4) 
The shifts in the transitions from the d*sp *L levels 
(L=D, G) to levels of the d*s? configuration are approxi- 
mately equal. (5) The shifts in the transitions from the 
d°p *P levels to the d’s *D levels are approximately equal. 

Some of the apparent deviations from regularity are 
as follows: (1) There are differences in the observed 
shifts in lines resulting from transitions from the various 
d°p*L and d°p'Z levels (L=D, F) to the ds levels. (2) 
There are differences in the shifts in lines of transitions 
from the d*sp*F, terms (J=3,4,5) to lower levels 


*F.S. Tomkins and M. Fred, J. Opt. Soc. Am. 41, 641 (1951). 





ISOTOPE SHIFT IN 
having the same level shift. (3) There are deviations in 
the ratios of the observed shifts from the ratios pre- 
dicted by the mass effect theory. 

The regularities in the observed wave number shifts 
noted above are more easily seen by considering the 
relative residual level shifts given in Table II. As 
indicated earlier, only the differences between the 
residual shifts have meaning. Table II shows a clear 
distinction between the “complex” d*sp and d's? con- 
figurations and the two-electron configurations d°p and 
d*s. It will be shown that this distinction must arise 
because of the specific mass effect. 

On the basis of volume effect calculations, it was 
possible to estimate roughly the size of the field effect 
shift in nickel due to one 4s electron, neglecting the 
effect of the 4 electron. It was assumed that the charge 
is distributed uniformly in the nucleus and that the 
nuclear radius ro>=RoM!, where Ro=1.20XK10-" cm 
and M is the mass number. Calculations based on these 
assumptions lead to a field shift between Ni** and Ni* 
of about —0.02 cm~ for one 4s electron. This value is 
probably an upper limit since the observed shifts in 
heavy elements are generally less than the calculated 
shifts based on this model. A study of Table I shows 
clearly that the residual shifts cannot be accounted for 
solely by this field effect shift and hence the specific 
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Fic. 1. Energy level diagram of nickel. The simple configura- 
tions 3d°4s and 3d°4p are shown by dashed lines; the complex 
configurations 3d*4s? and 3d*4s4p (only partly recorded) by full 
lines. 
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Fic. 2. Shifts of perturbed 3d°4p levels relative to the shift of 
the unperturbed 3d°4p *P term. The differences of the level values 
of interacting levels are given on the vertical axis. 
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mass shift is a significant factor. For transitions of the 
type d°s—d*sp the resultant field shift is zero and the 
residual shift is due entirely to the specific mass effect. 
For the remaining transitions the sign of the residual 
shift is generally opposite to that of the field shift and 
so the specific mass shift must be a significant part of the 
residual shift. In particular, for transitions between 
one of the complex configurations and one of the two- 
electron configurations the specific mass effect is 
dominant. 

Calculations of the relative specific shifts in the 
configurations of nickel were made following the 
procedure described by Vinti.® In the case of nickel the 
calculated specific shift is the same for all the terms of 
the 3d%4s configuration. It is also the same for each 
of the quintet terms of the 3d*4s4p configuration. In 
addition, the specific shift is the same for all the terms 
of the 3d°4p configuration except for the 'P term. These 
statements are true on the assumption that LS coupling 
describes the terms. A study of levels of these configura- 
tions by Mack® indicates that the coupling scheme is 
nearer to LS coupling than to jj coupling. The residual 
shifts tabulated in Table II indicate agreement with 
these predictions except for the terms d*sp °F, d*p °F, 
d*p*D, d*p'F, and d*p'D. The discrepancies for these 
terms can be accounted for entirely on the basis of 
perturbations due to interconfiguration interactions. 

According to second-order perturbation theory the 
necessary conditions for interaction between two nearby 
atomic states are that these states have the same J 
value and same parity. The effect is greatest when these 
states have the same L and S values in LS coupling and 
results in a mixing of the properties of the states. 
Study of the energy level diagram for nickel in Fig. 1 
indicates that under the assumptions of the two condi- 
tions above, the following terms should be essentially 
unperturbed : 34°45 °D, 'D, 3d*4s? *F, 3d%4s4p °D, ®F, °G, 
and 3d%4p *P, 1P. The results in Table II combined with 


J. P. Vinti, Phys. Rev. 56, 1120 (1939). 
J. E. Mack, Phys. Rev. 34, 17 (1929). 
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the predictions of the specific effect theory stated 
above do indicate that all of these terms except the °F 
can be considered as unperturbed. This apparent 
exception of the °F term will be considered below. Those 
terms which Fig. 1 indicates are perturbed are the 
3d°4p *F, *D, 'F, 'D terms. This is shown by the presence 
of nearby terms arising from the 3d*4s4p configuration 
which can perturb those 3d%4p terms. Since there are 
no nearby states which can perturb the 3d%4p*P and 
3d*4s4p °G terms, it is possible to use the relative shifts 
in these unperturbed terms as a basis for comparison. 
Table II shows that the shifts of the perturbed levels 
of these configurations lie between the shifts of the two 
unperturbed terms noted above. 

Since the interaction between two states varies 
inversely as the energy difference, the result is that 
the shift of a level of the 3d%4p configuration lying 
nearest its perturbing level is changed the most with 
respect to the shift of the unperturbed term 3°49 *P. 
This effect is clearly shown in the plot in Fig. 2. The 
upward displacement of the points for the D terms 
relative to the points for the F terms can be attributed 
to different interaction matrices for the terms of 
different ZL value. The point for the *F, level does not 
fall where expected. This is explained by an interaction 
between the 3d°4p *F, and 3d*4s4p 5F, levels. This also 
explains the relative shift of the °F, level as compared 
with that of the unperturbed 3d%4s4p °G term. A small 
effect is also indicated between the 3d°4p*F; and 
3d*4s4p °F; levels. By comparison the shift in the 
3d*4s4p °F level should be the same as that of the 5G 
term and this is indeed the case. 

The final feature noted at the beginning of this 
section is the deviation of the ratios of the observed 
shifts from the ratios expected if the shifts were due 
only to the mass effect. By ascribing these deviations 
to the field effect it has been possible to deduce the 
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Fic. 3. Schematic breakdown of the isotope shift in nickel. In 
(A), Sa is the line shift due to the mass effect only, Sw>0; In (B), 
Sr is the line shift due to the field effect only, Sr <0; In (C), S is 
the observed line shift, S=Syw+Sr. 
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relative field effect shift, that is, the difference in the 
field shift between levels of different pairs of adjacent 
even isotopes. According to the theory of the mass 
effect, both normal and specific, the relative line shifts 
are given’ by the relation Aoi2/Ac2;=M;/M,, where 
Aoi: is the line shift between isotopes of mass numbers 
M, and Mz, Ao»; the shift between isotopes of mass 
numbers M; and M;, and M,—M2.= M.2— M3. According 
to this relation the line shifts for nickel should be in 
the following ratios: (58-60)/ (62-64) =62-64/58-60 
= 1.14; (60-62)/ (62-64) = 64/60= 1.07. If the measured 
shifts satisfy these relations, then it can be assumed 
that the shifts due to the field effect are negligible. A 
study of Table I shows clearly that, well within the 
experimental error, ratios different from 1.14 are 
obtained for 3 of the 4 transition types. Another feature 
is that for 2 of these transition types, d’s—d*p and 
d*s*—d*sp, the 58-60 difference is a smaller positive 
number than the 62-64 difference. This is important 
because the differences are significant even though the 
ratios are meaningless for those lines whose total shift 
is small. For transitions of the type d*s—d*sp the 
resultant field effect is zero and the measured (58-60) / 
(62-64) ratios roughly agree with 1.14. The disagree- 
ments with the number 1.14 occur in transitions 
where the lower electron configuration has 1 or 2 more 
s electrons than the upper configuration. 

As the total shift in a line increases, due to an 
increase of the mass effect, the relative effect of a given 
superposed field shift will be less. Thus, the ratios of 
the shifts will be nearer to the ratios predicted by the 
mass effect theory when the mass shift is relatively 
larger than the field shift. This explains the small effect 
of the field shift due to two s electrons on the ratios of 
shifts of the transition type d*s*—d*p, as compared with 
the effect of one s electron on the ratios for the transi- 
tions d°s—d°p and d*s’—d*sp. 

It is not possible to determine uniquely both the 
relative spacings between adjacent isotopic levels and 
the total shift due to the field effect. The procedure 
used was to assume a certain total field shift Sp and 
to determine the relative spacings for this total shift. 
This evaluation was then carried out for different 
assumed values of Sr. The observed shift between 
Ni®§ and Ni* is S=Sy+Sr, where Sy is the mass shift, 
Sr is the field shift due to one or two 4s electrons, and 
where Sy>0, Sr<0. A schematic diagram of the shift 
is shown in Fig. 3 from which it is clear that if 
S=Syt+Sr, then S=(A+a)+(B+6)+(C+c). Since 
for a particular transition type S is known and a value 
of Sr is assumed, Sy is also determined. The values of 
A, B, and C can now be found since A/C=1.14, 
B/C=1.07. Various combinations of a, 6, and ¢ (for 
fixed Sr) are now combined with the known A, B, and 
C to obtain the ratios (A+a)/(C+c) and (B+))/ 
(C+c) which can be compared with the measured 


7H. Kopfermann, Nuclear Moments (Academic Press, 
New York, 1958), 2nd ed.; English translation, p. 165. 
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TABLE III. Summary of field effect calculations as derived from the ratios of measured shifts. 








Total* Mass Field 
shift shift shift 
$ Su Sr 
Transition (in 10-% cm™) 


@®s *D—d@p *P1P 49 “ -5 
d's3F —d'sp'D,5G 61 9%  —35 
d's3F — Pp *D 171 241 2 «=—70 


&s *D—~— Pp *P,'P 49 74 
d*s?3F — d’sp ®D, °G 61 86 
d's33F — @p *D 171 221 


—25 
~50 
@s *D— ap *P,'P 49 64 


d’s?3f — d§sp 5D, 5G 61 76 
d*s?8F — @p *D 171 301 


—15 
—15 
— 30 





® The number of line shifts from which this average S is derived is 4, 6, and 2, respectiv de: for the transition types d’s 


Meas.° 
(60-62) / 
(62-64) 


1.04+0.13 
1.02+0.10 
1.01+0.07 


Deduced 
(60-62) / 
(62-64) 


1.02 
1.05 
1.06 


Meas.° 
(58-60) / 
(62-64) 


Deduced 
(58-60) / 
c (62-64) 


—9.5 ).83 
—9.5 0.94 
—19 0.99 


0.84-40.11 
0.91+0.09 
1.0140.07 


—6 0.84 
—6 0.91 
—12 0.96 


0.84+0.11 
0.91+0.09 
1.01+0.07 


1.04 
1.06 
1.05 


1.04+0.13 
1.02+0.10 
1.01+0.07 


—3 0.87 
—3 0.92 
—6 0.98 


0.84+0.11 
0.91+0.09 
1.01+-0.07 


1,02 1.04+0.13 
1.03 1.02+0.10 


1.04 1.01+0.07 





dp, d8s? 


- ~~, and Ldtst—dp, 


> The values of a, 6, and c are the assumed intervals due to the field effect only for 58-60, 60-62, and 62-64, respectively. 
The measured ratio given is the mean of the ratios of the corresponding transitions used. 


ratios. These values of a, 6, and ¢ are combined with 
each of the three different Sy (one for each transition 
type) and varied until the best fit is obtained with the 
ratios of all three of the transition types whose relative 
shifts are affected by the field effect. The results of this 
procedure are summarized in Table III for each of three 
different assumed values of Sy. The values of a, b, and 
c given in Table III can be changed by +0.0005 cm 
without altering the ratios drastically. 

Within the experimental error of the measured ratios, 


the deduced field effect in Table III shows the following 


features: (1) On account of the field shift only, the 
(60-62) interval is about 0.001 cm larger than the 
(62-64) interval. (2) The (58-60) interval is sub- 
stantially larger than the (60-62) interval, the difference 
being 0.0045+0.001 cm™. 

According to nuclear shell theory® the neutron shell 
from N=28 to N=S0 is expected to be filled in the 
following order: 33/2, 4fs/2, 3p1/2, and 5go/2. The two 
neutrons added to Ni®* to form Ni® complete the 3,2 


8M. G. Mayer and H. D. Jensen, Elementary Theory of Nuclear 
Shell Structure (John Wiley & Sons, Inc., New York, 1955), 
p. 58. 


subshell, while the subsequent neutrons added to form 
Ni® and Ni®™ are fs;2 neutrons. This theory and the 
results on the relative field effect above suggest that 
the relatively larger (58-60) interval is due to the 
differences of outermost neutrons between the various 
isotopes. No calculations have been carried out with 
respect to this suggestion. os 

The hyperfine structure of Ni® was not resolved. 
The isotope shift between Ni®™ and the neighboring 
even isotopes was measured for 16 lines. The measure- 
ments are more uncertain than those between lines of 
even isotopes because of the unresolved hyperfine 
structure but within the experimental error the levels 
of Ni™ lie midway between the levels of Ni® and Ni®. 
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Analysis of Gamma-Gamma Polarization-Directional Correlations 
Involving Multipole Mixtures* 
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A method is described for the graphical analysis of the gamma-gamma polarization-directional correlation 
when one or both gamma rays involve a mixture of dipole and quadrupole radiation. The case in which 
the polarization of the mixed gamma ray is observed is treated in detail. 


I. INTRODUCTION 


MEASUREMENT of the y-y directional cor- 

relation function W(@) gives information re- 
garding the spins of the nuclear levels and the multi- 
polarities of the gamma rays involved. Often, however, 
this information alone does not uniquely determine 
these quantities. A measurement of the y-y polarization- 
directional correlation function W(@,¢) provides an 
additional piece of information with which the assign- 
ments can be made unique. It also will give the relative 
parities of the levels involved in the cascade. 

The experimental situation, as it was originally 
proposed by Metzger and Deutsch,! is shown in Fig. 1. 
The angle between the detectors 6 is ordinarily fixed 
at /2. The scintillation detector A is not sensitive to 
the polarization of y;. The polarization of the radiation 
2 is measured by the polarization-sensitive detector 
composed of the three scintillation counters B, C, and 
D. If the polarization is parallel, Compton scattering 
from counter B into counter D will be favored over 
scattering into counter C. The polarization-directional 
correlation experiment therefore consists in a com- 
parison of the rate for parallel polarization W (¢=2/2) 
which involves a triple coincidence between A, B, 
and D, with the rate for perpendicular polarization, 









































A 
f Fic. 1. Schematic diagram of the polarization-directional 
correlation experiments. 


, * Supported by the U. S. Atomic Energy Commission. 
1, Metzger and M. Deutsch, Phys. Rev. 78, 551 (1950). 


W (¢=0), which involves a triple coincidence between 
A, B, and C. 

The theoretical results of Biedenharn and Rose? for 
the y-y polarization-directional correlation have been 
rewritten using the F coefficients of Ferentz and 
Rosenzweig.’ The relationship between these results 
and single-transition mixture curves for the y-y direc- 
tional correlation*:> has been demonstrated in order to 
facilitate the analysis of experimental data. 


II. POLARIZATION-DIRECTIONAL CORRELATION 
WITH POLARIZATION OF THE MIXED 
RADIATION OBSERVED 

Denote j;, 7, and 72 as the initial, intermediate, and 
final momenta of the gamma cascade. Let the transition 
between 7; and 7 be a mixture of 2“ and 2/**' poles. 
Denote the multipolarity of the second step of the 
cascade by JL, (pure radiation). The polarization- 
directional correlation function will be denoted by 
W (6,¢) for the present case in which the polarization 
of the mixed gamma ray is observed. W(@,¢) is of the 
form?: 


W (0,¢)=W1(0,¢) +8W2(0,¢)+25W3(0,¢), (1) 


where ®& is the ratio of the intensity of the 2“*' pole 
to that of the 2“ pole. The functions W,(@,¢) and 
W:2(8,¢) correspond to the pure cascades 7;(L1)7j(L2)j2 


and j:(Li+1)j(Z2)j2, respectively. The function 
W;(0,¢) is the interference term between LZ; and £,-+1. 
These can be written as follows: 
WiO,e)= DL Fe(Lilijis) 

K even 


XP (Lele j27)Px (Lili ' 0), 
W2(0,¢)= a Fx(1i+12,+1)1)) 


K even 
XF x (LoL2j2j)Px(Lit1L:41 ; 6g), 
W.Ge)= LX Pe(Lalrt1juj) 


K even, +0 


sss KF x(LeL2j2j)Px(Lili+1 ; 6¢), 


?L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 

3M. Ferentz and N. Rosenzweig, Argonne National Laboratory 
Report ANL-5324, 1955 (unpublished). 

*R. G. Arns and M. L. Wiedenbeck, University of Michigan 
Technical Report 2375-3-T, January, 1958 (unpublished). 

5R. G. Arns and M. L. Wiedenbeck, Phys. Rev. 111, 1631 
(1958). 
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y-y POL 


where 


(K—2)! 
Ox(LL’; 6¢)=Px(cos)+(— ier] ——] 
(K+2)! 


C(LL’K ; 11) 
<——————— cos2 ¢P x*(cos@). (3) 
C(LL’K; 1-1) 


The coefficients Fx(LL’jj’) are the F coefficients de- 
fined by Ferentz and Rosenzweig.’ The term (—1)?*‘”” 
is equal to —1 if L’ is M1 or E2 or to +1 if L’ is F1 
or M2. The summation over K in (2) runs from zero 
for W,(@,¢) and W:2(@,¢) and from 2 for W3;(8,¢) to 
the least of 27, 2(Z:+1) or 2Z2. The C(LL’K; 11) and 
C(LL’K;1—1) are Wigner coefficients. ¢ is the angle 
between the polarization vector and the normal to the 
plane of the two y rays, and Px*(cos@) is the associated 
Legendre polynomial of order 2. 

It is now desirable to relate the above result to the 
ordinary y-y directional correlation which is assumed 
to be known experimentally. The y-y directional 
correlation function, W (@), is given by 


W (0)=W(6)+8W2(6)+25W (6), (4) 


where ry ‘ore W ,(@) have a similar meaning to 


the W,( 


Wi@= SS Fr(Lilijij)Fx(Lelejoj) Px 
K even 


W.(0)= > Fri 


— 
K even 


(cos@), 


£,+1L,+1)17) 
XF x ( (L: obo) 127) Px (cos), 


W,0= > 


K even,+*0 


Fx(li L,+4+ “17: 7)Fr(Le »Leje » J) Px (cos8), 


For the special cases of ¢ 
to the form: 


0 and x/2, W (0,¢) reduces 
W (0, g=2/2)=W (0)+ f (6). 
Now define a J(@): 


(6) 


WO, o= ax/2)—W(6, ¢=0) 
J (6) = —_—_—__—__- 
W @, g=1/2)+W(0, e=0) 


f() 
Ww) 
For the special case of a dipole-quadrupole mixture: 
J (0)= —}(- 1)7°40{ P?(cosd) Fo(LeLe joj) F2(11j17) 
+8F 2 (22717) —36F 2(12717) J 
— P?(cos6) ($8) F s(LeLejoj)Fs(22j1j)} 
x { 1+ +P2(c os8) )\F (Lele j2j) [F 2(11/; j) 
+8 2(22 717) —26F 2(1271/) ] 
+P4(cos#)PF s(22 717) PF a(Lelejoj)} t. (8) 
Now define Q, as the quadrupole content of the vth 


(mixed) transition : 


Q,=6,7/ (1+6,7), (9) 


ARIZATION-DIREC 


TIONAL CORRELATIONS 


and 


ax” =F x(L,L,j,j), 


bx” =2F x(L,L,+1),)), 
(L,+1L,+1),j). 


cx” =Fx 


Equation (8) becomes: (here Q;=Q) 

J (0) = —4(—1)"\ { P+? (cos8) a2 (1—Q) aa 
—4{O(1—Q) }8bo+0c2™ ]—SP 2 (cosd)Ocg™ a4 } 
X {1+ P2(cos#)a2[ (1—O)a2+[0(1—Q) ]8b2™ 

+0c2]4+Ps(cosd)Ochay}. (11) 

J(@) may now be related to the single-transition 

mixture curves for the y-y directional correlation.‘ 

These curves are plots of Ax vs Q,: 

A,™ = (1-—Q,)a.+[0,(1—Q,) }8bo 


+02‘”, (12) 
A, , =O,c4”. (13) 
A straight line, intersecting the ellipse at Q=0 and 
Q=1, must be added to the diagram for the present 
analysis. The equation of this line is 
P 4 m =(,(Ce2 “ — id . )+ de ed (14) 
Using, ‘ definition and specializing to the case of 
6=7/2, Eq. (11) becomes (v=1 in present case) 
A,—4.42PA,° 


" —(5/4)A, 
_ — 4) o( Ly) an 


J (x/2) (15) 
2—Aot(3/4)A,4 











1.0 


Fic. 2. Illustration of the curves required for graphical analysis 
of a y-y_polarization-directional correlation in the case where 
the polarization of the mixed transition is observed. This method 
requires that the experimental y-y directional correlation coefhi- 
cients be known, 
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Using the appropriately chosen curves, -42 can now 
be deduced from the experimentally determined direc- 
tional correlation coefficients, Az and A, (see Sec. III 
of reference 5). This is illustrated in Fig. 2. The value 
of J(x/2) to be expected in a polarization-directional 
correlation experiment then follows at once from Eq. 
(15). The term (—1)’“ is equal to +1 if the dipole 
is electric, or to —1 if the dipole is magnetic. 


Ill. DOUBLY-MIXED CASCADES 


If both steps of the cascade are a mixture of dipole 
and quadrupole radiation, the result of the polarization- 
directional correlation experiment is again given by 
Eq. (15). However, the partial coefficients A, and 
-4,™ must now be determined from a double-mixture 
analysis of the y-y directional correlation data. This 
method is treated in detail in Sec. IV of reference 5 
and will not be repeated here. 
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IV. PURE RADIATIONS OR SINGLE-MIXED 
CASCADES WITH POLARIZATION OF 
THE PURE RADIATION OBSERVED 


If both steps of the cascade are pure radiation or if 
the polarization of the pure radiation (in a singly- 
mixed cascade) is observed, the result of the polariza- 
tion-directional correlation is given as follows: 

(a) If one or both gamma rays is a pure dipole, 


—3A, 
J (x/2)= “ee tk (16) 


— 4 > 


(b) If both gamma rays are pure quadrupole, or if 
the mixed gamma ray has an appreciable quadrupole 
content, 

—3A.—(5/4)A, 


2—Ast+(3/4)Ay 


Here again (—1)’“™ is equal to +1 if the radiation 
(the polarization of which is observed) is of type Fl 
or M2 and to —1 if it is of type M1 or £2. 


J (x/2)=(—1)" (17) 
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Neutron Capture Gamma-Ray Spectra of the Nickel Isotopes* 


P. A. TrEApoft AND P. R. CHAGNON 
Physics Department, The University of Michigan, Ann Arbor, Michigan 
(Received September 14, 1960) 


The spectra of gamma radiation following pile-neutron capture in separated isotopes of nickel have been 
measured with a three-crystal scintillation pair spectrometer as well as with a single-crystal scintillation 
counter. Energies and intensities of the gamma rays from each isotope are reported. Each of the lines 
observed with natural nickel has been assigned to Ni®*(n,y)Ni®, Ni®(n,y)Ni®™, or Ni®(m,7~)Ni®. In some 


> 


cases, gamma rays of nearly identical energies are found in two, or in all three, isotopes. Additional gamma 
rays not resolved in the natural nickel spectrum appear in Ni*8(n,7) Ni® at 7.65 Mev, and in Ni®(,7) Ni®™ 
at 7.65 Mev, and in Ni®(n,7)Ni®™ at 4.70 and 5.55 Mev. The spectrum of Ni®(,7)Ni® is dominated by a 
strong line at 6.80 Mev, presumably the ground-state transition. 


INTRODUCTION 


HE gamma-ray spectrum following thermal- 

neutron capture in natural nickel has been 
investigated by Ad’yasevich et al.! and Kinsey and 
Bartholomew’ using external conversion spectrometers, 
and by Braid* using a Compton scintillation spec- 
trometer. In the present work, natural nickel in the 
form of nickel oxide powder and Ni**, Ni®, and Ni® in 
the form of isotopically enriched metallic bars and 
lumps were irradiated in a neutron beam at the Ford 
Nuclear Reactor at the University of Michigan, and 


* Work supported by a contract with the U. S. Atomic Energy 
Commission. 

+t National Science Foundation Predoctoral Fellow. 

1'V. P. Ad’yasevich, L. V. Groshev, A. M. Demidov, and B. N. 
Lutsenko, Atomnaya Energ. 1, 28 (1956); J. Nuclear Energy 3, 
325 (1956) [translation: Soviet J. Atomic Energy 1, 171 (1956). 

* B. B. Kinsey and G. A. Bartholomew, Phys. Rev. 89, 375 
(1953). 

*T. H. Braid, Phys. Rev. 102, 1109 (1956). 


the gamma-ray spectra were detected by means of a 
single scintillation crystal and a three-crystal scintil- 
lation spectrometer.‘ The single crystal was used in 
the 0-2.0 Mev energy range and the three-crystal 
spectrometer in the 1.5-10.0 Mev range. 


EXPERIMENTAL CONSIDERATIONS 
Geometry 


The nickel samples, whose masses and _ isotopic 
constitutions are indicated in Table I, were placed in a 
beam of 2X10® neutrons/sec approximately 1 cm? in 
area. The Ni® sample was not large enough to intercept 
the entire beam, requiring a correction in the intensity 
measurements. Each sample. was thick enough to 
capture or scatter nearly all of the neutrons impinging 
upon it. 

*R. Hofstadter and J. A. McIntyre, Phys. Rev. 79, 389 (1950) ; 
S, A. E. Johansson, Phil. Mag. 43, 249 (1952). 
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Fic. 1. Beam shielding and collimation arrangement in a beam port of the swimming-pool reactor. 


The collimation and shielding of the neutron beam Resolution and Efficiency 


internal to the reactor are illustrated in Fig. 1 while 
the external shielding and counter placement are shown 
in Fig. 2. The center crystal of the three-crystal 
spectrometer is 1.25 in. in diameter and 1.5 in. long, 
approximately 4 in. from the sample. 


The energy resolution of the single crystal was 
measured to be 10.1% at 0.662 Mev. The three-crystal 
spectrometer resolution has been measured to be 2.9% 
at 6.8 Mev and 5.5% at 2.75 Mev by using gamma rays 
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Fic. 2. Geometry of the sample, 
counters, and shielding external to 
the reactor. 
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Fic. 3. Efficiency curve of the 3-crystal spectrometer. The 
open points are calculated, relative values; the solid points are 
experimental relative values; the curve represents a compromise 
between these and is normalized to a direct measurement at 2.75 
Mev. (See text.) 


from Ni®(n,y)Ni® and the radioactive decay of Na™, 
respectively. 

The relative efficiency of the spectrometer was 
estimated in two ways: (a) by calculation of the 
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TABLE I. Isotopic constitution of the nickel samples. The chemical 
impurities in each sample were less than 0.05% 


Constitution (‘ 
Ni® Ni® 
1 


) 
Ni® 


2 3.7 


Mass 
(grams) 


Sample 
(nominal) 


Ni** 


Ni®* 
67.8 1.2 
99 9 pare 
1.45 
0.42 


26.2 
0.06 

98.5 
0.47 


Natural 
Ni®8 
Ni® 
Ni® 


0.01 
96.2 


0.02 


2.8 0.04 


relative intensity of the pair production process in the 
primary crystal, from known cross sections of Nal, 
assuming that the fraction of two-escape processes is 
independent of incident photon energy—this calculation 
is represented by the open points in Fig. 3; (b) by 
measuring the relative intensities of the chlorine (n,y) 
spectrum, and comparing with the results of Groshev 
el al.’—these are the solid points in Fig. 3. The two 
efficiency curves were then fitted to each other, and 
the average curve shown in Fig. 3 was normalized to a 
direct measurement of the spectrometer efficiency made 
at 2.75 Mev using a Na™ source. The accuracy attrib- 
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CHANNEL 
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Fic. 4. Nickel capture gamma-ray spectra taken with the 3-crystal spectrometer: (a) natural nickel, (b) Ni®* sample, 
(c) Ni® sample, (d) Ni® sample. Identification letters correspond to those in Tables II and III. 


5 L. V. Groshev, B. N. Lutsenko, A. M. Demidov, and V. I. Pelekov, Alas of Gamma-Ray Spectra from Radiative Capture of Thermal 


Neutrons (Pergamon Press, New York, 1958). 
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uted to the final efficiency curve varies from +10% 
near the normalization point to +25% at the high 
energies. 
Procedure 

Various nickel spectra were measured over a total of 
150 hours of reactor operation. Each three-crystal 
spectrum was accumulated for two hours, and each 
single-crystal one for approximately five minutes. The 
150 hours of reactor operating time was broken into 
several eight- and sixteen-hour periods. Because of the 
length of the experiment and because photomultipliers 
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drift for varying lengths of time when initially placed 
in a high neutron or gamma-ray flux, the energy scale 
of each three-crystal spectrum was adjusted according 
to a calibration curve obtained from a chlorine spectrum 
taken immediately following every two nickel spectra. 
The magnitude of the adjustments was of the order of 
2%. Each final spectrum in Fig. 4 represents the sum 
of ten to twenty two-hour runs. Each single-crystal 
spectrum in Fig. 5 is similarly composed of several 
runs made on different days. Background has been 
subtracted in the spectra of Figs. 4 and 5. 
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Fic. 5. Low-energy capture gamma-ray spectra measured with a single-crystal scintillation counter: 
(a) natural nickel, (b) Ni®* sample, (c) Ni® sample, (d) Ni® sample. 
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Background 


Contributions to the background come principally 
from three causes, all comparable in magnitude: (1) 
reactor gamma rays and neutron-capture gamma rays 
in the shielding, as observed without a sample in place; 
(2) additional reactor gamma rays scattered into the 
counters by the sample; and (3) additional capture 
gamma rays produced in the shielding by neutrons 
scattered by the sample. In order to evaluate (2) and 
(3), spectra were taken with samples of water, alumi- 
num, and lead. The Compton-scattering and neutron- 
scattering cross sections of these materials are suffici- 
ently different to allow background components (2) 
and (3) to be isolated. Of course, the known gamma-ray 
lines from these scattering samples were subtracted 
out in preparing background curves. It is then possible 
to construct a background curve for each nickel sample 
using the proper amounts of components (1), (2), and 
(3). 

Neutron activation of the counters and shielding 
was found not to make any significant contribution to 
the background of the three-crystal spectra. The 


TABLE II. Energies of neutron-capture gamma rays in natural 
nickel. The energies are in Mev; uncertainty in the last given 
digit is indicated in parenthesis. The identification letters corre- 
spond to those in Figs. 4 and 5. 





Ad’yasevich 
et al.» Braid® 
8.996(10) 
8.51(3) 
8.10(3) 
7.82(2) 
7.57 (3) 
7.19(5) 
7.02 (5)? 
6.84(2) 
6.64(3) 
6.32 (3) 
6.13 (3) 
5.99 (2) 6.03 (3) 
5.83(7) 5.82 (2) 5.84(3) 
5.71(7) 5.70(2 5.72(3) 
5.30(10) 5.31(2) 5.31(3) 
4.20(10) 4.20(4) ? 
3.95 (7) 4.05(4)? 
3.67 (3) ? 
3.17(6)? 
3.03 (4) ? 


Kinsey and 
Bartholomew* 


Key results 


8.997 (5) 
8.532 (8) 
8.119(10) 
7.817 (8) 
528 (11) 
.22(2) 
7.05(2) 
6.839 (10) 
6.58 (2) 
6.34(2) 
6.10(2) 


a 8.99(1) 
b 8.53 (4) 
( 8.14(4) 
d 7.82(4) 
; 7.54(4) 
7.23(5) 
7.03(7) (?) 
6.80(6) 
6.60 (6) 
6.35(7) 
6.13(8) 
6.03 (7) 


3.19(5) 
3.01 (6) 
2.58(7) 
2.11(6) 


2.68 (3) 
2.06(3) 


1.16(10) 
0.86(8) 
0.47 (6) 


1.24(3) 
0.86(3) 
0.467 (8) 0.45 (3) 
0.436 (15) 
0.330(15) 
0.280(15) 


0.35(4) 
0.29(3) 


? 


* See reference 


b See reference 1. 
¢ See reference 3. 
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background spectrum constructed for the Ni® sample 
is shown in Fig. 6; the others are similar. 

The background used for the single-counter spectra 
is simply that obtained with no sample in place. 
Consequently no intensity values are quoted for the 
low-energy lines. 


RESULTS 


Table II gives the energies of the gamma-ray lines 
observed with the natural nickel sample, in comparison 
with other recent work. The energy scale is based on 
the energies of the chlorine capture gamma rays given 
by Groshev ei al.° Intensities were not measured in 
this case, but there is good qualitative agreement with 
the other published spectra. 

In interpreting the separated isotope spectra, a 
gamma ray was assigned to a particular isotope and 
listed in Table ITI if: (a) it had an energy corresponding 
to a natural nickel gamma-ray energy, and (b) the 
counting rate in the peak exceeded that in the corre- 
sponding valley by at least 3 times the standard 
deviation. In cases where two isotopes seemed to have 
the same energy gamma ray, data from Ni®§(d,p)Ni™® 
and Ni®(d,p)Ni® were consulted. If a level existed 
there which was compatible with the energy of the 
gamma ray, the assignment was made in agreement 
with the (d,p) data. Many of the gamma rays observed 
correspond to transitions observed in (d,p) experiments. 
The gamma rays and corresponding (d,p) proton groups 
are listed in Table IV. 

Intensities, also given in Table III, were determined 
by sketching the known line shape of the spectrometer 
under each peak and measuring the area of the line 
with a planimeter. The uncertainties quoted include 
three components: an uncertainty of 10 to 30% in 
determining the area under each peak, 10 to 25% in 
the spectrometer efficiency, and 10% in beam intensity, 
geometry, and published cross sections. 


7000 | 
me | | 
pe 


\ 








eee ee ee eee ee 
© 20 40 60 80 100 120 I40 K60 180 200 220 
CHANNEL 


Fic. 6. A background spectrum constructed as described in 
the text. This one is for the Ni® sample and corresponds to 
Fig. 4(d). 





NEUTRON CAPTURE 7y-RAY 

TABLE III. Energies (£,) in Mev and intensities (7,), in photons 
per 100 captures in the individual isotope, of the neutron-capture 
gamma rays from separated nickel isotopes. Uncertainty in the 
last given digit is indicated in parentheses. 


Natural 
nickel 
Ey 


8.99(1) 


6.80(6) 
6.60(6) 
6.35(7) 
6.13(8)? 
6.03 (7) 
§.83(7) 
5.71(7) 


5.30(10) 


Ni®8(n,7~) Ni® 


Ey 
8.99(1) 
8.54(4) 
8.15(4) 
7.65 (6) 


7.24(6) 
7.00(7)? 


6.57 (8) 
6.30(8) 
6.08 (10)* 
5.97 (10) 
5.81 (6) 
5.65 (9) 


ly 

26(9) 
19(7) 
11(6) 


9(4) 
8(4) 


7(4) 
6(3) 
5(3) 
5(3) 
15(7) 
6(3) 


Ni®(n,y)Ni@ 


Ey 


81 (2) 


.52(3) 
.18(S) 


72(10) 


5.79(10) 


5.55 (5) 
5.28(8) 


ly 


12(4) 
13(4) 


7(3) 


7(3) 


3(2) 


9(4) 
8(4) 


6.80(2) 
6.50(12)* 
6.35(12)* 


5.88 (5) 


70(10) 7(4) 
4.20(7) 
3.94(10) ? 
3.70(10) ? 
3.20(5)? 
3.01(7)? 
2.65 (18)? 
25(10)? 
1.17(10) 11(8) 
0.86(3) 
0.46(3) 
0.35 (4) 
0.30(4) 


0.37 (3) 
0.31(3) 


Unresolved doublet. 
Not observed in natural nickel. 
© Not observed in Ni*’, Ni®, or Ni®. 


DISCUSSION 


The level schemes of the nickel isotopes have been 
studied by (d,p) reactions,*” and radioactive decay of 
neighboring nuclei." According to these data, the 
ground-state gamma-ray energies should be 8.99 Mev 
for Ni®® and 7.80 Mev for Ni®. Mass-spectroscopic 
measurements by Quisenberry ef al.’? show that the 
binding energies should be 8.99 Mev, 7.77 Mev, and 
6.82 Mev for Ni®*, Ni®, and Ni®, respectively. In the 


6 W. W. Pratt, Phys. Rev. 94, 1086 (1954); 95, 1517 (1954). 
7C. E. McFarland, M. M. Bretscher, and F. B. Shull, Phys. 
Rev. 89, 892 (1953). 

8 J. A. Harvey, Phys. Rev. 81, 353 (1951). 

°C. H. Paris and W. W. Buechner, Bull. Am. Phys. Soc. 3, 38 
1958). 

0 H. N. Hoesterey, Phys. Rev. 87, 216 (1952). 

1G, E. Owen, C. S. Cook, and P. H. Owen, Phys. Rev. 78, 
686 (1950). 

2K. S. Quisenberry, T. T. 


Scolman, and A. O. Nier, Phys. 
Rev. 104, 461 (1957). 
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TasLe IV. Comparison of capture gamma-ray energies (/,) 
with excitation energies (Z,) from (d,p) reactions in Ni®* and Ni®, 
Assignments are in terms of the product nucleus. Energies are 
in Mev. 
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» See reference 6. 
» See reference 7. 
© See reference 8. 
See reference 9. 
© See reference 10. 


present work, the highest-energy gamma ray found in 
each isotope should be the ground-state gamma ray. 
These gamma rays should be quite intense, because the 
capture state in all three isotopes has J=}4, as the 
target nuclei are all even-even, and the ground-state 
spins®® of Ni® and Ni®™ are J=$ and that of Ni® is 
J =}. From this experiment then, the neutron binding 
energy for Ni*® is 8.99 Mev, for Ni® is 7.81 Mev, and 
for Ni® is 6.80 Mev. 
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Predictions of Spontaneous Fission Half-Lives for Heavy Nuclei* 


Davi W. Dorn 
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Swiatecki’s work on correlation of spontaneous fission half-lives has been modified and extended to include 
elements beyond Z=100. The values of spontaneous fission half-lives predicted on these bases are un- 
expectedly high. For example, the partial half-life for Z=106, A =271 is predicted to be about 13 years 


N the past, various authors have attempted to cor- 
relate spontaneous fission half-lives.'~? Swiatecki,‘ 
who was able to show the regular dependence of the 
half-life on ground-state masses, has been the most 
successful at establishing a physical interpretation. 
The present work is an extension and minor revision 
of Swiatecki’s. The constant term of his formulation 
has been changed and an additional term in Z!/A has 
been added. The revised expression used in these cal- 
culations is 


T; e-e 


| f — 30.06) 


— 23.46 >—7.80+0.358+0.07368 
+1389(Z'/A)— (4-0)im. 


| —18.56 | (1) 


logio) Ty odd-A 
* 0-0 


6=Z?/A—37.5; 5m is the difference in Mev between 
the semiempirical ground-state mass of a nucleus as 
given by Cameron® and the smooth mass surface as 
quoted by Swiatecki*: 


M=1000A —8.3557A+19.120A!+0.76278(Z2/A!) 
+25.444(N-Z)?/A+0.420(N-Z). (2) 


The half-life given by (1) is in seconds. 

Table I shows the logarithm of the predicted spon- 
taneous fission half-lives for selected nuclei up through 
element 106. Where possible, the experimental value as 
given in reference 7, is also listed. 

Perhaps the most important conclusion to be drawn 
is that, contrary to some estimates,® the spontaneous 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

! W. J. Whitehouse and W. Galbraith, Nature 169, 494 (1952). 

2G. T. Seaborg, Phys. Rev. 85, 157 (1952). 

3 J. R. Huizenga, Phys. Rev. 94, 158 (1954). 

*W. J. Swiatecki, Phys. Rev. 100, 937 (1955). 

5 A. Ghiorso, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 7, Paper P/7.8. 

® B. Foreman and G. T. Seaborg, J. Inorg. & Nuclear Chem. 7, 
305 (1958). 

7E. K. Hyde, University of California, Lawrence Radiation 
Laboratory Report UCRL-9036, 1960 (unpublished). 

8 A. G. W. Cameron, Atomic Energy of Canada Limited, Chalk 
River Report CRP-690, 1957 (unpublished). 


TABLE I. Logarithm (base 10) of the spontaneous fission 
half-life in seconds. 


Theo 


retical 


Experi- Theo 
Element mental* retical 
U3 
Us 
35 
[236 
U37 
U338 
[239 
Us 


Experi- 


Element mental*® 


25.75 E255 
23.03 i256 
26.58 
23.53 
26.90 
22.93 
25.31 
21.30 


25.74 
24.01 
26.07 
23.54 


22.37 
18.77 
23.06 
18.78 


20.48 
22.77 


19.88 
22.00 


Am**! 
Am??? 
Am*48 
Am**4 


“m2 
*m*43 
> m*44 
" m?45 
*m%6 


14.35 14.48 
19.03 
14.34 
18.75 
14.69 


14.64 


14.79 


sr Un Ge bo 
we ~The 


16.49 
20.00 
17.01 
18.33 


Bk™? 
Bk™8 eee 
Bk™* = 16,27 
Bk? ve 

( *f24s 
cr 
Crs 
( *f241 


11.34 
16.67 
11.67 


10.88 
16.11 
11.30 
tee 15.05 
9.31 9,21 
7253 12.97 


y 12.26 
| at 12.67 


14.30 


* See reference 7. 


fission half-life of these heavy elements may indeed be 
long enough to make their production feasible.® 

® Note added in proof. A similar conclusion has also been reached 
by F. Hoyle and W. A. Fowler, Astrophys. J. 132, 565 (1960), 
on the basis of unified model calculations by S. A. E. Johansson, 
Nuclear Phys. 12, 449 (1959). 
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Energy Levels in Zr* Excited by the (d,p) Reaction* 


R. L. Preston,t H. J. Martin, Jr.,f AnD M. B. Sampson 
Indiana University, Bloomington, Indiana 


(Received November 3, 1960) 


2.84, 3.05, 3.25, 3.45, 3.65, and 3.87 Mev. Angular distributions were measured for the first four levels and 
assignments were made using the shell-model and the Butler stripping theory. The assignments are 2d5/2 
for the ground state, 3512 for the 1.22-Mev state, 2d3/2 for the 2.07-Mev state, and 1g7/2 for the 2.19-Mev 
state. The application of the Butler theory to the data gave reasonable and useful fits. The ground-state 


Q value was measured and is 5.02+0.03 Mev. 


INTRODUCTION 


HE work of several experimental and theoretical 

groups during the past few years indicates that 
stripping reactions are a useful tool to study the spec- 
troscopy of heavier nuclei. Measurements on Zn by 
Shull and Ewlyn' showed forward peaks that were in 
agreement with Butler calculations. Work in the Fe 
region by Schiffer et a/.2 demonstrated that the (d,p) 


PROTON 
12 


ENERGY IN 


reaction will predominantly excite single-particle states. 
Cohen has extended Schiffer’s findings to heavier nuclei* 
and has effectively extracted relative reduced widths to 
study nuclear structure.‘ A similar study of relative 
reduced widths in Pb has been made by McEllistrem 
et al.> Extentions of the stripping theory to consider 
distortions in heavier nuclei have been made by a 
number of authors.® The distorted wave calculations by 
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Fic. 1. A proton momentum spectrum for the ZrO, target. Angular distributions were measured for the 
two highest energy groups and for the double group. 


* This work supported by the joint program of the Office of Naval Research and the U. S. Atomic Energy Commission. 
+ Present address: 35 Bedford Park Avenue, Richmond Hill, Ontario, Canada. 
t Now on leave at the Brookhaven National Laboratory; Upton, New York. 


' F, B. Shull and A. J. Elwyn, Phys. Rev. 112, 1667 (1958). 


2 J. P. Schiffer, L. L. Lee, and B. Zeidman, Phys. Rev. 115, 427 (1959). 


3B. L. Cohen and R. E. Price, Nuclear Phys. 17, 129 (1960). 
‘ B. L. Cohen and R. E. Price, Phys. Rev. 118, 1582 (1960). 


5M. T. McEllistrem, H. J. Martin, D. W. Miller, and M. B. Sampson, Phys. Rev. 111, 1636 (1958). 
6 W. Tobocman, Phys. Rev. 94, 1655 (1954); R. Huby, M. Y. Refai, and G. R. Satchler, Nuclear Phys. 9, 94 (1958). 


1741 





PRESTON, 


Fic. 2. Levels excited in 
Zr™ by the (d,p) reaction. 
The spin assignments for 
the first four states are dis- 
cussed in the text. Energies 
are in Mev. 
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Tobocman’ are of particular interest because they show 
that angular distributions, even when strongly dis- 
turbed by nuclear and Coulomb effects, may still be 
used to determine / values. 

The work presented in this paper was undertaken 
with the hope that the properties of the stripping reac- 
tion would be of particular value in a study of the 
zirconium isotopes. Zr® has 40 protons and a closed 
shell of 50 neutrons. The (d,p) reaction on Zr”, Zr*, 
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Fic. 3. The angular distribution of the proton group leading to 
the Zr" ground state. The d-wave Butler fit agrees with the meas- 
ured spin of 5/2+ for the state and with the shell-model 
expectations. 


7W. Tobocman, Phys. Rev. 115, 98 (1959). 
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and Zr® adds neutrons to this configuration. A study of 
these reactions gives information about the interaction 
of the extra neutrons with one another and with the 
Zr® core. This type of study is initiated by the work 
presented here. The Zr®(d,p)Zr® reaction is used to 
find the energy levels of the extra neutron and the 
angular distributions are used to determine the angular 
momentum transfer in the reaction. 


EXPERIMENTAL PROCEDURES 


Natural Zr targets and enriched ZrQ, targets* were 
used in this experiment. Natural Zr was used to prepare 
metallic self-supporting evaporated targets with a 
thickness of about 2 mg/cm’. The oxide targets were 
prepared by suspending the powder in ethylene di- 
chloride and adding a small amount of Formvar binder 
and Aquadag. The suspension was poured on a glass 
plate, dried, and peeled. These targets also had a total 
thickness of about 2 mg/cm*. The Aquadag was added 
to the targets to strengthen them for the beam 
bombardment. 

The targets were bombarded by the 10.85-Mev deu- 
teron beam from the Indiana University cyclotron. The 
experimental arrangement and the magnetic spectrome- 
ter used in the measurements have been described in 
earlier papers.®* A proton momentum spectrum is 
shown in Fig. 1. The oxygen and carbon peaks shown 
in this spectrum moved through the zirconium peaks as 
the spectrometer angle is decreased. This effect limited 
the number of proton groups for which complete angular 
distributions were obtained. 

The natural Zr targets were used to study the proper- 
ties of the proton group leading to the ground state 
of Zr®. A normalization of the natural and enriched 
targets was then made by comparing the ground-state 
yields. 

The error on the absolute cross sections is +40%. 
The measurements were made with the natural Zr 
target. The energy loss of 8.78-Mev ThC’ alpha par- 
ticles passing through the target was measured and used 
with stopping powers given by Whaling” to determine 
the number of Zr atoms in the target. 

Q-value measurements were similar to those described 
in other work.5" The ground-state Q value was meas- 
ured with the metallic target. Oxygen and carbon peaks 
were used to determine the beam energy. Relative Q 
values were measured with the ZrO, target. These meas- 
urements determine the difference in the Q values of 
two proton groups leading to adjacent states in Zr, 
This means that a shift in the measured excitation 


® ZrO, enriched to 98.7% in Zr, was obtained from the Oak 
Ridge National Laboratory. 

*'V. K. Rasmussen, D. W. Miller, and M. B. Sampson, Phys. 
Rev. 100, 181 (1955); J. R. Rees and M. B. Sampson, Phys. Rev 
108, 1289 (1957). 

1 W. Whaling, in Handbuch der Physik, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1958), Vol. 34, p. 193. 

1G. B. Holm, J. R. Burwell, and D. W. Miller, Phys. Rev. 118, 
1247 (1960). 
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energy of one of the Zr* states will shift the energy of 
all higher excited states by the same amount. Errors on 
the absolute Q values are +30 kev. Relative Q-value 
errors are +20 kev. 


RESULTS 


Eleven proton groups were seen in the reaction. All 
of these groups appear to lead to single states in Zr". 
Figure 2 shows these states on a level diagram of Zr". 

The spin of the Zr* ground state has been measured” 
and is $+. Beta-decay studies™-" of the 1.22-Mev state 
indicate a spin of $+ or $+. Early (d,p) reaction studies 
by Schull excited a 2.10-Mev Zr* state.!® Day has used 
the (n,n’,y) reaction to excite levels at 1.19, 1.46,°1.87, 
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Fic. 4, The angular distribution for the proton group leading 
to the 1.22-Mev Zr® state. 


2.07, and 2.15 Mev.'* The work reported here replaces 
the 2.10-Mev state by two states, one at 2.07-Mev 
excitation and one at 2.19-Mev excitation. Three of the 
levels seen by Day were also excited in the present work. 

The angular distribution for the proton group leading 
to the ground state of Zr is shown in Fig. 3. The posi- 
tion of the first peak is fitted by a d-wave Butler curve. 
This is in agreement with the 2ds5,2 assignment of the 
shell model for the 51st neutron. Other neutron states 


12 J. E. Mack, Revs. Modern Phys. 22, 64 (1950). 

18 —D. Strominger, J. M. Hollander, and G. T. Seaborg, Revs. 
Modern Phys. 30, 585 (1958). 

4 Q. E, Johnson and W. G. Smith, Phys. Rev. 118, 1315 (1960). 

16 F, B. Shull, Phys. Rev. 87, 216(A) (1952). 

16 R. B. Day (private communication). 
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Fic. 5. The angular distribution for the double proton group 
to the 2.07-Mev state and the 2.19-Mev state. This distribution 
has many of the features of the ground-state distribution. 
predicted by the shell model for the 50-82 shell are 
17/2, 2d3;2, 351/2, and 1hi1/e. 

An s-wave Butler curve fits the angular distribution 
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Fic. 6. The angular distribution of the proton group to the 
2.19-Mev state, assuming that the 2.07-Mev state is d3/2. This 
assumption is discussed in more detail in the text. 
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of the proton group leading to the 1.22-Mev Zr™ state. 
This is shown in Fig. 4. Cohen finds the same distribu- 
tion for this state* and makes a 3s1/2 assignment for the 
state. 

Figure 5 shows the total angular distribution for two 
proton groups, one leading to the 2.07-Mev state and 
the other to the 2.19-Mev state. The data indicated 
that the angular distributions for the two groups were 
different but they could not be measured separately. 
The curve in Fig. 5 represents a 2d3/2 shell-model state 
and is the experimental distribution for the ground- 
state group multiplied by 0.67. This curve is subtracted 
from the data and the resultant angular distribution is 
shown in Fig. 6. This distribution is fitted by a g-wave 


TasLe I. A comparison of the experimental and calculated 
reduced widths relative to the ground state. 


(y*/y2gnd)* = (7*/+*. gnd)® 
(Butler+expt) (HO) 


2.83 3 0.5 


® This column shows the experimental reduced widths relative to the 
ground state when the Butler theory is assumed. 

b This column shows calculated reduced widths relative to the ground 
state using harmonic oscillator wave functions for the neutron. 
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Butler curve. The expectation of shell-model states leads 
to a 2d3/2 assignment for the 2.07-Mev Zr state and a 
1g7/2 assignment for the 2.19-Mev state. 

Complete angular distributions were not measured 
for the other proton groups. A partial angular distribu- 
tion for the proton group to the 2.56-Mev state was 
peaked at large angles. It is consistent with the expected 
1h41/2 state but a definite assignment is not possible. 


CONCLUSIONS 


Angular distributions were measured for proton 
groups leading to four energy levels in Zr*. All of the 
distributions were consistent with Butler theory calcu- 
lations and shell-model expectations. Distorted-wave 
calculations by Tobocman" also support the assign- 
ments given here. Tobocman has calculated the distri- 
butions for the ground-state group and for the first 
excited state group and his assignments agree with the 
ones given here. : 

Finally, an extraction of the relative reduced widths 
of the states can be made by using the Butler theory. 
A comparison of the experimental widths with calcu- 
lated widths is shown in Table I. 


17 W. Tobocman (private communication). 
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Quantum Mechanical Three-Body Problem. II 
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We present a method for treating the following quantum me- 
chanical three-body problem: to find the ground-state eigenvalue 
and eigenfunction for a system of three identical particles between 
any pair of which there is an attractive central force. An essential 
point of the method is to assume the wave function WV has a special 
analytic form, Y=y(ri2,03)+¥ (113,02) + (23,01), where fis 
=f—¥"e, Os=f2—4F(rit+t.) and t;:, O2 and f%3, @: are defined 
analogously. The Schrédinger equation for the system can then 
be written as an integral equation for ¢(k,«), the Fourier trans- 
form of y. We expand this in Legendre polynomials, 

=< 
o(k,x) =Z o1(k,x) Pi (cosy), 
I=o 


I. INTRODUCTION 


N this paper we consider the quantum-mechanical 
problem of finding the ground-state energy eigen- 
value and eigenfunction for a system of three identical 
particles in which identical attractive forces act be- 


* Operated with support from the U. S. Army, Navy, and Air 
Force. 


and this yields a set of coupled integral equations for the ¢;(k,x). 
These can be truncated and to a good approximation one can 
neglect all gi except ¢o, thereby reducing the problem to a single 
integral equation for a function of two variables. 

We propose an iterative scheme for solving this equation for the 
ground-state eigenfunction, and suggest a simple but accurate 
nonvariational method for deriving the energy eigenvalue there- 
from. We test this proposed solution by working it out in detail 
for the case of exponential interparticle potentials. The results 
for the eigenvalue compare favorably with variational calcula- 
tions by other authors. Finally, we discuss the accuracy of the 
approximations and the possible sources of error in the wave 
function. 


tween each pair. The general features of the method we 
discuss are applicable to other three-body and many- 
body problems, but for reasons that are more or less 
obvious the symmetrical three-body problem we men- 
tion is the simplest of these. The results we get in this 
problem are encouraging enough ‘to make it hopeful 
that progress can be made along similar lines in more 
complicated problems. The symmetrical problem we dis- 
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cuss is related to, but is one step closer to reality than 
one we have previously discussed, in which we did not 
consider that potentials acted between pairs of par- 
ticles, but instead required that the wave function 
satisfy a boundary condition at a prescribed inter- 
particle distance. The relation between the two prob- 
lems lies in the special functional form we choose for 
the wave function [Eq. (10) of this paper]; this form 
is essentially the same in both cases, account being 
taken of the differences between boundary conditions 
and potentials. One point of this paper is to emphasize 
that this form has special advantages; these are pointed 
out at appropriate places in the paper. 

The method presented here is an approximate one, 
but it is not a variational method, and it has the ad- 
vantage over the variational method that one can esti- 
mate the errors of the approximations that it is neces- 
sary to make. 

The plan of the paper is as follows: In Sec. II we 
write some well known but basic equations. In Sec. III 
we discuss the motivation and the rationale for the 
particular form of the wave function mentioned above, 
and we write the Schrédinger equation for this form of 
the wave function as an integral equation in momentum 
space. In Sec. IV we expand this integral equation in 
partial waves to give an infinite set of coupled integral 
equations, and suggest how this set may be truncated, 
reducing it to a single integral equation for a function 
of two variables. In Sec. V we discuss an approximate 
solution for the ground-state eigenvalue and eigen- 
function of this equation. In Sec. VI we work out this 
solution in detail for interparticle potentials of ex- 
ponential shape. In Sec. VII we estimate the errors in 
the various approximations that must be made in de- 
riving these results. 


II. SOME BASIC EQUATIONS 


Let 11, f2, 3 be the position vectors of the three 
particles in some reference frame. Then the Schrédinger 
equation we wish to solve is, in the usual notation, 


9 


(-— (VP+V2+V32)+V (rie) + V (ris) + V (ra) )w 
U 


2” 


=FEW. (1) 


As the notation indicates, the potential energy is taken 
to be the sum of central potentials acting between each 
of the three pairs. With a potential of this kind we can 
separate off the center-of-mass motion and so we intro- 
duce the center-of-mass coordinate R=4(r,;+1r.+r1s). 
In addition to R there are three equivalent pairs of co- 
ordinates that one might use to define the positions of 
the particles, and it is part of our method to treat each 


1L. Eyges, Phys. Rev. 115, 1643 (1959). 
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of these pairs on an equal footing. These pairs are 


Tio= f\— Te and 03=f3—3(ritfe), 


(2a) 


Yi3—11—P3 and 02= T2—3(t14+18s), 


> 


(2b) 


fo3=Fe—F3 and o,=1r1—}(fot+7rs). (2c) 
These sets of coordinates are of course not independent. 
The' linear relations among them are of the form, for 
example, 
. 1 
Tis= @1t+3fo3, Ti2= 01— 3F 23, (3) 
1 


02= 3123— 301, 03= — $r23— 401. 

Of course, Eq. (1) has the same form in either of the 
coordinate sets (2a), (2b), (2c). For example, in fie, o3 
coordinates it is 


(Vrisrk+2V 02) ¥+([2 (r12)+0(ris)+0(res) W= KW, (4) 


where for a bound state (EF negative), we use the 
definitions 


K°=m\E\/h®, v(r)=mV(r)/h*. 


Now we wish to write the integral equation equiva- 
lent of Eq. (4) (or of the other two similar equations). 
It is convenient to have a notation that deals with 
these three equations in a symmetrical way. Consider 
the coordinates fj, @s, which in the center of mass 
system define the configuration of the particles. The 
same configuration is defined by fis, @2 or f23, @1, if 
these pairs are connected by equations like (3). Thus 
we can think of any one of the three pairs of coordi- 
nates (2a), (2b), (2c) as a kind of six-vector which de- 
fines the configuration, just as in three dimensions one 
can have different vectors (with different origins) which 
describe the same point in space. We shall let P stand 
for this general “point” in the six-dimensional con- 
figuration space, and W will be a function of it. Stated 
differently, this simply means that P can be considered 
to be either ris, 3 OF Tes, O1 OT Tis, O2, as we wish. Then 
the integral equation equivalent of (4) (or of its other 
two variants) is 


v(P)= fw P’)v,(P’)Gx(P— P’)dP’, (5) 


where 

v,(P)=0(ri2)+0(r13)+0(re3). (6) 
The subscript ¢ stands for “total.” The function 
Gx(P—P’) which appears in Eq. (5) is a Green’s func- 
tion for Eq. (4). It has three equivalent forms corre- 


sponding to the three sets of coordinates (2). For ex- 
ample, in rz @3 coordinates it is 


1 exp[ik- (Ti2— rio’) +ix(o3— 03’) | 
fests -{ {= phe debit ln 
: (27) RB? +324 K? 


Xdkdx. 
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It is obvious from this that Gx satisfies 
(Vris?+3V'ps— K*)Ga= —45(ti2—Fi2’)5(@s—3'), (8) 


and this last equation can be used directly to show that 
the integral equation (5) is indeed equivalent to the 
Schrédinger equation (4). 


Ill. SPECIAL FORM FOR THE WAVE FUNCTION, 
AND THE EQUATION DETERMINING IT 


We now wish to write the wave function in a special 
analytic form, which, as we shall try to show, has 
special advantages. To introduce this form, let us as- 
sume for the moment that we knew the wave function 
in some form, not necessarily analytic; for example we 
might suppose we were given the wave function as a 
multidimensional table, one entry for each small volume 
element in configuration space. Suppose now we wished 
to use this wave function to integrate over the primed 
variables on the right-hand side of Eq. (5) and so 
obtain an analytic form for y. This integration is the 
sum of three integrals, remembering that »;,(P) is given 
by Eq. (6). Consider the integration over the first 
potential v(rj2) that appears in x. In integrating over 
it we can express the Green’s function in ry, 93 co- 
ordinates and the integration then gives rise to a func- 
tion of f2, @3 which we call Yi. and which is defined by 


via(tisee)= | fr@ren’ 


XGx(tre—- 


fio’, 03 03 )dty2'do3’. (9a) 
By doing the analogous thing for the other two poten- 
tials entering into v, we are led to two other functions 


Viz and yo3 


Wis (113,02) = J fee (ri3') 


XGrK (fis— Ts , e2— 02 )dri3'dor’, (9b) 


W23 (123,01) - J freq 


XGx(tes— Tos’, 01— 01’ )dt23'do1’. (9c) 
From the way in which we have derived these equations 
it is clear that 


VY (P)=yYre(ti2,e)-+¥13(1 13,02) -+Y23(1e3,01). 


This is the form of the wave function to which we refer 
in the introduction. 

We now discuss the reasons for choosing to write the 
wave function in the form (10). To do this we digress 
for a moment to consider a well-known problem which 
is mathematically similar to, but simpler than the 
three-body problem. This is the problem of a single 
particle bound to more than one fixed potential (for 


(10) 


LEONARD 


EYGES 


example a one-electron multicenter problem, like the 
hydrogen molecule-ion). To be concrete, suppose we 
simply have two spherically symmetric potentials, one 
centered at d, and the other at do. If r,; and re refer to 
coordinate systems centered at each potential, then 
the potential energy of the system is V(7,:)+V (re). 
Now an integral equation identical in form to Eq. (5) 
holds for this system, except that the symbols must be 
reinterpreted. For this case P means a three-dimensional 
position vector, call it r; the Green’s function is 
Gx(r—r’) the ordinary three-dimensional Green’s 
function ; and 2; is just v(r71)+0(r2).? 

This problem is suggestive for the three-body one in 
the following way. A standard and advantageous way 
of writing the wave function in this problem is the so- 
called LCAO (linear combination of atomic orbitals) 
representation. In this one tries to express the solution 
as a sum of two functions (orbitals) the first orbital in 
coordinates appropriate to the first potential, and the 
second in coordinates appropriate to the second. The 
advantage of this procedure is that each of the “‘orbi- 
tals” at least qualitatively resembles the wave function 
of a particle bound to a single potential and a corollary 
of this is that an expansion of the orbitals in partial 
waves converges well. This is a very important ad- 
vantage. We can see this if we consider the two limiting 
cases of the potentials very close together and very far 
apart. When the potentials are very close together there 
is not much difference between a single-center repre- 
sentation (the wave function expressed in terms of a 
single coordinate system, say halfway between the 
potentials) and the LCAO multicenter representation. 
But when the potentials are far apart the two-center 
representation is much more compact. For in it the 
wave function essentially becomes two S waves, one 
about each potential. If, however, we were to try to 
expand these two S waves in terms of the single center 
representation the convergence would be very poor 
indeed. The simple LCAO description involving essen- 
tially a single-particle wave becomes a slowly convergent 
one involving many partial waves. 

To return now to our three-body problem, it is the 
same convergence advantage we seek in writing the 
wave function in the form (10). For we have done here, 
in the higher dimensional space corresponding to fiz, Qs, 
etc., exactly the same thing as in the LCAO case. We 
have three potentials, and there is an obvious set of 
coordinates appropriate to each. We have then tried to 
write the solution as a sum of “two-body orbitals,” i.e., 
as a sum of three functions, each one in the coordinates 
appropriate to a given potential. We hope then, and we 
shall see later that this hope is fulfilled, that these 
“orbital” functions have a rapidly convergent partial 
wave expansion. This is an important and even decisive 
advantage of writing the wave function in the form (10). 

Now we return to the discussion of Eqs. (9a,b,c) for 


2 For this case v(r) = 2mV (r)/#? and K?=2m| E| /h. 
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the three-body problem. We have defined three dif- 
ferent functions y12, ¥13, ¥2s. But since the problem is 
symmetric (identical masses for the particles and 
identical potentials acting between them) it is clear 
that at least for the ground state, a state of maximum 
symmetry, that all these functions have the same 
functional form, e.g., that yi2 is the same function of 
Ti2, 03 that Wo is of f23, @:1. Hence the subscripts on 
these functions are superfluous and we can call them 
all y. 

Yue=Vis=Ya2=V. (11) 
Thus, the three equations (9) are in fact identical and 
we need consider only one of them, say the first. This 
becomes, substituting on the right-hand side for ¥(P’) 
from Eq. (10) and dropping the subscripts according 
to Eq. (11), 


Virwe)= f for) 


Xv (112’,03") +¥(r13',¢ 2’) + (re3’,01’) | 


XGx(tie— (12) 


Ti2', Os— 3 )dr12'do;’. 
This is our basic equation. It is a homogeneous integral 
fquation for the unknown function y, and being homo- 
geneous presumably has solutions only for certain 
values of K, the eigenvalues we seek. 

The integration in Eq. (12) is over rs’ and @;’. We 
must then have the integrand completely expressed in 
these variables, and that means that we must express 
¥(13',02") and W(re3’,0:") in terms of them. The obvious 
way to do this is to express these functions as Fourier 
integrals, in which the dependence on 13’, 92’ and 
f23', o:' is in an exponent, and then use Eqs. (3) to 
transform from one coordinate system to another. 
Accordingly we write, e.g., 


( 02) 
y Ii3, e)= 
(27) 


1 
= ad Joh exp[ik: 3 T12— 03) 


[ fea exp[i(k- ris+x- oo) |\dkdx 


—ix: (2r12+40;) |\dkdx, (13) 


where we have used f3= fi2/2— 03, 02= —3r12/4—403. 
Having defined ¢ for the reasons given above it turns 
out that it is in fact easier to work with @ than with y 
itself. Hence we Fourier transform Eq. (12) using Eq. 
(13) and the integral representation for the Green’s 
function. This leads to an eight-fold integration on the 
right-hand side of the transformed Eq. (12), but some 
of the integrations lead to 6 functions and the right- 
hand side simplifies considerably, to give the following 
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equation for ¢: 


1 
es oe) 
(2x3) (k°-+-3x2-+-K?) 


X {o(k’,x) exp[ir- (k’— k) ]+(4k’, k’— 2x) 
Xexp[ir- (k’—k—3x]+(4k’, k’—2x) 


Xexp[ir-(—k’—k+ $x) ]}dk’dr. (14) 


IV. PARTIAL WAVE EXPANSION AND THE 
FUNDAMENTAL EQUATION 


In Eq. (14), o(k,x%) is ostensibly a function of the 
two variables k and x, i.e., a function of six scalar vari- 
ables. But for the symmetrical ground state, which we 
assume to be an S state (L=0) symmetry considera- 
tions limit the functional dependence much more 
severely. Returning to ¥(f12,93) for a moment, we ob- 
serve that if this corresponds to an S state it cannot 
single out a direction in fz, 9; space, but must depend 
only on fy, es and the angle between them. A similar 
remark then applies to the dependence of ¢ on k and x; 
¢@ must be a function only of &, « and k-x«. In this case 
we can expand it in the following form 


o(k,x) =>" o:(k,x) Pi(cosy), (15) 


where y is the angle between k and «x. If we put this 
into Eq. (14) we can then equate coefficients of P:(cosy) 
on the left- and right-hand sides and so get an infinite 
set of coupled equations for the functions ¢:(k,x). We 
derive these equations now. 

Since @ depends only the angle between k and x, it 
is permissible (and convenient) to take x along the z 
axis. For the other two vectors r, k’, that appear in 
Eq. (14) we specify that they, resepctively, make angles 
6 and y’ with the z axis. Then in the integrand of Eq. 
(14) we can write 


o(k’ x)= > oi(k’ x) Pi(cosy’), (16) 


and 


o(3k’, k’—2n)= do oi(bh’, (2? +4? —4h'x cosy’)*) 
l= 
k’. (k’—2x) 
k’| | (k’—2x) | 


h(cosy’) = (k’2+4n2— 4k'k cosy’), 


or with the definition 


o(3k’, k’—2«) = o:03k',h(cosy’)) 


k’—2k cosy’ 
xP(———*)._ a7) 
h(cosy’) 
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Now we expand the exponentials in the integrals in 
(14) using, as necessary, either the general formula 


es) I 
exp(ia-b)=4r © > i'j:(ab) Vim(Qa) Vim* (Qs), 


l=) m=—1 


(18) 


or the special case of it when b is along the z axis, and a 
is the angle between a and the gz axis 


exp(ia- b)=¥ i!(2/+1)j:(ab) P:(cosa). 


l=0 


(19) 
We consider the first integral in Eq. (14) 
f femoaen exp[ir- (k’—k) jdk’dr 


= f o(k’e)io(k—K yak’, (20) 
where 


w(k—k)= f 27) exp[i(k—k’)-r]dr. (21) 


If v is a function only of the magnitude of r, as the 
notation indicates, w is a function only of | k—k’|. We 
use the expansion (18) for exp(ik-r) and exp(—ik’- -r) 
and do the integration over the solid angle dQ, to get 


20 I 
w(k— k’) = 4dr 7. z. Wy( kk’) V im* (S 


l=0 m=—| 


2) Vim(Qe), (22) 


where 


a) 


w(k,k’) = rf v(r)ji(kr)ji(k'r)r'dr. 


0 


(23) 


We put the expansion (23) into Eq. (20) and do the 
integration over the solid angle of dQ, and (20) becomes 


J [eoede exp[ir- (k’—k) |dk’dr 
=4r k’ x) Pi(cos 
ff Soe oercosy’y 


a) ly 
XC YY wilk,k’)Vumi* 


y=0 m=—l1 


dy) )Rdk'dQy 


({2;.) V tymj( 


=4r > ( Pi(cosy) f ou (Wao )RAR’), (24) 
0 


l=0 


This is the desired expansion in P,(cosy). Now we 


consider the second integral 


f femoar, k-2» 


Xexp[ir-(k’—k—$«) ]dk’dr (25) 


If we use Eq. (17), expand exp(ir-k’) by Eq. (18) and 
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do the integration over the solid angle of Qy (dQ, 
= 2k” siny'dk'dy’) we find that (25) becomes 


* k’ —2« cosy ) 
2ef f foe| EZ ouce r(cosy»Pu(— | 
— h(cosy’) | 


xe i'2(2], +1) Jia (k’r) Pio(cos@) P 1 


lo=0 


2( Cosy ‘\} 


Xexp[ —ir- (k+ $x) jk” siny’dk'dy'dr. (26) 


Now since « is along the z axis, 


3 Kr) )Pis(cos@). 


exp[ —ir- 3x ]= > (—i)'8(2/3+1) jis( 
l3=0 
Also 
» l 
exp[—ir-k]=4r >> > 


l= m=—/ 


(kr) V tm (Q,) Vin 


(—1)'7, .*(Q,). 


Putting these into Eq. (25) and doing the integration 
over the solid angle dQ,, we find that by orthogonality 
all terms with m0 integrate to zero and we are left 
with 


Qn) f siny'dr/ f sinadd f rar f k’?dk’ 
0 0 0 0 
(— =] 
h(cosy’) 


»(cos@) P 


x90 5 $u($h’,h(cosy’)) Pr 


ly=0 


x[¥ (2lo+1)i'*710(k'r) Pi 


lo2=0 


ie(cosy’) | 
xC>X (213+1) (—1)!*713($xr) Pis(cosé) | 
la=0 


XLS (2/+-1) (—1)' 7s: (kr) Pi(cos) Pi(cosy) 


(27) 
ra 


This is the expansion in terms of P;(cosy) that we seek. 
I Y 
We simplify its aspect by defining a function Ws, 


D 


Wea lbe' x) =a f v(r)j-(kr)je(R’r)j:(3xr)r°'dr, (28) 


and use the well-known result for the integral of three 
Legandre polynomials 


* L Ie Is\? 
f PP ieP lg sinéd@=C (1, ls,/3) = 2( ) 9 (29) 
0 oo Uv @g 
Gh 


Angular Momentum in Quantum Mechanics 
1951). 


: 3 . «ke 
where in the notation of Edmonds? (4 


3A. R. Edmonds, 
(Princeton University Press, Princeton, New Jersey, 
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3-7 coefficient. With these definitions, (26) becomes 


ra > (21+-1)(—i)'P;(cosy) 
0 
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J siny'dy’ f wae & EE (le +1) (le +1)i*(—1) on (4R’,h(cosy’)) 
0 0 


ly=0 le=0 13=—0 


k’— 2x cosy’ 
xPu(— ae -)W (be «)C Wad) Pr(cosy) |. (30) 


h(cosy’) 


We do a similar expansion for the last integral in Eq. (14), which simply involves replacing i by —i in two 
places and put it, Eq. (30), and Eq. (24) back into (14) and equate coefficients of P;(cosy) to get the final set 


of coupled equations for the functions ¢;(k,x) 


1 
$1(b,x) = -——______ 
2m? (k+$2+K?) 


us (21+1) e* 2 
if i(k’ x) wy (k,k’ )k2dk' + (—i)! - f siny'dy’ f k'*dk’ 
0 0 0 


4 


o 2 @ k’ —2k cosy’ 
=. 2: 2. 4 2+) (2+ 1) (=) (—) "96H (cosy) Pal ) 


y=0 le=0 l3=0 


One point of writing the wave function as we did 
was the expectation that this would lead to a good con- 
vergence for the expansion (15). In the light of this we 
shall, in this section, discuss the equation obtained by 
truncating Eqs. (31) and keeping only the first term, 
i.e., assuming only @¢po is different from zero. We esti- 
mate the error involved in this truncation in Sec. VII; 


1 
$o(b,x) = -——— 


: - f ho(k’ x) wo(k, kk dk’ 
2m? (k2-+-3x2-+K2) | Jo 


h(cosy’) 


XW’) (bah) Pa(cosy’ |. (31) 


for the moment we simply take it as a working 
hypothesis. 

In Eq. (31) then, we set /=0 and on the right-hand 
side retain only the first term in the sum over J;. With 
l=0, C(0,l2,1l3) is zero unless /,=/3 so the double sum 
over J, and J; reduces to a single one. Finally we set 
y=cosy’ and get the basic homogeneous integral equa- 
tion for @o(k,x), 


« 1 a) 
+f eran’ f do(dh’,(k’2+-4x2—4k'xy)!) ¥ (214+-1) Wonlh,k’ x) Pily)dy}. (32) 
0 —1 


l= 


V. APPROXIMATE SOLUTION: ALGORITHM 
FOR THE EIGENVALUE 


In this section we study Eq. (32) and propose a 
method for finding its lowest eigenvalue and corre- 
sponding eigenfunction. 

We first note that the interparticle potential enters 
Eq. (32) through wo(k,k’) and Wou(k,k’,x). For a given 
potential shape each of these quantities is proportional 
to the potential s/rength, and the solution of Eq. (32) 
gives K as a function of this strength. In what follows 
it is convenient to turn the problem around and to 
imagine that K is given, and the potential strength is 
the eigenvalue we seek. This is equally acceptable, since 
it enables us to find what we want, the relation between 
potential strength and the eigenvalue K. 

Supposing K given, one obvious way to try to solve 
Eq. (32) is by iteration, i.e., by putting some reasonable 
approximation for ¢» into the integrals on the right of 


Eq. (32) and getting an improved approximation to ¢o 
on the left-hand side. This is the method we adopt. 
Before we expand on it, however, it is worth comment- 
ing briefly on the solution of an equation which re- 
sembles Eq. (32) somewhat, although it is much 
simpler. This is the equation which is the analog of 
Eq. (32) for a two-body system, i.e., of two particles 
bound by a potential »(r). 

If we call doo(k) the S-wave part of the momentum 
space wave function, then ¢o0(k) satisfies the following 
equation, which is derived in the Appendix: 


. 1 {9 
do0(k) = —- { doo(h’)wo(k,k’)kdk’. (33) 
2n*(k°+K*)J'6 


This equation can be solved exactly for the exponential 
potential, and the results are given in the Appendix. 
The points we wish to make about it are two. First, 
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for forces of finite range [i.e., for which v(r) is essentially 
zero when r is greater than some radius ro], the be- 
havior of @o0(k) for small & is given by the factor 1/ 
(K?+-k*)that stands in front of the integral. This is 
because this factor is the Fourier transform of e~*"/r, 
the space wave function for r>ro. The smaller ro is the 
larger the range of k over which 1/(K?+-*) is a good 
approximation to the wave function. The second point 
is that if one tries an iteration procedure with this 
equation, using 1/(K*+&?) as the zeroth order iterating 
function, one gets quite good results, even the first 
iterate being a fair approximation to the wave function. 
Results of such an iteration are derived in the Appendix 
and plotted in Fig. 3. 

These results make it at least suggestive that a similar 
iteration procedure can be applied to Eq. (32) for the 
three-body problem. Again a reasonable first approxima- 
tion to ¢o(k,x) is the function that stands in front of the 
integral, namely 1/(k?+3«°+K?). The reason is the 
same as in the two-body case: for short-range forces 
this factor is essentially the Fourier transform of that 
part of the coordinate space function ¥(1,e) which cor- 
responds to free motion of the particles, i.e., when they 
are outside the range of each others force. As the range 
of the forces gets smaller, one would expect that the 
range of k and «x over which 1/(#®+-2x°+ K?) is a good 
approximation to the wave function becomes larger and 
larger. Actually it is not difficult to imagine better first 
iterates but we shall confine ourselves to this one, since 
our aim in this paper is as much to establish the general 
validity of the equations and estimate the errors of the 
various approximations as to get very precise numerical 
results. Moreover, as we shall see shortly, one can find 
quite a precise eigenvalue with even a relatively poor 
wave function, and in any case it is always interesting 
to see how far one can get with the simplest 
approximation. 

Assuming we have found ¢o(k,«), by iteration or 
otherwise, the question remains: how to find the rela- 
tion between K and the potential strength? Of course, 
this could be done variationally, but this has the great 
disadvantage that the integrals that arise are tedious, 
if they can be done at all. Here we shall present a 
method which is very much simpler, which appears to 
be accurate, and which seems to share the virtue of the 
variational method that the accuracy of the eigen- 
value is appreciably better than the accuracy of the 
eigenfunction. 

We begin the discussion of this method by setting 
x=0 in Eq. (32). On the left this gives $9(k,0). Now, 
this quantity has a simple interpretation in terms of 
¥(r,o). For we have from the inverse of Eq. (13) 


o(k,x)=- —f fue o) expl—i(k-r+x- 9) |drdo, 


(2)8 


aah on(-ik of v.cerde er. 


$(k,0)= 
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Thus ¢(k,0) is the Fourier transform of a kind of 
“effective radial wave function,” by which we mean the 
wave function y¥(r,e) integrated over the variable p, 
and ¢0(%,0) is of course the S-wave part of #(k,0). Then 
it is not too surprising that, as we shall see, ¢o(k,0) 
satisfies an equation which closely resembles a two-body 
S-wave equation. 
From the defining equation (28) we see that 


W on(k,’,O) 


is different from zero only for /=0. If then we set 
x=0 in Eq. (32) the sum over / reduces to a single term. 
Moreover, 


W oo0(k,k’ 0) = wok, R’ ), 

so that Eq. (32) becomes, with a little rearrangement, 
pk’ k’) 
oo(R’,0) . 


1 ° (  2po( 
$0(k,0) = ——— f go(k’,0)} 1+ 
2n?(k?-+K2) Jy | 


Xwolk,k’)kdk’. (34) 


Except for the factor in curly brackets this equation 
looks very much like the two-body equation (33). We 


can put it into an even more similar form in the follow- 
ing way. We define a function g(k): 


20(4k,k) 
g(k)= (: f — ‘) ; 
$o(k,0) 


Then Eq. (34) can be written 


1 D 
(b)bo(,0) = —- [ £e)40e',0) 
29? (Rk? + K?)/ 9 


Xwo(k,k’)g(k)g(k’) Rd’. 


If now we define new “effective” functions, 


dett(k) = g(k)dbo(k,0) 


Wert(k,k’) = wo(k,k’)g(k)g(k’), 
we find that 


and 


dett(k) = — f+ rt (R’ wer (k,R’) \k'2dk’. (38) 


On ae 


This has just the form of Eq. (33), the two-body equa- 
tion in momentum space. The ground-state eigenvalue 
of the three-body problem is the lowest eigenvalue of 
this “effective” two-body equation. We can express 
this in terms of an effective space potential if we re- 
member that in an equation like (38) were defines an 
effective potential ve(r), using Eq. (A8) of the 
Appendix. 


v3 fr” 
ets(?) = — f wo(k,0)g(k)jo(kr)Redk. (39) 
r/o 


We now briefly discuss the physical meaning of this 
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effective potential. As we shall see later, g(k) is a slowly 
varying function of k whose average magnitude is 
somewhat larger than unity (and is in fact between 
unity and the square root of three). Thus 2¢(r) is 
somewhat larger than v(r). To see why this must be so, 
consider the potential energy which is felt by one par- 
ticle, call it particle 1. When all three particles are far 
apart, its potential energy is zero (for short-range 
forces). When particle 1 is close to particle 2 and the 
third is far away, then the first particle feels a potential 
v(r). If however particle 2 and 3 coincide, particle 1 
feels the central potential 3v(r). Finally, when particles 
2 and 3 are close, but do not coincide, particle 1 sees a 
potential which is no longer spherically symmetric, and 
which has a magnitude between v(r) and 30(r). Equa- 
tion (39) is then the mathematical statement of this 
situation in which one particle “screens” the other. 
This is very similar to the He atom, for example, where 
crudely one can say that one electron “screens” the 
nucleus so that the second electron feels a weakened 
value of the nuclear charge. Of course the “screening”’ 
we describe above works in the opposite direction: it 
effectively strengthens the interparticle potential, but 
physically it is the same mechanism. 

We can then find the eigenvalue of the three-body 
problem if we can calculate vegs(r), which means that 
we must be able to calculate the ratio ¢0(3k,k)/¢0(k,0). 
To calculate this ratio we will of course use the approxi- 
mate iterated solutions described above. The point we 
wish to emphasize is that this ratio turns out to be a 
very slowly varying function of k, and it seems very 
likely that in forming it from an approximate or inexact 
¢o, that the accuracy of the ratio is much better than 
the accuracy of either the numerator or denominator, 
any errors in the function ¢o itself tending to cancel 
out. The situation is perhaps similar to that in the 
variational principle, where even an inaccurate wave 
function can lead to a relatively accurate eigenvalue. 
The difference of course is that the variational principle 
is based on a mathematical theorem, and the “principle” 
we have stated above is simply based on hope. One test 
of these ideas is of course to try them on some special 
potential, and compare the results with other calcula- 
tions, where they exist. This is done in the next section. 


VI. EXAMPLE: EXPONENTIAL POTENTIAL 


We shall work out the method outlined above for the 
special case of exponential interparticle potentials. The 
exponential potential has the advantage that it is one 
of the few continuous potentials for which the two-body 
problem (for /=0) can be solved and this simplifies 
somewhat the numerical calculations for the three-body 
problem. In this section we shall make whatever ap- 
proximations we consider necessary without trying to 
justify them at the time. In the next section we then 
discuss the accuracy of these approximations. 


The exponential interparticle potential (7) is 


written as 
v(r)= —Be"/4, 


(40) 


The integral in Eq. (23) defining wo(k,k’) is then ele- 
mentary and yields 


u-'R,R’) 


2nbed 1 
=, is ncneeeen :): (41) 
kk’ \1+d?*(k—k’)? 1+¢?(k+k’)? 


We use the following notation for the iteration pro- 
cedure. We call the zeroth order iterate ¢o. As we 
have discussed, this is just the factor that stands in 
front of the integral in Eq. (32): 


1 


do (42) 


4324 K? 
The first iterate ¢o" is of course the function obtained 
by putting this into the right-hand side of Eq. (32) and 
evaluating the integral, and the mth iterate go is 
defined analogously, although in practice of course one 
is limited to one or possibly two analytic iterations, 
since the complexity of the integrations grows rapidly 
with m. From Eq. (32) the first iterate is 


it 
OLS, k2+$e+K 


> (214-1) Wolk, k’ x) Pily)dy 
" 1 j=0 
+f wav [ - —_—_—_—_—_—_——_—————-}. (43) 
Jo J_y k?+-3x°— 3k’ xy +K? 


To help in doing the integrations, we expand the de- 
nominator in the second integral in Eq. (43) 


1 cd (3k'xy)™ 


acca . (44) 
K2+k+3x2—3k'xy  m=0 (K?--h!2-4+3q2) 44 


We then have 


go (kx) = 


+324 K2 
XCf(k AED E (21+1)Fim(R,x)), 


l=0 m=0 


© co (k,R’)R’2dk’ 
flen= f 
0 


k?4324K 


where 


and 
Fn(R,x) 
© bh” W oi ( kk’ x \(3k'x)"dk’ f} 


= ee J Pore. 
(Rh? 4+-3x2+- K2)™! ca 
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We note that F;, vanishes unless the y integrand is 
even, that is, unless / and m are both even or both odd. 
As we shall see, the contributions of the higher Fim to 
the series for ¢o fall off rapidly with / and m and we 
shall make the approximation of truncating the series, 
keeping only Foo and Fi. 

The integrals involved in /, Foo, and Fi; can be done 
by using in them the definitions (23) and (28) for wo 
and Wo, and interchanging the order of integration in 
the resultant double integrals. We first quote the re- 
sults and then outline their derivation. The results are: 


22 (bd)? 


f(kyx)=— - =, 
ke +L1+B(xo) ? 


(48) 


2? (bd)? 


Shoxe 


[1 +e0(«0) P+ (o— 


(1 +a(ko) P + (Rko+3 3K)? 
Fo(k,x) = —|n - (49) 


3K)? 


2n*(bd)? 


DRoxo 


me! Fano) P > (ho a 


"14 Ta (xo) + (ko— 


Fy,(k,x) = = 


3(ko+3ko)Ko 
[Fer uo) P+ (hot $e)” 
a. 
[1 +(e) P— (kot$eo)?)” 
where 


K,=Kd, ko=kd, xo=x«d, (51a) 


a(xo) = (Ko?+3x¢?)!, (51b) 


B(ko) a (Ket 3xc?)!. (51c) 
By rewriting Eq. (49) and expanding as follows, we get 
a useful series expression for Foo. 


*(bd)* 
F oo(k,x) = ——— 
Shem 


3kRoxo 


1-+-——— 
" (1. Fat (Ko i; +k? + (9x? /4) 
XIn4— 


| 3oxo 
[1 +e(xo) P +ke+ (9x?/4) 


1 


= — 4n*(bd)? | 
[1 ae(Ko) ? +ke+ (9xa?/4) 


3(Roxo)? 
{[1+-a(xo) P+ Re? + (ke? yyy 





The above results were derived as follows. For f(k,x), 


for example, we have, on using (23) and (40), 


f (Rx) = —4(bdy f e sjo(but)stde f 
0 0 


The y integration gives (x/2x) exp —«x8(xo) ], and the 
x integration is then elementary. For Foo we get in the 
same way 


jo(xy)ydy 


y+ 


# (ko) 


Foo= —4ne(ody f exp{ —a[1+a(ko) }} 
0 


X jo( Rox) jo( xox) xdx. 
This can be done by using an integral representation® 
for jo. Alternatively, we note that it is a special case 
of a standard integral in the theory of Bessel functions,® 


viz. 
. 1 a+b 4¢2 
6 2bc 2bc 


where Q), is a Legandre polynomial of the second kind. 
For Fi; we are led to 


D 


Fy= —8x(bdy*eo f e *F9( Rox J akon \dx 


0 
x 


ry) "dy 


«fee 
Jo [+07 (xo) P 


The y integration in this last expression deserves some 
comment. It is 


f jilxy)ydy 
ge 

0 (¥-+a?)? 
for x different from zero. For x=0 the integral is zero; 
therefore the integral is a discontinuous function of x 
at x=0, but this causes no difficulty for our purposes. 

Now we wish to calculate the function g(k) defined 
by Eq. (35) for it is this that gives the effective poten- 
tial according to Eq. (39). At this point it is useful to 
be a little more explicit about g(&) and what it depends 
on. For the exponential potential we deal with we shall 
write Zexp(Ro,Ko) instead of g(k), to emphasize that it 
depends on & through the product éd and is a function 
of Kd as well. 

g(k) 

We note first that if we form g.x,(o,Ko) with the zeroth 


order iterate, it is independent of ko and Ky and is just 
equal to the square root of three. 


Lexp (ko, Ko). 


Zexp (ko, Ko) =V3, calculated with ¢o° 


In the next approximation we evaluate gexp(ko,Ko) 
with ¢o, using the above results for f, Foo, and Fi 


More and H. Feshbach, Methods of Theoretical Physics 
(McGraw Hill Book Company, Inc., New York, 1953), p. 622 


* P. Morse and H. Feshbach, reference 5, p. 1575. 
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(still dropping higher F;,,). We get 
Bexp (ho, Ko) 


1 
={14+2[ke+(14+Ko F nee 
| = ‘ tke?+[1+8(ko) F 


a feito? +4k)? an 2 
3h? [1+a( ko) he [1+a(ko) P+? 


4 H 
-—— =i . (54) 
[1+a(ko) P+4he? 

In Fig. 1 we plot this expression for gexp(RoKo). We 
see that for given Ko it is a function which drops 
sharply from its value at the origin and then varies very 
slowly. This has an interesting consequence for the 
effective potential which we calculate from Eq. (39). 
For if gexp were strictly a constant, we see that the 
effective potential vers(7) would be of exactly the same 
shape as the interparticle potential v(r) but would be 
stronger by the factor V3g.x,. Now for gexp of the form 
shown in Fig. 1, it is still a good approximation to assume 
that ver(r) is the same shape but of different strength, 
especially since in the calculation of ve¢(r) from Eq. (39) 
the values of gex, near the origin (where it varies most 
rapidly) are not weighed heavily due to the factor k° 
in the integrand. 

We can put this more precisely as follows. For the 
exponential potential, Eq. (39) for ver becomes 


4v3b? pr” Zexp ( (ko, K 0) jo(Ror/ ‘d)k°? dky 
sa=-——f © — 
rT 0 (1+ #)? 


Now we define a constant g, which is essentially the 
mean value of gexp(ko,Ko) [with weight function 
wo(k,0) }: 


g= f Wo (Ro,0)g. xp (Ro,K ok vate | [os wo(ko,0)Ro* dko 


Lexp(ko,K 0) ko°dko 


7 * 05 ( 
ee (1+h,2)2 


By adding and subtracting the same quantity in Eq. 
(55), it can be rewritten in terms of 9g: 


b?4 * jo(kor/d)kotdko 
3 -| 9 f 
us 0 


Vet (")=—V 


(1+? : 


+f [gexp(ko,K 0) —G ]jo(kor/d)ko’dko 
4 (1422) }’ 


or 
terr(r) = —Bgv3e-7!4 

4b°v3 * [Bexp(ko,Ko)— 9 ljo( ha /a)hieh, 
$ a (tke 


(56) 
T 
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Fic. 1. The function gexp(ko,Ko) which gives the effective two- 
body potential according to Eq. (55). As indicated, gexp(ko,Ko) 
has the constant value v3 when evaluated with the zeroth order 
iterate, Eq. (42). The curves give gexp as evaluated from the first 
iterate, Eq. (45). 


Here we have written v.¢;(7) as an exponential potential 
with a strength 8°gv3, plus a correction represented by 
the integral term in the last equation. The point of 
chovsing g as we have is that, comparing (39) with 
(56), it makes the exponential potential have the cor- 
rect value at the origin; for r=0 the correction term 
vanishes. We expect then that for r/d small the correc- 
tion remains small; only when r/d becomes large com- 
pared with unity does it become relatively large, but by 
this time the potential is very small anyway. For this 
section then we just take the first term in (56), 
Vett= —berre"'4, (57) 

where 
berF=V3 90". (58) 
Now it is easy to write the algorithm for finding the 
three-body binding energy versus 6. If (57) is a good 
approximation to the shape of the potential, then Ko 
and db. are connected by the relation between poten- 
tial strength and binding energy for the two-body prob- 
lem. From a numerical value of Ko, we get a numerical 
value of bere. But from this value of bere we get a value of 
b from Eq. (58) and so we can plot Ko versus b, orsince 
b always enters multiplied by d, Ko versus bd. This is 
done in Fig. 1. In this figure we also compare our re- 
sults with the variational results of Feshbach’ on the 
same problem. We see that our result for the absolute 
magnitude of the energy is always larger (the energy 
itself, being negative, is always smaller) than the varia- 
tional result. This is satisfactory in the sense that the 
exact magnitude of the energy is necessarily larger than 
the variational result, but of course it may be that the 
values we get with the present method are foo large. 
Apropos of this we should remember that there is 
evidence that the Feshbach variational result gives the 
magnitude of the energy a few percent too small, for 
bp about 2.8, by comparison with the more extensive 
Vv variational calculations of Rarita and Present.’ But 


J Blatt and V. Weisskopf, Theoretical Nuclear Physics (John 
Wiley & Sons, Inc., New York, 1952). 


sW Rarita and R. D. Present, Phys Rev. 51, 788 (1937). 
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even this comparison is not unambiguous, however, 
since the Rarita and Present calculations were done for 
spin-dependent forces. Of course for small bo, where the 
variational calculation gives Ko near zero, the ratio of 
our result to the variational one becomes infinite, but 
this again is a consequence of the fact that the varia- 
tional calculation necessarily gives the result Ko=0 for 
a larger value of bo than the true one. 


VII. ACCURACY OF THE APPROXIMATIONS 


In this section we discuss the various approximations 
we have made above. - 

First, we dropped all the Fi, except Foo and Fy; in 
expanding the integral in (43). To see what this in- 
volves, let us first discuss the quantities F;, for a given 
l. The nonvanishing integrals are then Fy, Fr, Fu: -- 
for / even and Fy, Fi3, Fis: ++ for 1 odd. The reason that 
the magnitudes of these integrals decrease as m in- 
creases is that successive integrals have an additional 


factor 
( 3k’ 2 
k?4+-3°+-K2 


in the integrand. This factor is always less than unity 
as can be seen by writing it in the form {3k’«/ 
[R’2+ (9x?/4)+ K?+- 4x? ]}? and noting that 3k’x is always 


(59) 





Foo(4k,k) — 2° (bd)? 


3k 


2 | (- ——) 
n - 


[ita(ko) P+ke? 
3k? 3[1 +a Ro) ] 
Fo2(4hk,k) = — 2x (bd)?— 


From these formulas one can verify that Fo is at most 
a few percent of Fo, which means that its neglect makes 
an error of much less than a few percent in gx,» SO we 
are safe in dropping it. From the remarks above, we 
can feel confident that Fo, is small compared to Fo: 
and so is also negligible for our purposes. 

Now we consider the integrals Fim, of which we have 
already calculated Fi;. This is always smaller than Foo 
but must still be taken into account, as we have done. 
But, as we have discussed above, we expect F 3 to be 
smaller than Fi, for the same reasons that Fo is 
smaller than Foo and so we drop it and higher terms. 
As to the terms F;,, for higher /, the increasingly high 
order of the Bessel functions involved in the integrals 
(47) tends to make them smaller and smaller, at least 
for those values of & and «x which are important for our 
purposes, so we drop them all. 

Now we discuss what was really the first approxima- 
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less than k’+9 2/4. Just how much less depends of 
course on all three variables, but we can get an idea of 
how this factor diminishes the integrals by calculating 
Fo. and comparing it with Foo. We would then expect 
roughly that Fo, is smaller compared to Fo: by the same 
ratio that Fo: is compared with Foo. In addition to this 
factor, the m dependence of the y integral in Eq. (47) 
tends to diminish successive integrals by a modest 
factor of m. So we begin by calculating Fo2. If in the 
definition (47) we set /=0, m=2, do the y integration, 
use the expression (28) for Wooo and change the orders 
of the resultant double integration, we get 


Fua(k)=—2utr(d) f e~*!450(Rox) 
0 


7 jo(xy’)dy’ 
X jo(3x ads f 
0 Lyv?+a?(Ke) } 


The integration over y’ in this last integral gives the 
result (#/16a)(3—ax) exp(—ax) and this enables us to 
do the integral over x. The result is somewhat lengthy 
so instead we simply write down the quantity that 
we really want for calculating gexp, namely Fo2(3k,k). 
For comparison we also write Foo(3k,k) as derived 


from (49) 


Qe | {[1-+e(bo) P+ Sko?/2}?— (9/4) ko! 


(9kot/4)—[[1t+-a(ko) P+-5ko?/2 I 5kot/2— 31 +a(bo) P)] 


—a( _— 


{[1-+a(ko)?-+5h02/2 P—9hyt/4} 


tion we made, namely, keeping only @» in the expansion 
(15). To estimate the error involved, we proceed as 
follows. Equations (31) are a coupled set of integral 
equations that relate any ¢; to a sum over all other @y. 
If, however, it is true that ¢o is large compared to the 
higher ¢;, then we can keep on the right-hand side 
only the term ¢o (which we already know approxi- 
mately), and so get an estimate of ¢; as an integral 
Over do. 

There are various factors on the right-hand side of 
Eq. (31) which can reduce it identically to zero. Two 
of these factors are [(—)"+(—)!*] and C(I,l2,l3): The 
first is zero if 1,+/; is odd and the second is zero if 
1+1,+1; is odd. From this we see that ¢: is identically 
equal to zero, for either /.+/; or 1+/,+/; must be odd, 
and one of the two factors just mentioned necessarily 
vanishes. We turn to ¢2 then and estimate it in the same 
spirit. Thus we set /=2 in Eq. (31), and on the right- 
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hand side retain only ¢o, i 
cosy’=. Then we have 


ck os 9 OE oT fay fa o(3h’ hy) )k”? 
“ 8x2(k2+3 2+K?) ay pol t(y)) 


XE YE (a+) (e+ 1yiHol(—)4-(—)4] 


le=0 13=0 


=0. We also set 


e., set 1,= 


XC(2,l2,l3) W 2t013(k,R’ x) Pi(y). (60) 


For estimating ¢2 we follow the same procedure as for 
finding the iterated solutions for ¢o, namely we put the 
zeroth iterate for @o on the right-hand side 


a (3k'xy)™ 
ohh’ h(y)) => ee 
m= (R2+-3x24-K2)m+1 


Now we note that C(2,l2,/;) is zero unless lz and /; 
satisfy the triangular equality, that is, unless /; is one 
of the values: /2+2, l2+1, 2, 12-1, 1,—2. But for /; 
=1,+1 or l,—1 we see that (—)"+ (—)" vanishes, and 
we conclude that the only values of C(2,J2,/;) we must 
consider are C(2,l2, l2+2), C(2,le,J2), and C(2,l2, 12—2). 
Now the higher the value of /2, the smaller the integrals 
Weigig tend to be, because the integrands involve 
Bessel functions of higher orders. So we estimate the 
term in (60) with ,=0 and see what a contribution it 
makes to ¢o. For /,=0, the only nonvanishing coeffi- 
cient is C(2,0,2)=2 and we can write, taking only the 
m=( term in the sum (61), 


10(bd)? fr". AG 
Gt ere f J2(Rox)J2(Sxox 
(k2-+-342-+ K2) he 
Xexp[—x(1+a(ko)) jadx. 


The integral can be done using Eq. (53), and then ex- 
panded in much the same way that led to Eq. (52) for 
Foo. We get 





(61) 


12 (be 1)? (Foxo)* 


(B+32-+K2){[1t+a(ko) P+ Re +9«2/4}* 


If we compare this with the approximate expressions 
(42) or (43) for do, we see that @2 is always small com- 
pared with @¢o; it vanishes for either ko or xo zero, but 
even at points where it does not vanish it is generally 
less than a few percent of @o. 

Our third approximation was to use only the first 
term in the expression (56) for verr(r). As we have indi- 
cated this approximation is best for small r; in fact 
the constant g was so defined that the correction terms 
vanish for r=0. Referring to Fig. (1), we also see that 
the deviation of v.¢r(r) from a pure exponential potential 
is largest for Ko small, where gexp deviates most from 
the horizontal straight line that corresponds to a pure 
exponential potential. 

To get some idea of the effect of the correction terms 
in (56), we have calculated them numerically for the 
representative case Kyo=2. We find that these terms 
strengthen the exponential potential, and in fact make 
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l'tc. 2. The three-body energy parameter Ko=Kd plotted 
against bj=bd for an exponential interparticle potential. The 
upper curve is the result of the method of this paper using the 
approximations represented by (54) and (57). The lower curve 
gives values obtained with a simple variation function due to 
Feshbach. In comparing these, one should note that it is known 
that the Feshbach result for Ko is too small by a few percent for 
bo around 2.8, by comparison with a result of Rarita and Present, 
which result is itself based on a variational calculation. 


its magnitude about three percent greater for r/d=1 
and about ten percent greater for r/d=2. We have not 
taken this correction into account in calculating the 
results shown in Fig. 2 for the energy eigenvalue. 

Now we discuss the last approximation we made, 
which was to use the first iterate do in evaluating 
Zexp(ko,Ko). Here it is rather more difficult to estimate 
the errors involved, and we must content ourselves with 
qualitative remarks. 

Hopefully, we can get some idea of the accuracy of 
the first iterate by investigating the analogous iteration 
procedure for the fwo- body proble m, for which one can 
find the exact solution to compare with successive 
iterates. This is done in the Appendix, and the results 
are plotted in Fig. 3. We see that the first iterate makes 
an appreciable correction to the zeroth order functions, 
but even so the error that remains is appreciable for the 
larger values of the variable. There is no reason to 
expect that the same iteration procedure as applied to 
the three-body problem will give much better results 
(and in fact no reason to suspect it will give much 
worse results). It should be remembered, however, that in 
calculating the eigenvalue for the three-body problem we 
use not the wave function ¢o(&,x) itself, but the character- 
istic ratio @o(3k,k)/bo(k,0). To repeat an earlier remark, 
it seems likely that this ratio is rather insensitive to 
errors in the wave function itself and may be given 
relatively accurately even by the first order iterate. 
One piece of evidence that points in this direction is the 
fact that although the zeroth and first iterates differ 
appreciably, especially for large values of the arguments, 
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Fic. 3. Comparison of the zeroth order approximation ¢o0 (Ro) 
and the first iterate doo (ko) with the exact wave function for the 
two-body problem with exponential potential for 2Kd=1. 


the change in g.x, as calculated with these two iterates 
is relatively small. 


Vill. DISCUSSION 


In this section we make some final remarks. We would 
emphasize that the paper is really divided into two 
parts. First is the derivation of the equations which 
determine the wave function when it is written in the 
special form (10) and the discussion which shows that 
it can be expanded and truncated, leading to the basic 
equation (32). The second part of the paper is an 
approximate method for solving this equation and ex- 
tracting its eigenvalue. But the merits of writing the 
wave function as we have done should be weighed in 
their own right, independently of this approximation 
method, for it is not likely that it is the last word on the 
subject. We have simply tried to see how far we could 
get using the simplest analytic techniques. If one wanted 
to resort to machine computation, possibly even just 
straightforward machine iteration of Eq. (32), it seems 
likely that one could solve it to any desired accuracy. 

There is some resemblance between this paper and 
the work of Svartholm.’ The points of resemblance 
are that we both use momentum space and both use an 
iteration technique. The essential differences are in the 
way we choose to write the wave function, which has 
the all-important consequence that the expansion (15) 
converges well enough that we can limit it to its first 
term, and in the fact that Svartholm’s method is a 
variational one whereas ours is not. 


9 N. Svartholm, thesis, Lund, 1945 (unpublished). 
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The point of view presented in this paper can be 
generalized to more complicated problems. For ex- 
ample, for the symmetric four-body problem which is 
the analog of the one we treat, we can generalize the 
wave functions (10) in an obvious way. The same re- 
mark holds for the symmetric N-body problem. It 
remains to be seen whether the transformations of co- 
ordinates and integrations that would be involved in 
reducing these problems to an “equivalent two-body 
problem” can in fact be worked out. 


APPENDIX. TWO-BODY PROBLEM 


For reference we collect here some general results for 
the two-body problem, viz., two particles of mass m 
bound by a potential V(r). It is convenient to have a 
notation as similar as possible to the three-body nota- 
tion, and to this end we use the same symbols for the 
two-body functions as for their three-body analogs, but 
with a tilde over the two-body functions. Thus we call 
the wave function for relative motion y¥(r) (r is of 
course the relative coordinate). It satisfies the Schréd- 
inger equation 

(V?—K?)y(r) (A.1) 


v(r)P(r), 
where, as in the text, 
v(r)=mV (r)/h?, K?=m|E|/?, 


and we have assumed that £ is negative, corresponding 
to a bound state. We define the Fourier transform (¢k) 
of the wave function by 


(A.2) 


1 
¢(r)= 6) exp(ik-nidk 
(2)! 


$(k) satisfies the integral equation [Schrédinger equa- 
tion in momentum space ] 


1 


S}= [kre k—k’)dk’, (A.3) 


(2m)*(k2-+K?) 


where, as in the text [Eq. (21) ], 
w(k—k’)= f 267) exp[i(k—k’)-r]dr. (A.4) 
Again as in the text, we write 


a) l 
w(k— k’) = > Zz wy(k,R’ ) V tm® (Qe) V ip 


l=0 m l 


where 


D 


wi(k,k’) = xf v(r)jr(kr) ji(k’r)rdr. (A.6) 
0 


Now we expand ¢(k) in spherical harmonics, 
$(k)=>> dim(k) Vim(Qe), 


and put this and Eq. (A.5) into Eq. (A.3) to get a set 
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of uncoupled equations for the functions $m: 
~ * 1 a 

Pim(k) = —- p> J Pim (k’)wi(k,k’)k’dk’. 
2m? (k?+ K?) Jo 

Finally, we remark that by using Eq. (A.6) and the 
Fourier-Bessel inversion theorem we can express 0(r) 
in terms of wo(k,O): 


(A.7) 


a 


= ; f wo(k,O) jo(kr)r'dr. 


0 


(A.8) 


Now we turn to the second subject of this Appendix: 
some results on an iteration procedure” as applied to 
the S-state two-body equation, 

1 - 


| hoo(h’)wo(k,k’)kdk’. (A.9) 
2n*(k?+K*) 49 


do(k)=— 


This is an equation which resembles the three-body 
equation (32) of the text, and our hope is that it will 
serve as at least a rough guide to the question of the 
convergence of the iteration procedure used there. We 
shall discuss the exponential 


v(r)= —Be"!4, 


since that is one for which the Schrédinger equation can 
be solved exactly (for states of zero angular momen- 
tum), and we begin by summarizing the exact results. 
The solution of the radial wave equation for /=0 is 
expressed in terms of Bessel functions, and the condition 
that the wave function be finite at the origin leads to 
the equation 
Joxa(2bd)=0, 

which for a given bd determines Kd or vice versa. For 
the numerical work it is convenient to choose values of 
26d which make the Bessel function have integral order, 
for example, 

2Kd=1 for 

2Kd=2 for 


2bd = 3.832: >; 
2bd=5.136---. 
Once the eigenvalues have been determined, the mo- 
mentum wave function ¢oo(k) is given by (dropping 
irrelevant normalizing factors) 

=) 


@ 0(R) x f jolkr) J 2xa(2bde- " 2¢)rdr. 
0 


If we expand the Bessel function in this last integral 
and integrate term by term, we get a series representa- 
tion for @oo. For example, for 2Kd=1 we get 
. 1 (1.916)? 
doo = (—. eee fee ee ae = : 
O!1L!(1+4ke?) 1!2!(94-4Ro?) 
(1.916) 
ernest ty « ), (A.10) 
213 1(25+4h.?) 
where ky= kd. 


1 Also compare E. E. Salpeter, Phys. Rev. 84, 1226 (1951). 
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Now we turn to the approximate, iterated solutions 
of Eq. (A.9). As we have mentioned in the text we 
expect that, at least for short-range forces, the function 
1/(k®+ K*) is a good approximation to ¢»(k) for small 
k. We take this as our zeroth iterate, 
doo = 1/(k?+K?), 
and define an nth iterate by 
1 “5 
—- f doo" (k)wo(k,k’)k’*dk’. 
2m? (k?+ K*) Yo 


Poo ~)(k)= 
We consider the first iterate. It is 


i 1 ” wo(k,k’)k’*dk’ 
doo? (k) = f 


R+KS,  k?4+K 


Arb? ff ” igh 
k?+-K?. ' 


In terms of ky=kd, Ko 


lig(kr) jo(k'r) Pk” drdk’ 


k2+K? 
Kd, 


doo l (k 


1 f f €~¥70(Roy) jo(Ro y)ko*y*dko'dy 
k?+Ke? 0 “0 


ko? +Ke 


The double integral can be done, using first 


.: j (Roy) Ro'*dko’ 
0 ko?®+Ke? 
and we get 
1 
doo"! x . 
(ke +Ko?)[ke+(1+Ko)?] 


It is easy to see that the higher iterates lead to essen- 
tially the same integrals as those above, and we can 
immediately write down the results: 


1 
> [hot+Ko? [hot + (1+-Ko)* Lee + (2+Ko)?) 


: 1 
Poo” & ——_—__—, 
[koe +K oe? |[koe®+(1+Ko)?]-- -[ke+(n+Ko)? | 
To give an idea of the accuracy one gets by this 
iteration technique, we compare the correct wave 
function, as given by (A.10), with successive iterates 
for the case 2Kd=1. The results are plotted in Fig. 3. 
We note, as expected, that the error in the iterated 
functions gets large for large values of the variables. 
We also note that the zeroth iterate is quite far off, 
which is not unexpected since it is independent of the 
potential shape. For most values of the variables we 
also see that the first iteration does much of the cor- 
rection, i.e., it differs much more from the zeroth iterate 
than the second does from the first. We remark finally 
that one gets similar results for other values of Kd; 
they are slightly worse for 2Xd greater than unity and 
somewhat better for 2Kd less than unity. 


and 
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A large cylindrical ionization counter accommodating samples up to 1200 cm? in area has been used for 
measurements of natural alpha radioactivity in medium-heavy elements. Low-background techniques and 
multichannel pulse analysis are employed. The method has greater energy resolution and yields better 
counting statistics than the nuclear emulsion technique, but does not have as great a sensitivity. 

The results obtained from measurements on natural elements and isotopically enriched samples are: 


Specific activity of 


Alpha-particle 
Nuclide energy (Mev) 
Cel 
Nd! 
Sm"™6 
Sm"? 
Sm"8 
Sm" ore 
Gd 2.14+0.03 
Hf 2.50+0.03 
Vyse 
Pt 190 


Hg'% 


1.83+0.03 


<0.04 
<0.01 


3.11+0.03 


I. INTRODUCTION 


LPHA disintegration is a prominent mode of radio- 

activity among the heavy elements, where the 
energy available is large, half-lives being observed over 
a large range from 10~’ second to 10” years. For the 
elements immediately below bismuth the energy avail- 
able is considerably smaller, and this mode of disinte- 
gration is a comparatively rare phenomenon. The 
elements lighter than*cerium are energetically stable 
against alpha emission. 

Hoffmann,’ in 1921, was the first to detect alpha 
radioactivity belonging to an element with atomic 
number less than 83, when he observed what he believed 
to be natural alpha radioactivity in platinum. Eleven 
years later Hevesy and Pahl? detected the prominent 
alpha activity in natural samarium. 

In 1949, Thompson, Ghiorso, Rasmussen, and Sea- 
borg*® produced artifically short-lived alpha emitters of 
gold, mercury, gadolinium, and dysprosium. Since then, 
extensive study by Rasmussen and co-workers*-* has 


* Work supported by the U. S. Atomic Energy Commission. 

+ From the thesis submitted by R. D. Macfarlane in partial 
fulfillment of the requirements for the degree of Doctor of Philos- 
ophy at Carnegie Institute of Technology. 

t Present address: Lawrence Radiation Laboratory, University 
of California, Berkeley, California. 

1G. Hoffmann, Z. Physik 7, 254 (1921). 

2G. Hevesy and M. Pahl, Nature 130, 846 (1932). 

3S. G. Thompson, A. Ghiorso, J. O. Rasmussen, and G. T. 
Seaborg, Phys. Rev. 76, 1406 (1949). 

* J. O. Rasmussen, Jr., S. G. Thompson, and A. Ghiorso, Phys 
Rev. 89, 33 (1953). 

°K. S. Toth and J. O. Rasmussen, Phys. Rev. 109, 121 (1958). 

®R. D. Macfarlane, University of California Lawrence Radia- 
tion Laboratory Report UCRL-9335, 1960 (unpublished). 


natural element 
(dis sec™ g™) 
<0.0002 
0.0093+0.0011 
<0.013 
116+5 


0.00156+0.00010 

0.000065+0.000013 
<0.00013 

0.012+0.001 
<0.0007 


Half-life or limit 
for nuclide (year) 


>5x 10"* 
(2.4+0.3) x 1045 
<3X 108 
(1.15+0.05) x 10" 
>2xX10" 

>1x« 10" 
1.08+0.08) x 10" 
(2.0+0.4) X 10" 
>9x 10" 
(6.9+0.5) * 10" 
>1x10" 


resulted in characterization of a number of synthetic 
alpha emitters in the rare earth region. 

With the development of the modern nuclear emul- 
sions a very sensitive means of detecting weak natural 
alpha emitters was made available. By this method 
natural alpha emitters of bismuth,’?~* tungsten,” neo- 
dymium,"-” platinum,” cerium,” lead,“ gadolinium,'® 
and hafnium" have been reported. 

The first objective of the present work was to develop 
a method for studying weak alpha activities which 
would give more precise alpha-particle energies and 
specific activities than the nuclear emulsion technique. 
It was felt that a gas ionization counter would accom- 
plish these objectives. At the same time an attempt 
was made to approach the extremely high sensitivity 
of the nuclear emulsion technique by the use of large 
samples and low-background techniques. 

The next objective was to confirm the existence of the 
weak natural alpha emitters which had been reported 
by the nuclear emulsion technique, and to obtain more 
precise measurements of their alpha-particle energies 
and specific activities. A reliable value of the energy of 
the Sm’ alpha particle, often used as a calibration 
standard, was particularly to be desired. 

Another general objective was to attempt to detect 

7H. Faraggi and A. Berthelot, Compt. rend. 232, 2093 (1951). 

8 W. Riezler and W. Porschen, Z. Naturforsch. 7a, 634 (1952). 

® W. Porschen and W. Riezler, Z. Naturforsch. lla, 143 (1956). 

10 W. Porschen and W. Riezler, Z. Naturforsch. 8a, 502 (1953). 

1 E. C. Waldron, V. A. Schultz, and T. P. Kohman, Phys. Rev. 
93, 254 (1954). 

12 W. Porschen and W. Riezler, Z. Naturforsch. 9a, 701 (1954). 

13 W. Riezler and G. Kauw, Z. Naturforsch. 12a, 665 (1957). 

4 W. Riezler and G. Kauw, Z. Naturforsch. 13a, 904 (1958). 

15 W. Riezler and G. Kauw, Z. Naturforsch. 14a, 196 (1959). 
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natural alpha activity in certain other nuclides in 
which it was expected as a possibility on the basis of 
semitheoretical considerations'® and mass _spectro- 
graphic data.!” 

The question of the natural alpha activity of tungsten 
has been a puzzle since it was first reported by Porschen 
and Riezler."° They originally determined the alpha- 
particle energy to be ~3.2 Mev, corresponding to a 
theoretical half-life of ~10° years, which, if correct, 
rules out any of the known natural isotopes of tungsten 
as being responsible for the activity. They postulated 
that it might be due to a rare neutron-deficient isotope 
of tungsten, for example, W'’*. Kohman and Saito’® 
pointed out, however, that the uncertainty in the value 
of the alpha-particle energy did not rule out the 
possibility that W'®, the lightest known naturally 
occurring isotope, was the active nuclide. In this study 
a sample of tungsten enriched in W'® was measured to 
determine whether that isotope is perceptibly alpha 
active. 

Finally, a search was made in natural samarium for 
alpha activity of Sm™*®, whose experimentally deter- 
mined half-life of ~5 X10" years” is sufficiently un- 
certain as not to exclude the possibility of its existence 
as a primary natural radionuclide. 


Il. EXPERIMENTAL ARRANGEMENT 


The ion chamber, Fig. 1, was a cylindrical counter 
51.5 cm long with an inside diameter of 11.2 cm. The 
anode was a 0.12-mm nickel wire strung the full 
length of the counter axis. Samples were deposited 
uniformly over the surface of a copper or stainless steel 


16 T. P. Kohman, Phys. Rev. 76, 448 (1949). 

17W. H. Johnson, Jr., and A. O. Nier, Phys. Rev. 105, 1014 
(1957). ‘ 

18 T. P. Kohman and N. Saito, Annual Review of Nuclear Science 
(Annual Reviews, Inc., Palo Alto, California, 1954), Vol. 4, p. 401. 

19 TP), C. Dunlavey and G. T. Seaborg, Phys. Rev. 92, 206 (1953). 
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sheet which fitted concentrically into the counter against 
the wall. The total active surface area was 1200 cm?. 

The counting gas consisted of 94% argon, 5% ethyl- 
ene, and 1% nitrogen. The organic component increases 
the pulse size in comparison to pure argon”-” and 
stabilizes against upward drift due to easily ionizable 
impurities. The nitrogen reduces the sensitivity to 
oxygen impurity™-* and stabilizes against downward 
drift due to electron-capturing impurities. The effect 
of each additive was found to hold in the presence of 
the other, and both were necessary to give good drift 
stability, which was maintained for periods as long as 
72 hours. 

Optimum conditions for resolution of the alpha- 
particle spectra were found to be a pressure of 160 
cm(Hg) and an anode potential of +1400 volts. The 
counter was then operating in the proportional region 
with a very low gas gain (~1.5X). 

The output of the chamber was fed into a Los Alamos 
Model 100-type preamplifier, then to a Higinbotham- 
type nonoverloading amplifier. From the latter the 
pulse-size spectrum was recorded with a 24-channel 
pulse-height analyzer with anticoincidence control. 

The background of the chamber in the region above 
1 Mev was reduced to a low level by employing massive 
shielding and anticoincidence guarding. The background 
from 1 to 3 Mev averaged around 17 counts per hour 
without massive shielding or anticoincidence, 15 counts 
per hour with massive shielding only, 12 counts per 
hour with anticoincidence only, and 9 counts per hour 
with massive shielding and anticoincidence. 


*” G. Bertolini, M. Bettoni, and A. Bisi, Phys. Rev. 92, 1586 
(1953). 

21 C. E. Melton, G. S. Hurst, and T. E. Bortner, Phys. Rev. 96, 
643 (1954). 

= W. P. Jesse and J. Sadauskis, Phys. Rev. 100, 1755 (1955). 

23 U. Facchini and A. Malvicini, Nucleonics 13, No. 4, 36 (1955). 

*4U. Facchini, M. Forte, A. Malvicini, and T. Rossini, Energia 
nucleare (Milan) 3, 182 (1956). 
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Element 


Cerium 
Neodymium 
Samarium 
Samarium 
Gadolinium 
Hafnium 
Tungsten 
Platinum 


Mercury 


136 
<0.01 


142 
1.06+0.057 


i44 
0.10.02 


144 
152* 
14.96+0.28 
174* 
10.14+0.10 
180* 
6.9540.02 
190* 
0.76+0.02 
196* 
1.46+0.01 


D. MACFARLANE 


Taste I. Isotopic composition of isotopically enriched samples. 


AND T. 


P 





KOHMAN 


Mass number and atomic percent (Asterisk indicates isotope of major enrichment) 


138 
<0.01 
143 
1.18+0.078 
147 
6.4+0.2 
147 
1.0+0.05 
154 
9.75+0.13 
176 
19.28+0.13 
182 
42.16+0.03 
192 
5.80+0.03 
198 
7.48+0.06 





140 
9.92+0.06 
144* 
62.62+0.299 


148* 
83.1+0.3 


148 
4.0+0.1 
155 
27.26+0.27 
177 
28.87+0.17 
183 
14.15+0.04 
194 
45.32+0.19 
199 
9.03+0.04 


142* 


90.08+0.06 


145 


2.80-+0.068 


:149 
7.3+0.1 
149* 
88.8+0.1 
156 
19.32+0.19 
178 
21.72+0.06 
184 
22.22+0.06 
195 
29.64+0.14 
200 
13.15+0.07 


146 


31.51+0.252 


150 
1.2+0.1 
150 
3.5+0.1 
157 
10.08+0.18 
179 
7.14+0.06 
186 
14.52+0.03 
196 
15.63+0.11 
201 
7.87+0.04 


148 
0.66+0.107 
152 
1.3+0.1 
152 
1.9+0.05 
158 
11.67+0.21 
180 
12.86+0.08 


198 
2.85+0.03 

202 
25.24+0.09 


150 
0.17+0.042 
154 
0.6+0.06 
154 
0.9+0.05 


160 
6.97+0.24 


204 
35.78+0.09 


Details of the construction and operation of the 
apparatus are given elsewhere.”® 


Ill. SAMPLES AND PREPARATION 


It was necessary to prepare a thin uniform film of 
each sample over a large area (~ 1200 cm?). The elec- 
trolytic plating bath of Pfanhauser** was used in pre- 
paring platinum films on copper-coated type 304 
stainless-steel sheet. Rare earth oxide and hafnium 
oxide films were prepared by depositing alcoholic solu- 
tions of the rare earth or hafnium nitrate on the inside 
of a stainless steel sheet rolled into a cylinder, evaporat- 
ing to dryness under heat lamps while rotating the 
cylinder, and subsequently heating the sheet strongly 
with a Meeker burner to decompose the nitrate. Samples 
of WO; and HgS were prepared by slurrying the powder 
in alcohol and spreading over the stainless steel sheet 
in the same manner. 

In all of this work, samples which were “thin” in 
relation to the ranges of the alpha particles were used, 
so that the alpha groups would produce reasonably 
sharp peaks. ‘““Thick” samples would give larger count- 
ing rates, but would form continuous rather than 
peaked spectra, and in the case of separated isotopes 
could not be afforded anyway. Film thicknesses men- 
tioned in the following are simply the sample weights 
divided by the supporting areas, and were usually 
between 10 and 100 wg cm. The actual effective 
thicknesses of the compounds were probably greater, 
but the spectra obtained indicate that clumping could 
not have been serious. 


7° R. D. Macfarlane, Ph.D. thesis, Carnegie Institute of Tech- 
nology; Atomic Energy Commission Report NYO-7687, 1959 
(Available from the Office of Technical Services, Department of 
Commerce, Washington, D. C.). 

#6 K. Schumpelt, in Modern Electroplating, edited by A. G. Gray 
(J. Wiley & Sons, New York, 1953), Chap. 14. 


All the enriched isotope samples were obtained from 
the Isotopes Division of the Oak Ridge National 
Laboratory, Union Carbide Nuclear Company, Oak 
Ridge, Tennessee. Listed in Table I are their isotopic 
analyses. 


IV. ALPHA-PARTICLE ENERGY DETERMINATION 


An energy versus pulse-height calibration curve, 
Fig. 2, was obtained by placing various alpha emitters 
in the chamber and determining the pulse height 
corresponding to the various alpha energies. Table II 
gives the known energies.” Additional points were 
obtained below 3 Mev by measuring the alpha and triton 
peaks from the Li®(”,a)H* and B"°(n,a)Li’ reactions. For 
the latter measurements the counter was submerged in 
water, and a Po—Be neutron source of ~ 20 millicuries 
Po*” activity was placed alongside the counter. All of 
the points fell close to a straight line which intersected 
the energy axis at +158 kev, substantiating the findings 
Cranshaw and Harvey® and Hanna* that the ionization 
is linearly dependent on but not proportional to the 
energy. A least squares analysis of the data gave the 
following equation for the curve: 


E=[ (0.0830 volt“) x V-++0.158] Mev, (1) 


27 G. H. Briggs, Revs. Modern Phys. 26, 1 (1954). 

%8G. Bastin-Scoffier and J. Sant’ana-Dionisio, Compt. rend 
236, 1016 (1953). 

* F. S. Stephens, Jr., F. Asaro, and I. Perlman, Phys. Rev. 107, 
1091 (1957). 

% J. P. Hummel, Ph.D. thesis; University of California Radia- 
tion Laboratory Report UCRL-3456, 1956 (unpublished). 

1B. G. Harvey, H. G. Jackson, T. A. Eastwood, and G. C. 
Hanna, Can. J. Phys. 35, 258 (1957). 

32 J. Mattauch, L. Waldmann, R. Bieri, and F. Everling, 
Annual Review of Nuclear Science (Annual Reviews, Inc., Palo 
Alto, California, 1956), Vol. 6, p. 179. 

% T. E. Cranshaw and J. A. Harvey, Can. J. Research A26, 243 
(1948). 

4 G. C. Hanna, Phys. Rev. 80, 530 (1950). 
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Fic. 2. Energy vs pulse-height calibration curve. 


where E is the alpha-particle energy and V the pulse 
height. The energy intercept should be a constant de- 
pending only on the gas used. The slope of the curve, 
however, is dependent on the degree of pulse amplifica- 
tion. For each run, the slope of the line was determined 
by obtaining simultaneously the energy spectrum of an 
alpha emitter of known energy as well as the unknown. 
From Eq. (1) can be derived the relation: 


E= E*+(Eo—E*)XV/Vo, ~ (2) 
where £o=alpha-particle energy of standard, Vo= pulse 
height of standard, E=alpha-particle energy of un- 
known, V =pulse height of unknown, and £*=energy 
intercept = 158 kev. 


V. DETERMINATION OF SPECIFIC ACTIVITY 


The gross alpha spectrum which was obtained from 
a sample had to be resolved into its components in 
order to determine the net counting rate due to the 
particular nuclide of interest. Contaminating activities 
such as Sm"? were resolved from the spectrum using 
as a guide the shape of the Sm'’ alpha spectrum from a 
simple of comparable thickness. The alpha spectrum 


of the nuclide of interest was resolved from the gross 
spectrum by assuming it had the same shape. For the 
rare-earth alpha emitters, whose energies lie close to 
that of Sm™’, the effective counting yield was obtained 
by determining the counting rate of a known amount 
of Sm"? under the same counting conditions with the 


TABLE II. Particle energies used in energy calibration. 


Weighted 
average 
Branching energy for 
fraction peak (Mev) 


Particle 
energy 
(Mev) 


Reference 


Emitter 


27 
27, 28 
27, 28, 29 


27, 29 


6.77 
6.28 
5.68 


5.40 


1.00 
1.00 
0.95 
0.72 
0.28 
0.76 
0.24 
0.76 
0.24 / 
1.00 
1.00 
0.96 


6.77 
6.28 
5.68 
5.42 
\5.34 
4.68 
\4.61 
{4.01 
3.95 
2.05 
2.74 
1.47 


Pc 2 ad 
Em” 
Ra™* 
Th*s 
30 


Th* 4.67 


4.00 31 


2.05) 
2.74} 
1.47} 


Th? 


Li® (n,a) H? :@ 
:H8 


B (na) Li? :@ 





46 


L64 


D. 


1.83 


2.02 
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2.52 





T 
800 GAIN 60 000 


a 


TOTAL COUNTS PER CHANNEL 


= 


17.2 


6.05 mg 
(NATURAL) 
| 


t 


+ 


5 HOURS 


Sm(as Sm2 03) 


Sm 147 











2.05 MEV 


FROM Li®(+,%) H° 


0.43 mg Sm 
(as Sm, O, ) 


12 mg Li 
(as Li, O) 


NEUTRON 
SOURCE 


Po-Be 20mc 








4 HOURS 




















35 


39 


SI 





.e) 


| 


4 





38 


42 


PULSE HEIGHT (VOLTS) 
. Alpha spectra of natural Sm: A, Sm2O; source ~6 ug cm™ in thickness; B, Sm2O 
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same low-energy cutoff as the spectrum of the unknown 
sample. 

For Sm and Pt™, the counting rates were high 
enough so that an extrapolation of the energy spectrum 
to zero energy was possible. The counting yields of these 
activities were obtained by assuming 2% geometry and 
correcting for self-absorption, back scattering, and 
chemical yield. The data of Gobeli** were used to 


TABLE III. Summary of results. 


—_—==— ————— — ———— —————— 


Nuclide 


ca 


Nd! 
Sm!46 
Sm"? 
Sm" 
Sm!” 
Gd'®@ 
Hyfi74 
ws 

Pti% 

Hg"** 


Alpha- 
particle 
energy 
(Mev) 


1.83+0.03 


2.23+0.02 


2.14+0.03 
2.50+0.03 


3.1140.03 


Specific activity of 

natural element 
(dis sec? g™") 

<0.0002 
0.0093+0.0011 

<0.013 

116+5 

<0.04 

<0.01 
0.00156+0.00010 


0.000065 +0.000013 


<0.00013 
0.012+0.001 
<0.0007 


Half-life or limit 
for nuclide (year) 
>5x10'* 
(2.4+0.3) 10" 
<3 108 
(1.15+0.05) x 10" 
>2x10" 
>1x 10"* 
(1.08+0.08) * 10" 
(2.0+0.4) 10" 
>9x 10" 
(6.940.5) 10" 
>1x10"* 


35 G. W. Gobeli, Phys. Rev. 103, 275 (1956). 


obtain the range-energy relationship for low-energy 
alpha particles. 

In cases where no activity was found, upper limits 
for specific activity were obtained by estimating the 
level of activity which would have given a significant 
peak of the expected shape in the spectrum, usually 
several times the standard deviation of the average 
counting rate per channel. 


VI. RESULTS 


The alpha energies, specific activities, and half-lives 
of the various nuclides derived in this work, together 
with lower limits for the half-lives of those nuclides for 
which no activity was observed, are summarized in 


Table ITI. 
Sm"? 


Figure 3(A) represents the alpha spectrum of a 6-mg 
sample of natural samarium (as Sm,Q3), used for calcu- 
lation of the specific activity and half-life of Sm*’. 
Independent measurements of the specific activity and 
half-life were also made from the samarium samples 
enriched in Sm“* and Sm™*. The tabulated values are 
weighted means of the three measurements. 
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Fic. 4. Alpha spectrum of enriched Nd' sample (A) and its resolution into components (B,C,D). 


The alpha-particle energy of Sm’ was measured by 
comparison with the 2.05-Mev® alpha arising from the 
Li®(n,v)H* reaction. Figure 3(B) is the spectrum of the 
Sm“? alpha and the comparison alpha from a very 
thin mixed Sm-Li source in the presence of a thermal 
neutron flux. 


Nd!*4 


Figure 4 is the alpha spectrum which was obtained 
from 82.8 mg of Nd,O; enriched in Nd". The sample 
thickness was 0.069 mg cm~. The small samarium im- 
purity present served as a standard for the Nd™ alpha 
energy determination. 


Gd! 


Figure 5(A) is the alpha spectrum obtained from 
Gd,O; enriched in Gd'®. An alpha peak was observed 
at 2.14 Mev. In order to determine whether this was 
due to Gd'® or Sm"? impurity, a sample of Sm,O; was 
put in the counter with the gadolinium and a second 
spectrum recorded. Auxiliary experiments showed that 
the response of the counter was the same for the large 
Gd,O; and the small Sm,O; sample positions. Two 
peaks were observed, Fig. 5(B), indicating that at 
least the major part of the activity observed in Fig. 5(A) 


was not due to Sm'*’. The specific activity and half-life 
were determined from Fig. 5(A) and the alpha-particle 
energy from Fig. 5(B) using Sm"? as a standard. 


Hf!" 


Spectra obtained from HfO, enriched in Hf!” are 
shown in Fig. 6. In the first experiment the thickness 
of the deposit was 0.10 mg cm™? and a weak Po 
standard was added. A small peak was observed at 2.50 
Mev. In a second experiment, some of the same HfO, 
sample was mixed with a small amount of Sm,03. This 
run yielded the alpha-particle energy more precisely, 
using Sm!“ as the standard. 


Pt! 


In the spectrum of natural Pt [Fig. 7(A), 1.60 mg 
cm] a distinct peak was observed at 3.1 Mev and 
another at 5.3 Mev, the latter presumably due to Po?! 
contamination. In a spectrum [ Fig. 7(B)] obtained 
with enriched Pt'™ (0.045 mg cm~?), the specific activity 
and half-life calculated for Pt! were in good agreement 
with the values calculated from the natural Pt, proving 
that the observed activity was due to Pt™. Because of 
the better counting statistics obtained with the enriched 
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Fic. 5. Alpha spectra of enriched Gd'™ sample: 


Pt'™ sample, the results obtained were weighted a 
factor of 3 relative to the natural Pt'™ results in ob- 
taining an average value of the specific activity and 
half-life. 

The alpha-particle energy of Pt was determined 
by comparison with the alpha of Sm"™’ [Fig. 7(C) and 
Th [Fig. 7(D) ]. 


Ce!” 


Figure 8 shows the spectrum from CeO, enriched in 
Ce. The sample thickness was 0.048 mg cm™. A small 
amount of samarium was mixed with the sample to 
provide an energy calibration. No peak was found that 
could be attributed to a Ce activity. The level of 
activity expected based on the claim of Riezler and 
Kauw’" is indicated in the figure. 


Sm/}46 


A sample of natural Sm,O; was counted for seven 
days for the purpose of looking for alpha particles 
which might arise from Sm"*. Figure 9 is a spectrum of 
the pulses obtained. No group was observed which 
could be attributed to Sm'* alpha activity, the energy 
of which is given as 2.55+0.03 Mev from artificial 
production. ** The upper half-life limit in Table III 
was calculated assuming that nucleosynthesis occurred 


36 R. D. Macfarlane (unpublished work at Lawrence Radiation 
Laboratory, 1960). 


A, as received from supplier; 


B, with added Sm.2O; source 


continuously from ~4.7X 10° 


yr ago.*7:%8 


~12X10° yr ago to 


Sm! 48 


A 19.6-mg sample of Sm,O; enriched with Sm"™* to 
83.1% was counted for 44.3 hours. The sample also 
contained 6.4% Sm"’. No peak was observed in the 
sample which could be attributed to Sm"** alpha 
activity, which should have a somewhat lower energy 
than Sm"™’, 

Sm'*° 


A 30.8-mg sample of Sm,0; enriched in Sm" to 
88.8% was counted for 78 hours. The isotopic fraction 
of Sm’ in the sample was 1.0%. No peak was observed 
in this sample which could be attributed to Sm" alpha 
activity, which should have a lower energy 
than Sm"™, 


also 


W's8o 


In the measurement of enriched W!® (sample thick- 
ness 0.083 mg cm™) a weak source of Po” was also 
present. In the spectrum (Fig. 10) no peak was observed 
which could be assigned to tungsten alpha activity. 
The expected level based on the Porschen and Riezler" 
value of the specific activity and the assumption that 
W'® is the active isotope is also indicated in the figure. 


37 W. A. Fowler and F. Hoyle, Ann. Phys. 10, 280 (1960). 
3° T, P. Kohman, J. Chem, Educ. 38 (to be published) (1961). 
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Hg'*® 


A 121.4-mg sample of HgS enriched in Hg" to 1.46% 
was counted for 23.9 hours. No activity was observed 
which could be attributed to Hg!®*, 


VIII. DISCUSSION OF RESULTS 
The alpha energies determined in this work have 
been included in a calculation by Rasmussen®” of 


oa F O. Rasmussen, Phys. Rev. 113, 1593 (1959). 
“ K.S. Toth and J. O. Rasmussen, Nuclear Phys. 16, 474 (1960). 


58 
PULSE HEIGHT (VOLTS) 


theoretical alpha half-lives and reduced-width prob- 
abilities of a number of medium-heavy alpha emitters. 
The theoretical half-lives are generally in good agree- 
ment with these obtained experimentally in this work. 

In Table IV are summarized the results of other 
experimenters!:**!8.15.41-68 on the elements which we 
have studied. 

*' F. E. Senftle, T. W. Stern, and V. P. Alekna, Nature 184, 630 
(1959). 


“G. I. Muholland and T. P. Kohman, Phys. Rev. 85, 144 
(1952). 
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Fic. 7. Alpha spectra of platinum: A, natural platinum; B, enriched Pt™; C and D, enriched Pt! with energy standards. 


Our Nd™ results are in general agreement with the 
nuclear emulsion results and with a recent determina- 


“W.H. Kelly and G. B. Beard, Bull. Am. Phys. Soc. 4, 324 
(1959). 

“ F, J. Bradley and J. D. Kurbatov, Bull. Am. Phys. Soc. 5, 20 
(1960). 

45M. Karras and M. Nurmia, Nature 185, 601 (1960). 

46 G. Hevesy and M. Pahl, Nature 131, 434 (1933) ; G. v. Hevesy, 
M. Pahl, and R. Hosemann, Z. Physik 83, 43 (1933). 

47M. Curie and F. Joliot, Compt. rend. 198, 360 (1934). 

48M. Herszfinkiel and A. Wroncberg, Compt. rend. 199, 133 
(1934). 

G. Ortner and J. Schintlmeister, Z. Physik 90, 698 (1934); 
Sitzber. Akad. Wiss. Wien, Math.-naturw. Kl. Abt. ITa. 143, 411 
(1934). 

© M. Mider, Z. Physik 88, 601 (1934). 

5! 1. Lyford and J. A. Bearden, Phys. Rev. 45, 743 (1934), as 
interpreted by H. A. Bethe, Revs. Modern Phys. 9, 166 (1937). 

® W. F. Libby, Phys. Rev. 46, 196 (1934). 

*% H. J. Taylor, Nature 136, 719 (1935); H. J. Taylor and V. D. 
Dabholkar, Proc. Phys. Soc. (London) 48, 285 (1936). 

‘4M. Pahl and R. Hosemann, Naturwissenschaften 23, 318 
(1935). 

5° R. Hosemann, Z. Physik 99, 405 (1936). 

56 L. Lewin, Nature 138, 326 (1936). 

57 E. Fiinfer, Ann. Physik 29, 1 (1937). 

58 P. Cuer and C. M. G. Lattes, Nature 158, 197 (1946); C. M. 
G. Lattes, E. G. Samuel, and P. Cuer, Anais acad. brasil. cienc. 
19, 1 (1947). 

® E. Picciotto, Compt. rend. 229, 117 (1949). 

® C, Haenny, M. Najar, and M. Gailloud, Helv. Phys. Acta 22, 
611 (1949). 

6! W. P. Jesse and J. Sadauskis, Phys. Rev. 75, 1110 (1949), 
and 78, 1 (1950). 

 T), Szteinsznaider, J. phys. radium 14, 465 (1953). 

*8 G. Beard and M. L. Wiedenbeck, Phys. Rev. 95, 1245 (1954). 


tion using a slow ionization chamber-electrometer 
counter.“ However, the value of the half-life reported 
by Kelly and Beard* using a liquid scintillator is lower 
by a factor of ~ 100, suggesting the likelihood of Sm" 
contamination. 

The Pt™ and Hf!” results are in reasonable agreement 
with those obtained by Hoffman,' Porschen and 
Riezler,”:* and Riezler and Kauw,'® though the new 
values are considerably more precise. 

The observed alpha-particle energy of Sm'’ is some- 
what higher than the most precise previous ionization 
chamber measurement, that of Jesse and Sadauskis,*! 
2.18 Mev, which was corrected to 2.21 by Rasmussen, 
Thompson, and Ghiorso* on the basis of nonpropor- 
tionality of ionization. Very recently, Vorob’ev, Komar, 
Korolev, and Solyakin® have reported an ionization 
chamber value of 2.19+-0.01 Mev, assuming ionization 
proportionality. In both of these cases only relatively 
high-energy alphas (Po? and U™, respectively) were 
used as standards. Very recently, however, Karras and 
Nurmia* have described an ionization chamber deter- 


* G. E. Leslie, M. S. thesis, North Carolina State College, 1954; 
Nuclear Sci. Abstr. 10, No. 1099 (1956). 

6° G. B. Beard and W. H. Kelly, Nuclear Phys. 8, 207 (1958). 

66 A. A. Vorob’ev, A. P. Komar, V. A. Korolev, and G. E. 
Solyakin, J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 546 (1959) 
(translation: Soviet Phys.-JETP 37, 386 (1960) ]. 

67K. K. Kellar and K. B. Mather, Phys. Rev. 74, 624 (1948). 

588 G, B, Beard and W. H. Kelly, Nuclear Phys. 16, 591 (1960). 
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Fic. 8. Alpha spectrum of enriched Ce™, 


mination using B+ and natural uranium alphas for 
calibration. They observed the weak 1.80-Mev group 
from B"'* as well as the dominant 1.47-Mev group, and 
derived for Sm’ an alpha energy of 2.20+0.03 Mev. 
Our value, 2.23+0.02 Mev, was obtained by use of an 
even closer standard (2.05 Mev) and an experimental 
ionization-energy relationship. This higher alpha energy 
removes the anomaly of an excessively long theoretical 
alpha half-life compared to the actual.” The same ap- 
plies to Eu'*’, for which the energy calibration depended 
on Jesse and Sadauskis value for Sm’. The Eu’ alpha 
disintegration energy (electron-screening corrected) is 
changed from 2.98 to 3.01 Mev, resulting in better 
agreement between the experimental and theoretical 
alpha half-life. 

The Gd'® results are significantly different from those 
reported by Riezler and Kauw.'® They deduced the 
alpha energy to be 1.7 Mev and computed a half-life 
9.510" years, assuming about one-third of their alphas 
to be due to Sm’. Their alpha energy is definitely low.” 
Even their own high value of the half-life requires 
theoretically a particle energy of at least 2.1 Mev; this 

6 J. O. Rasmussen, Ph.D. thesis, University of California Radia- 
tion Laboratory Report UCRL-1473 Rev., 1952 (unpublished). 

7 Note added in proof. Support for our value of the Gd!® 
a-particle energy comes from recently determined atomic masses 
in the rare-earth region [V. B. Bhanot, W. H. Johnson, Jr., and 
A. D. Nier, Phys. Rev. 120, 235 (1960) ], from which can be calcu- 
lated a value of 2.18+0.18 Mev. 
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l'ic. 9. Alpha spectrum of natural Sm (1.91-3.30 Mev) 
obtained in search for Sm™® activity. 


(as confirmed by our ionization measurement) indicates 
that the Gd!® alpha particles could hardly be resolved 
or distinguished from those of Sm’ in nuclear emul- 
sions. The enriched Gd'® samples used by Riezler and 
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TABLE IV. Other results on elements studied in this work." 


Fa 
Reference Method (Mev) 
Ce! Be 3 a inj 
13 N,E 
41 N,E 
Nd'#4 42 eG 
11 N 
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Nuclide 





9 N,E 
43 L 
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P 2.0 +0.1 
C,G 
W,G [ > 2.8(R) ] 
I,G [2.7], [3.0(R)] 
P £2.18(R)] 

P 

P 

q 2.39+0.08(R) ] 
N .23+0.03(R) | 
.23+0.03(R)] 
I,G .26(R) ] 
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ran nnn 
ID ke whe 


25+0.07(R) ] 
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nn 
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[+0.02 ] 
+0.03 
+0.03 

2.18 +0.14 


2.19+0.01 
2.20+0.03 


Pt!” 


Hg! 


«(| ]=enclosed number not given in publication cited, but derived from information given therein; C =Geiger counter, or pr 


[2.3(V)], [2.2340.07(R)] 75 


Half-life or limit 
for nuclide 
(year) 


Specific activity of 
natural element 
(dis sec g™) 
| >4xX10'* | 
5.110" 
>[1x ]10'* 
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1.510" 
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210 
2.110 
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[0.002 } 
[ <0.001 | 
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[0.012 | 
1 


f0.011) 
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67 [2 0x10 

892-4 33p te 


[~70] 
[145+9 ] 


~1.9 10" ] 
0.92+0.06) x 10" | 


88[+5 ] 


89+5 1.49+0.08) x 10 


<K 10" ] 


[76+6 ] [ 1 7 +0.14 
1 x10" ] 


3346 1.00-+0.05 


<10 
< 10 
« 10" 


5+0.06) 
5+0.03) 
28+0.04) 


[106+5 ] 1 
f114+3] 1 
1 


[105+3] 
[11745] (1.14+0.05) x 10" 
[ <0.011 ] [>1.6x 10% 
[ <0.002 ] [>8 x10] 
[0.00018 ] 9.510" 
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[0.0003 | [310%] 
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yportional counter used 


only for counting; E =use of isotopically enriched sample; G =range in gas measured; J =current ionization chamber; L =liquid scintillation counter with 


internal sample ; 


N =nuclear emulsion; P =ionization chamber with pulse amplitude analysis; R =range in air given by authors converted to energy using 


range-energy relation of Bethe [H. A. Bethe, Revs. Modern Phys. 22, 213 (1960) ]; S =solid scintillation counter with internal sample; V =velocity o 
particles cited by authors used to calculate energy; W =Wilson cloud chamber; X =correction of measurement of preceding entry for nonproportionality 


in ionization versus energy. 


Kauw and by us were doubtless portions of the same 
Oak Ridge batch. The samarium content was so low 
that no Sm’ peak was visible in our spectrum. Further, 
their background plates showed no significant activity 
in the region between 1 and 2.5 Mev. Probably, then, 
all of the tracks in this region in their gadolinium spec- 
trum were due to Gd'®. The spectrum broadening and 
low apparent specific activity might both have resulted 
from excessive fading in this plate, so that their claim to 
have distinguished the gadolinium alphas from those of 
samarium was unjustified. The ability of the ionization 
counter to resolve the Gd'® and Sm’ alphas simul- 


taneously present was thus essential to the positive 
identification of the Gd'™ activity. 
¥ Our inability to find alpha activity in Ce is more 
difficult to reconcile with the positive result of Riezler 
and Kauw." Recently, Senftle, Stern, and Alekna*! 
published a negative result for Ce alpha activity, but 
their lower limit for the half-life is within the uncer- 
tainty of Riezler and Kauw’s measurement. Our limit 
is a factor of 10 higher than the latter’s value. 
Concerning natural alpha activity of tungsten, it 
would appear from our negative result using enriched 
W'™ that the activity observed by Porschen and 
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Riezler” would have to be due to some other isotope.” 
However, Beard and Kelly® have recently attempted 
a confirmation using natural CdWQ, crystals as an 
alpha-sensitive scintillator. They were unable to find 
any activity, and set an upper limit to the specific 
activity corresponding to one third of the level reported 
by Porschen and Riezler. This limit is the same as that 
calculated for natural tungsten from our enriched 
W'* result. 

Vorob’ev ef al.*® observed in a spectrum of natural 
samarium a slight excess at ~2.55 Mev, the energy of 
Sm" alphas, but did not consider it statistically signifi- 
cant. They considered that the Sm"® alpha activity 
could be at most 3X10~ that of Sm’. Nurmia and 
Karras” have reinterpreted the results of Vorob’ev et al. 
to constitute a positive discovery of Sm™® with an alpha 
activity of 5X 10~ that of Sm™’ in the natural element. 
However, our results indicate that the Sm"* activity 
cannot be more than 1.210~ that of Sm"™’, so that 
interpretation must be rejected.” Recent results** on 
artificially produced Sm'“* tend to confirm the half-life 
value initially obtained by Dunlavey and Seaborg,” 


“ Note added in proof. Recent atomic masses of W!® and Hf!78 
[V. B. Bhanot, W. H. Johnson, Jr., and A. O. Nier, Phys. Rev. 
120, 235 (1960)] yield for W'® a very low a-particle energy, 
2.06+0.15 Mev, corresponding to a half-life greater than 10” 
years. 

72M. Nurmia and M. Karras, Geophysica 7, 83 (1960). 

73 Note added in proof. An even lower limit for Sm"™* activity in 
natural samarium has subsequently been obtained [R. D. Mac 
farlane, Nature 188, 1180 (1960) ]. 
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which is definitely too short for survival from the cessa- 
tion of nucleosynthesis to the present. 

The ionization counter technique as developed by 
us does not have as high a sensitivity as the nuclear 
emulsion technique. This is especially true when only 
limited amounts of isotopically enriched samples are 
available. However, large counters can accommodate 
~1-g samples as compared with ~1-mg samples in 
emulsions, so that better counting statistics result and 
more accurate specific activities can be obtained. The 
counting times are much shorter, and the analysis of 
the results can be made more quickly and with less 
tedium. The chief advantage of the ionization technique, 
however, is its considerably (~5-fold) greater energy 
resolution. This means that energies can be obtained 
with considerably greater precision and that alpha 
groups of similar energies can be more easily resolved 
from each other. 
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O™ Decay Energy and the Fermi Interaction Constant 


J. W. Butter anv R. O. BonpDELID 
Nucleonics Division, U. S. Naval Research Laboratory, Washington, D. C 
(Received November 10, 1960) 


The threshold energy of the C"(He’,n)O™ reaction has been 
measured precisely with the use of a Van de Graaff accelerator 
and an electrostatic analyzer, the value being 1436.2+0.9 kev. 
From this value, the O“ beta-decay end-point energy (for decay 
leading to the 2.312-Mev state in N™) is computed to be 1.8000 
+0.0065 Mev, based on the 1956 table of masses, and 1.8097 
+0.0015 Mev, based on the 1960 table of masses. A revised value 
of the Fermi interaction constant in beta decay is calculated and 
applied in the conserved vector current theory of Feynman and 
Gell-Mann. When (1) the radiative corrections and other cor- 
rections are applied to the decay of O", (2) the corrected ft value 
is used to compute the vector coupling constant in beta decay, 
(3) the value of this vector coupling constant is assumed to be the 


same as that for the muon decay and is used to calculate the life 
time of the muon, and (4) this lifetime is corrected for radiation 
effects, the predicted mean life of the muon becomes 2.289+0.013 
psec (based on the 1960 table of masses and the radiative correc 
tions of Kinoshita and Sirlin) or 2.245+0.013 usec (based on the 
1960 table of masses and the corrections, racliative and otherwise, 
of Durand and collaborators). The former value is 3.6% greater 
than a weighted average of several recent measurements of the 
muon mean life, 2.210-++0.003 usec, while the latter value is only 
1.6% greater, and is within the combined experimental and 
theoretical uncertainties. However, the definitions of coupling con- 
stants used by Durand and collaborators differ somewhat from 
those used by others. 





INTRODUCTION 


N the Fermi theory of beta decay, the decay rate 

and the decay energy determine the “coupling 
strength” or “interaction constant.” For several years, 
it has been known that the values of the interaction 
constants for the different classes of weak interactions 
are approximately equal. Feynman and Gell-Mann! 
have advanced a conserved vector current hypothesis 
to explain why the vector coupling constant should be 
the same for beta decay as for muon decay. The decay 
of O* offers one of the best opportunities for a precise 
determination of the vector coupling constant Gy for 
beta decay since (1) the decay channel populating the 
lowest T7=1 state in N™ involves a pure Fermi transi- 
tion, (2) the branching ratio? for this pure Fermi 
transition is almost 100% (and accurately known) be- 
cause of the chance cancellation in the matrix element 
for the decay channel populating the ground state of 
N", and (3) the overlap of wave functions for the initial 
and final states (both members of the same isotopic 
spin multiplet) is almost perfect. The precise deter- 
mination of the O" ft value is therefore very important. 

Gerhart‘ and Sherr et al.2 have measured the partial 
half-life for the pure Fermi transition in the decay of 
O"', but the end-point energy of Gerhart‘ is in dis- 
agreement with that which is calculated from the 
C"(He’,n)O™ reaction threshold energy measurement 
of Bromley ef al. And the threshold energy measure- 
ment of Bromley e/ al. is in rather poor agreement with 
the value obtained by Butler® for the same reaction. 
Since at present, the C(He*,z)O™ reaction threshold 
energy offers the most precise method for determination 


1 R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 (1958). 

2 R. Sherr, J. B. Gerhart, H. Horie, and W. F. Hornyak, Phys. 
Rev. 100, 945 (1955). 

*W. M. MacDonald, Phys. Rev. 110, 1420 (1958). 

‘J. B. Gerhart, Phys. Rev. 95, 288 (1954). 

5D. A. Bromley, E. Almqvist, H. E. Gove, A. E. Litherland, 
E. P. Paul, and A. J. Ferguson, Phys. Rev. 105, 957 (1957). 

8 J. W. Butler, Bull. Am. Phys. Soc. 1, 94 (1956). 


of the O" decay energy (and hence the f value), an 
independent precision measurement of this threshold 
energy is highly desirable. Such is the purpose of the 
present experiment. 

The equality of the vector coupling constants, as 
calculated from the experimental lifetimes and decay 
energies for beta decay and muon decay, may be con- 
sidered a test of the validity of the conserved vector 
current hypothesis of Feynman and Gell-Mann, and 
also a test of the universality of the Fermi interaction 
constant. 

Asecond reason for the importance of the C(He*,7)O"“ 
threshold energy measurement is that this reaction 
threshold offers a convenient calibration point for par- 
ticle accelerators using He* beams. A small amount of 
carbon contamination usually appears on a target inside 
an accelerator vacuum system, so the above reaction 
threshold can usually be observed without a change of 
target. Only one absolute measurement has been re- 
ported’ for He* bombarding energies. 

A preliminary account of the present experiment has 
been written.® 


EXPERIMENTAL PROCEDURE 


The singly charged He’® beam, supplied by the NRL 
5-Mv Van de Graaff Accelerator, was passed first 
through a magnetic analyzer for beam-component 
separation and preliminary analysis and then through 
a two-meter radius electrostatic analyzer® whose slit 
widths were adjusted to give 0.05% beam energy resolu- 
tion. The C” target, prepared by the molecular crack- 
ing of carbon onto a thin strip of molybdenum in an 
atmosphere of methyl iodide, was about 15 kev thick 


7K. L. Dunning, J. W. Butler, and R. 
110, 1076 (1958). 

® R. O. Bondelid, J. W. Butler, A. del Callar, and C. A. Kennedy, 
Naval Research Laboratory Quarterly on Nuclear Science and 
Technology, January, 1960 (unpublished), p. 7. 

®R. O. Bondelid and C. A. Kennedy, Phys 
(1959). ; 


O. Bondelid, Phys. Rev. 
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to 1-Mev He’ particles. The target was protected from 
vacuum system contaminants by an enclosing surface 
kept at liquid-nitrogen temperature. The neutron de- 
tector consisted of three BF; proportional counters 
embedded in a small amount of paraffin. Both the 
neutron detector and the target cold trap have been 
previously described.’ 


EXPERIMENTAL RESULTS 


The neutron yield, as a function of electrostatic- 
analyzer potentiometer setting, is shown by the solid 
circles of Fig. 1 (ordinate scale on the right). For reasons 
discussed in a previous communication” we choose to 
determine the threshold intercept by extrapolating the 
plot of the two-thirds power of the neutron yield. This 
plot and the straight-line extrapolation are shown by the 
crosses in Fig. 1 (ordinate scale on the left). The inter- 
cept and its probable error, determined arithmetically 
by application of the method of least squares, are found 
to be 0.95668+-0.00036 volt. 

In order to relate this potentiometer setting to the 
energy of the He’ particles, it is necessary to make cor- 
rections for the relativistic effect, the internal and ex- 
ternal magnetic fields of the analyzer, and the energy 
of the electron that is traveling with the singly charged 
He’ particle. In addition to these corrections it is neces- 
sary to know the calibration factors of the electrostatic 
analyzer. These include a determination of the analyzer 
geometry and of the resistor-stack ratio. At the time 
of the present experiment the geometry of the electro- 
static analyzer was very well known, but a subsequent 
series of experiments indicated that the resistor-stack 
ratio had changed from the calibrated value because a 
short circuit had developed across several turns of one 
of the resistors. Because the subsequent experiments 
were performed with protons as bombarding particles, 
it was not considered feasible to repeat the threshold- 
energy determination of the C”(He*,z)O™ reaction. 
However, since the T*(p,7)He* reaction threshold was 
measured both with the damaged resistor stack, as 
used in the present experiment, and with a later re- 
paired and recalibrated resistor stack, it is possible to 
compute a precise value of the C®(He*,)O™ threshold 
energy relative to the T*(p,n)He* reaction threshold, 
measured to be 1019.7+0.5 kev on an absolute scale." 
The result thus obtained for the C®(He’*,x)O™ reaction 
threshold energy.is 1436.2+0.9 kev, where the uncer- 
tainty is the probable error referred to the absolute 
scale; that is, it includes both the probable error in the 
relative measurement and the probable error in the 
absolute measurement of the T*(p,n)He* reaction 
threshold. 

The change in analyzer calibration due to the dam- 
aged resistor was 0.12%. Because of the remote possi- 


” R. O. Bondelid, 
nedy, Phys. Rev. 120, 887 (1960). 


. W. Butler, A. del Callar, and C. A. Ken- 
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Fic. 1. Neutron yield near threshold for the C(He®,n)O™ re- 
action. The solid circles are the neutron counts (right-hand ordi- 
nate) as a function of potentiometer setting on the electrostatic 
analyzer. The crosses give the neutron counts to the $ power 
(left-hand ordinate). 





bility that the resistor was damaged after completion 
of the present experiment (instead of prior to the 
present experiment as indicated by the relative 
T°(p,n)He*® reaction threshold measurements), it is 
possible (but very unlikely) that the final value quoted 
above contains a systematic error of 0.12%, the quoted 
value being low. 

The Q value for the C(He*,z)O"™ reaction is com- 
puted in a direct manner to be —1.1477+-0,0007 Mev. 
With this Q value and the 1960 table of masses" the 
mass excess of O" (C™” scale) is computed to be 8.0073 
+0.0008 Mev, from which the mass of O" is found to 
be 14.0085967+0.0000009 amu. With the value of the 
first excited state in N“, to which 99.4% of the decays 
of O" lead,’ adjusted by Ajzenberg-Selove and Laurit- 
sen” to be 2.312+0,.0012 Mev, the positron end point 
of the decay of O to this state is computed to be 
1,8097+0,0015 Mev. The f value, calculated with the 
aid of the tables of Moszkowski and Jantzen," is 42.81 
+0.26. These values are listed in Table I. 

If we use the 1956 table of masses," the results given 
above become appreciably different. The philosophy 
adopted here is to use primarily the 1960 table, but 
to calculate the f value also with the 1956 table. The 
mass excess of O" then is 12.1347 +0.0058 Mev (1956 
table, O'*=0) from which the mass of O" is found 
to be 14.0130318=-0.0000062 amu (1956 table, O'*= 16). 
The O” positron end point and f value determined 
as before are 1.8000-++0.0065 Mev and 41.84+0.66, 
respectively. 


1 F, Everling, L. A. Kénig, J. H. E. 
Wapstra, Nuclear Phys. 15, 342 (1960). 

2, Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1 
(1959). 

18S. A. Moszkowski and K. M. Jantzen, University of California, 
Los Angeles, Technical Report No. 10-26-55, 1956 (unpublished). 

4J. Mattauch, L. Waldmann, R. Bieri, and F. Everling, Z. 
Naturforsch. 11, 525 (1956). 
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TABLE I. Numerical results from the measurement of the 
C!(He?,n)O" reaction threshold energy. The uncertainties in the 
mass, mass excess, and positron end point include the uncer- 
tainties given in the 1960 mass table as well as the one from the 
present experiment. The uncertainties in the f value include the 
uncertainty in the table of f values (+0.5%) in addition to the 
end-point uncertainty. The uncertainty in the ft value includes in 
addition the uncertainty in the partial half-life, whose value we 
have adopted as 71.4+0.2 sec. 


1.4362 + 0.0009 
— 1.1477 + 0.0007 Mev 
8.0073 + 0.0008 Mev 
14.0085967+ 0.0000009 amu 





Reaction threshold energy Mev 

Reaction Q value 

Mass excess of O" (C!=0) 

Mass of O (C= 12) 

Positron end point for the 
decay of O" to the 2.312- 
Mev state of N™ 1.8097 
42.81 

3057 


+ 0.0015 
+ 0.26 


Mev 


DISCUSSION 


There is a discrepancy among the three previous 
values obtained for the threshold energy of the 
C”(He*®,n)O™“ reaction. The first value, reported by 
Butler,® is 143545 kev and was measured with the 
NRL 2-Mv Van de Graaff Accelerator, equipped with 
a 90° magnetic analyzer calibrated with the Li’(p,m) Be 
reaction threshold at 1881.1 kev. The second value, 
reported by Bromley et al.,° is 1449.6+2.8 kev and was 
measured with the Chalk River Van de Graaff Accelera- 
tor, equipped with a 90° magnetic analyzer calibrated 
with the Li’(p,2)Be’ reaction threshold at 1881.6 kev 
and the Li’(a,y)B" reaction resonance at 958 kev. The 
. third measurement, made by Dunning ef al.'® with the 
NRL 5-Mv Van de Graaff Accelerator, utilizing the 50° 
port of a magnetic analyzer, is 14355 kev based on 
the Li’(p,n)Be’ reaction threshold at 1881.1 kev. All 
of these magnetic analyzer measurements were made 
with nuclear magnetic resonance equipment used to 
determine the magnetic field strength. 

The agreement of the present measurement with the 
two previous NRL measurements is very good, but 
there is a real discrepancy with the Chalk River value. 
One of their calibration points, the resonance at 958+ 1 
kev in the Li’(a,y)B" reaction, was measured'® in 1950 
with a generating voltmeter and is based in turn on a 
resonance in the F'*(p,ay)O"* reaction at 873.5 kev. On 
the NRL energy scale, the F(p,vy)O"* resonance 
occurs at 872.4+0.5 kev. This difference can perhaps 
account for a small part, about 2 kev, of the discrepancy. 
But there still remains a discrepancy of about 11 kev, 
and this situation casts some doubt on the validity 
of the calibration point at 958+ 1 kev. A remeasurement 
of this resonance energy is therefore highly desirable. 
A value of 950.3 kev would remove the discrepancy be- 
tween the NRL and Chalk River values. 

Gerhart‘ made a direct measurement of the positron 


16K. L. Dunning, R. O. Bondelid, and J. W. Butler (unpub- 
lished results, 1957). 

16 W. E. Bennett, P. A. Roys, and B. J. Toppel, Phys. Rev. 82, 
20 (1951). 
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end point of the decay of O" populating the 2.312-Mev 
state in N™ and found it to be 1.83540.008 Mev. This 
value is also in rather poor agreement with the present 
results. Again the reason is not known, and an inde- 
pendent measurement of the positron end point is also 
highly desirable. 


VECTOR COUPLING CONSTANT 


Feynman and Gell-Mann! used the ff value'’ of 
Bromley et al. for the decay of O" to recalculate the 
vector coupling constant Gy, obtaining the value 
(1.41+0.01) x 10—* erg cm*.'* When they equated this 
revised value of Gy to G, according to their conserved 
vector current hypothesis, they computed a predicted 
mean life of the muon, 2.26+-0.04 usec, which they 
compared with the experimental measurements of Bell 
and Hincks,'® 2.22+0.02 usec, and Dudziak e¢ al.,” 
2.21+0.02 usec. Feynman and Gell-Mann ignored the 
radiative correction factors, but Berman”! calculated 
the radiative correction factors for the decay of O“ and 
the muon, obtaining a correction to the observed O" 
half-life of +2.6% and a correction of —0.44% to be 
applied to the observed muon mean life. His value of 
the predicted mean life of the muon is 2.33-L0.05 usec, 
making the agreement between predicted and measured 
values poorer, Kinoshita and Sirlin” also calculated the 
radiative correction factors in the decay of O", obtain- 
ing a correction of + 1.7% to be applied to the observed 
O* half-life, and obtained a predicted muon lifetime of 
2.314+0.05 usec. If these calculations were corrected 
for the partial half-life!’ of the Fermi transition in the 
decay of O", giving an ft value of 3105, the predicted 
lifetimes would be as follows: Feynman and Gell- 
Mann, 2.27+0.04 yusec; Berman, 2.34+0.05 
Kinoshita and Sirlin, 2.32+0.05 usec. 

Between the preliminary report® of the present ex- 
periment and this final report, a number of relevant 
experiments and calculations have been performed. 
Durand ef al.,% using the techniques of dispersion 
theory, have calculated the corrections to the decay of 
O* (including competition from K capture, electron 
screening, electromagnetic form factors, and “second 
forbidden” nuclear matrix elements as well as radiative). 
Their over-all correction (including the Coulomb cor- 


MSEC; 


17 This ft value of Bromley et al., reference 5, was calculated 
apparently with the over-all experimentally observed half-life of 
O™ (Gerhart, reference 4), instead of the partial half-life (Sherr 
et al., reference 2). The corrected value is 3105. 

18The dimensions of the universal Fermi coupling constant 
have been incorrectly given as erg/cm® by several authors; for 
example, in references 1 and 22 and also by J. Bernstein and 
R. R. Lewis, Phys. Rev. 112, 232 (1958). 

1 W. E. Bell and E. P. Hincks, Phys. Rev. 84, 1243L (1951). 

*” W. F. Dudziak, R. Sagane, and J. Vedder, Phys. Rev. 114, 
336 (1959). ; 

1S. M. Berman, Phys. Rev. 112, 267 (1958). In this paper the 
value of G is incorrectly given as 1.3710 erg cm, The con- 
sistent value is 1.39 10- erg cm’. 

® T. Kinoshita and A. Sirlin, Phys. Rev. 113, 1652 (1959). 

*% L. Durand, III, L. F. Landovitz, and R. B. Marr, Phys. Rev. 
Letters 4, 620 (1960). 
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TABLE II. Comparison of the values of the vector coupling constants Gy and G, and a comparison of the predicted muon mean life 


T, with the experimental mean life, 2.210+0.003 usec. 
not include the uncertainties due to the calculations of corrections. 





No corrections 
1.418+0.004 
1.428+0.002 
0.7 
2.241+0.013 
1.4 


Gy (107 * erg cm®) 
G, (10-* erg cm*) 
AG4 (%) 
Ty (usec) 
Ar® (%) 


Berman* 


i 
.309+0.013 2 
a 


The uncertainties given are those due to the uncertainty in the ft value, and do 


Durand et al.¢ 


1.4264-0.004 
1.438+0.002 
0.8 
2.245+0.013 
1.6 


Kinoshita and Sirlin® 


.400+0.004 
.432+0.002 


1.406+0.004 
1.432+0.002 
1. 8 
289+0.013 
3.6 


* Calculated with the use of the radiative corrections of Berman, reference 21. His corrections to be applied to the observed O* half-life aieeninail to 


+2.6%, 


and his corrections to be applied to the observed muon mean life amounted to —0.44% 


bC alculated with the use of the radiative corrections of Kinoshita and Sirlin, reference 22. Their corrections to the observed O" half-life amounted to 


+1.7%, and we use Berman's correction of —0.44% 


amounted to —1.12%, and to the observed muon mean life, —1.32% 


to the observed muon mean life. 
© Calculated with the use of the corrections, radiative and otherwise, of Durand et al., 


reference 23. Their total corrections to the observed half-life of O™ 


Their de finitions of Gy and G, are somewhat different from those of others. 


4 AG represents the difference between the value of Gy and the value of G, expressed as a percentage. 
® Ar represents the difference between the predicted muon mean life and a weighted average of the measured values, 2.210+0.003 ysec, expressed as a 


percentage. 


rection of MacDonald* to the nuclear matrix element) 
to the observed O" half-life is — 1.12%. They combined 
this correction with the O'' beta end-point energy from 
the preliminary report® of the present experiment, 
1.8000+0.0065 Mev (based on the 1956 table of 
masses), and obtained a predicted muon mean life of 
2.23+0.05 psec, in good agreement with several very 
recent experimental measurements: Fischer ef al.,™ 
2.200+0.015 usec; Reiter et al.,2° 2.21140.003 psec; 
and Telegdi ef al.,?6 2.208+0.005 sec. 

If we use the corrections of Durand e/ al. with the 
O™“ end-point energy from the present experiment 
based on the 1960 table of masses, the agreement be- 
tween predicted and experimental values for the muon 
lifetime is not quite so good. However, shortly before 
the manuscript of the present experiment was sub- 
mitted, we received preprint copies of two other related 
experiments indicating that the O" half-life previously 
used was too high. The ft value in Table I includes 
these latest half-life measurements, and new values of 
Gy, G,, and r, have been calculated. These new O" 
half-life measurements were made by Bardin ef al.,”” 
who obtained the value 71.10.2 sec and Hendrie and 
Gerhart,?* who obtained the value 70.91+0.04 sec. The 
partial half-life for the Fermi transition based on the 
branching ratio of Sherr e/ al.,? is approximately 0.6% 
larger than the observed half-life. We have adopted the 
value 71.4+0.2 sec for the average of the partial half- 
lives, and it is this value which has been used to obtain 
the ft value of Table I. 

Values of Gy have been computed using the formula 


2x* In2 h/me?75 
Gy=2'gCy= |- no | mc(h/mc)*, (1) 
fio. 


“J. Fisc om B. Leontic, A. Lundby, 
Stroot, Phys. Rev. Letters 3, 349 (1959), 
25R. A. Reiter, T. A. Romanowski, 
sg Phys. Rev. Letters 5, 22 1980). 
wy, Telegdi, R. A. Swanson, R. A. Lundby, and D. D. 
rv Ee private communications quoted in references 23 and 
The muon mass is quoted only in reference 25. 
27 R. K. Bardin, C. A. Barnes, W. A. Fowler, and P. 
Phys. Rev. Letters 5, 323 (1960). 
28 1D. L. Hendrie and J. B. Gerhart (to be published). 
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which is a variation of the one discussed by Konopin- 
ski.” These values, computed from the uncorrected ft 
value of Table I and from the variously corrected ft 
values, are given in Table II. These values for Gy may 
be compared with the coupling constant calculated 
from muon decay using the V—A theory. Using the 
most recent measurement”® of muon mass, 206.76+0.03 
electron masses, a weighted average of the muon mean 
life,24*-26 2.210+0.003 usec, and the formula” 

6/7 .W 


G,? 6r* hc 


(2) 
where Wo is the maximum energy the electrons may 
have and is almost exactly half the muon rest mass, we 
calculate G, to be (1.428+0.002)10-® erg cm’. If 
we use the muon radiative correction of Berman,”! 
the corrected G, is 1.43210- erg cm*, The muon 
radiative corrections of Durand ef al. give a value of 
(1.438+0,.002) 10-* erg cm* for G, which is in fair 
agreement with their value of Gy, (1.426+0.004) x 10-° 
erg cm*, but they used different definitions for Gy and 
G, from the usual ones in Lagrangian theory, and the 
theoretical significance of this equality is therefore not 
clear. The deviations of Gy and G, are listed in Table II 
in the row beneath the values of G,. 

Table II also lists the predicted values of 1, ob- 
tained when one applies the respective corrections to 
the O"* and muon decay rates. These values may be 
directly compared with a weighted mean of the ob- 
served**~*6 values of 7,, 2.210+0.003 psec. 

The last row of Table II lists the differences between 
the predicted values of r, and the experimental value, 
expressed as a percentage. During the calculation of the 
numbers in Table IT, all interim numbers were carried 
with two extra digits, the final entries then being 
rounded off. 
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Analysis of Long-Range Alpha-Emission Data 


R. D. GriFFIOEN AND J. O. RASMUSSEN 
Lawrence Radiation Laboratory, University of California, Berkeley, California 
(Received November 2, 1960) 


Alpha barrier penetrabilities for the long-range alpha particles of Po* and Po™ are calculated by using 
the diffuse exponential nuclear potential derived from optical-model analysis of alpha-particle elastic- 
scattering data. The calculations are made on the same basis as reported by Rasmussen in two previous 
publications. Partial half-lives for alpha and gamma emission are calculated on the assumption that the 
long-range alpha decay is unhindered with respect to the ground-state alpha decay. 


INTRODUCTION cussed,' and numerical results for all measured alpha- 


ASMUSSEN has reported alpha-decay barrier- particle transitions of even-even! and odd-mass? nuclei 
penetration calculations using an exponential were given. The alpha-nuclear potential used was the 
nuclear potential.' Details of the calculation were dis- _real part of a potential given by Igo to fit alpha elastic- 


E ( kev) Ir 
~2880 





~2697 





2508.5 
440.8 


Fic. 1. Level scheme and decay 

\ Ze scheme of Po** as given by Bishop 

>” 1415.9 (reference 4). EZ in Mev includes 

v : electron screening correction. Al- 

pha intensities in square brackets 

9 1281.3 relative to Na, (ground state) 

‘“ 5 > : . ¢ 

9° =10°. E, in kev. Gamma intensi- 

ties in parenthesis relative to Ny 
(609 kev) =1. 


1238.3(0.15 
1408.0(0.18 


609.3(1) 


0 be O+ 


o/s Pe™" T,(G.S.)= 1.636 x 10 *sec 
a/ > 


| J. O. Rasmussen, Phys. Rev. 113, 1593 (1959). 
2 J. O. Rasmussen, Phys. Rev. 115, 1675 (1959). 
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scattering data’: 
| 1.17At—r 
V (r) = —1100 exp} ————— 
| 0.574 


Mev. 


This potential is used here to calculate with the 
IBM-650 computer the alpha-decay barrier-penetration 
factors for the long-range alpha particles from the ex- 
cited states of Po? and Po*'*. The centrifugal potential 
for the angular momentum of the alpha particle, as 
determined from the decay schemes, is included in these 
calculations. The penetration factors are used to calcu- 
late the partial half-lives of the levels for alpha decay, 
assuming that the decay is unhindered with respect to 


Pb?!9 level 
populated 


9.2i% 


Fic. 2. Level scheme and decay 
scheme of Po* as given by Hauser 
(reference 5). Eq in Mev includes 
electron screening correction. Al- 
pha intensities in square brackets 
relative to Na (ground state) 
=10°. Pb*° level populated in 
alpha decay: O0=ground state; 
1=first excited state; 2=second 
excited state. 


3G. Igo, Phys. Rev. Letters 1, 72 (1958). 
*G. R. Bishop, Nuclear Phys. 5, 358 (1958). 
5 U. Hauser, Z. Physik 150, 599 (1958). 


LONG-RANGE a 


EMISSION DATA 1775 
the ground-state decay. The relative alpha-particle and 
gamma-ray abundances are then used to calculate par- 
tial half-lives for the gamma transitions from these 


same states. 


Po?!4 


In the case of Po**, two different proposed level 
schemes and decay schemes are used. The first of these, 
due to Bishop‘ (see Fig. 1), assumes that all of the 
long-range alpha groups arise from transitions to the 
ground state of Pb*”. The second, due to Hauser® (see 
Fig. 2), proposes that three of the long-range alpha 
groups arise from transitions to excited states of Pb?”. 
This proposal was made to account for the fact that 
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TasLe I. Po* alpha-barrier penetration factors and partial half-lives of excited states based on the decay scheme due to Bishop." 





rela- a N, 
Eq with tive angu relative 
screening to 10° lar to 10? 
Energy correc- ground- mo- Barrier Partial a ground- Partial Single-particle 
level tion state men- penetration half-life state ER, y half-life, half-life ,° 
(kev) (Mev) decays® tum factor, P (sec) decays (kev) 74 (sec) Tsp (sec) 


om | 


0 7.714 108 1.58 10718 
609.3 8.312 0.43 2 4.65x10-% 
1281.3 8.971 0.45 3.43 X 10-8 
1378.0 9.066 (2.7)4 2 3.4610-% 


.636X 10 ‘ns ale aoe a cere 
x 10-* 42 609.3 5.6 10-2 40 10-"(F2 7.1 
x 10-8 (1.3)(?) 1281.3 2.6 10-” oe ee 
x 10-8 5.9 1378 (3.4X10-")¢4 6.8 10-3( £2) (0.2)4 
4.6 769 (4.4X10-")4¢ = 1.3107" (£2) (3.0)4 
5.5 107-4 (W1) (0.012)4 


w wan 


1415.9 9.103 22.0 6.93X10-8 3. x 10-8 


S 
w& 
< 
> 


806.3 3 “uu 9.9 1072( £2) 0.16 
1668.4 ; 13 2.6 10-3 0.32 
1848.5 5. 1 1.6 1073 ( £2) 0.29 
1238.3 if 13 1.2x10-" ) 8.0 

1.3107" 0.087 
2016.7 1.0 10-8 0.53 
1408.0 ld 6.1 107" 41 

8.9 10-4 0.59 
1534 >5. 13 4.0 10- <0.69 
1661 > 1. “1 2.7 10 } <19 
2441 3. a 3.9X 10-* (J 1.1 
2508.5 ui “4 3.4 10-4 0.54 


1668.0  . 0.38 1.52 10-" i Xie 
1847.6 a 1.35 3.64X 10-" 1 X10~° 


W a7 00 We 


2016.7 9.693 0.35 8.11X10- 3.2 x10 


3S Aeon 


aa 


2144 9.818 4 471xX10" 55 x<10° 
2270.2 9.941 0.36 4 834x100" 3.1 10° 
2440.8 10.109 1.67 2 548x104" 7 X10-" 
2508.5 10.176 0.38 2 71.36X10" 3. 


[AIA 
once 
ieee 





* See reference 4. 

> G. H. Briggs, Revs. Modern Phys. 26, 1 (1954). 

¢ Calculated from the formulas given by Moszkowski (reference 6). 

4 These values were calculated assuming that the partial y half-life of the 1378-kev gamma is five times the single-particle gam 
¢ Conversion electrons. Strength parameter |p| «x =0.035 [see E. L. Church and J. Weneser, Phys. Rev. 103, 1035 (1956). ] 


TaBLe II. Po alpha-barrier penetration factors and partial half-lives of excited states based on the decay scheme due to Hauser.* 


N. a N, 
Ek, with relative angu relative 
screen to 10° lar to 10? 
Energy ing cor- ground- mo Barrier Partial a ground- Partial Single 
level rection state men- penetration half-life state E, half-life half 
(kev) (Mev) decays> tum factor, P (sec) decays (kev) y (sec T 


parti 
life, 


sec 


0 7.714 106 ( 1.58K10— + 1.636 10-4 see cae ‘P 8*=0.111 Mev) 
6.951 -~10?4 2.99 10-" 6 xX10° . vee oe 2=().0096 Mev) 
609.3 8.312 0.43 465X10™" 55 x10-* 609.3 5.6K10-2 4.010 
1281.3 8.971 0.45 2.0810-8 1. x 10-7 a 1281.3 4310-2 98x10 
1415.9 9.103 22.0 6.93X10-" x 107% ( e€ ose -r 
a 806.3 6.3K10-" 9.9«10 
1847.6 9.527 1.35 3.64 10-" : x 10~° 4 1848.5 5.6X10-"3 1.6 10—™ 
1238.3 1.5xX10-" 1.210 
1.310 
2016.7 9.693 Sux : x10~ . 2016.7 1.9X10-% 1.010 
1408.0 1.5x10-" 6.1«10 
8.9 10 
2440.8 10.109 5.48 10-4 7 X<10~-" : 2441 3.7X10-" 3.9 10-4 
9 346 A. 2 x 10-8 13 
2508.5 10.176 é . d x10 ‘ 1900 3.7 4 §61.4 1073 
3 «10-1 >2.0X10-" 1.410 
3.6 107 . 
2700 10.363 2 1.65X10-" 1.56 «107 5x10 2700 3.5K 107 4) ‘ 0.069 
2.27 10-" : < 107-1 2.6 107" y ‘ 0.092 
0.005 
2886 10.546 3.54K10-" 7.3 «10 43X10 2886 3.9X 10 4 0.44 
4.87K10—-" 53 <10-" 2.8107 : ‘ 0.61 
1.0 10-% ) 0.036 
3046 10.703 6.71 10-" «10-" 3.7X107 3046 1.0*10-" 1.3«10-4 13 
9.939 4.15 10-" «10-1 6.0 10-8 0.022 


® See reference 5. 

> G. H. Briggs, Revs. Modern Phys. 26, 1 (1954). 

© Calculated from the formulas given by Moszkowski (reference 6). 

4 R. J. Walen and G. Bastin, Proceedings of the International Congress on Nuclear Physics, 1958 (Dunod Publishing Company, Paris, 1959), pp. 910-916 
* Conversion electrons. Strength parameter is |p| x =0.035 [see E. L. Church and J. Weneser, Phys. Rev. 103, 1035 (1956) ]. e oie x 





ANALYSTS, OF «LONG 
gamma rays from the levels corresponding to some of 
the alpha groups have not been detected. 

The numerical results for Po** are summarized in 
Tables I and II along with the decay-scheme data 
utilized. The alpha barrier-penetration factor, P, is 
given for each of the states, assuming spins and parities 
as indicated in Figs. 1 and 2. This penetration factor is 
then used to calculate the partial alpha half-life for 
each level: 

=! 


a, excited state a, ground state 


(P,/ Pe); 


where P, and P, are penetration factors for the ground- 
state and excited-state alpha decay. 

This partial alpha half-life and the relative alpha and 
gamma abundances lead to partial gamma half-lives, 
which are compared with single-particle gamma half- 
lives calculated from the formulas given by Mosz- 
kowski.® The value obtained by Nierhaus and Daniel’ 
of 19% of the beta transitions in Bi? going directly to 
the ground state of Po** was used. The gamma-ray 
intensities in both cases are taken from the work of 
Bishop‘ and of Dzhelepov et al.* 


Taste III. Ratio of reduced width to first excited state to reduced 
width to ground state for Po** alpha-emitting levels. 


& (excited state) / 
Level (kev) & (ground state) 


0 0.086 
2441 5.1 
3046 58 


No alpha group has been detected from the 1378-kev 
level. By comparison with the £2 transitions from the 
1281- and 1416-kev levels the partial gamma half-life 
of the 1378-kev gamma ray is assumed to be five times 
the single-particle value. This assumption gives a value 
of 2.7 alphas from this level per 10° ground-state transi- 
tions. This number could easily be unresolved from the 
abundant alpha group from the 0+ 1416-kev level; 
thus, the data on this level are consistent with the 
alpha-decay data. 

The calculations also show that it is reasonable that 
some of the gamma rays from certain alpha-emitting 
states have not been detected, On the other hand, the 
second decay scheme allows one to calculate relative 
reduced transition probabilities, 5? (see reference 1), for 
the decay of a few given levels to the first excited state 
and to the ground state of Pb*". This ratio is shown in 
Table III, and is seen to increase greatly as the energy 
increases. This would indicate that the transition ‘o ‘he 
ground state becomes quite hindered as the energy of the 
initial state increases. 


6S. A. Moszkowski, in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (Interscience Publishers, New York, 1955), 
chap. XIII. 
. Nierhaus and H. Daniel, Z. Naturforsch. 12A, 1 (1957). 
. Dzhelepov, S. Shestopalova, and I. Uchevatkin, Nuclear 
Phys. 5, 413 (1958). 
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ists. 7 


(0.018) 
(0,002) 


727 |(10.2) 
1800}(0.008 


(0.0035) £6 o 


2) 
(100) 
Fic. 3. Level scheme and decay scheme of Po*? as given by 
Emery and Kane (reference 9). E, in Mev includes electron 


screening correction. Ey in key. All intensities (in parenthesis) 
relative to 100 Po*” ground-state transitions. 


Poze 


The results of these calculations do not differ appre- 
ciably from those of Hauser,® who used a simpler po- 
tential and experimental level spacings. The calculations 
on the groups leading to excited states are very inter- 
esting. The large variation in reduced transition proba- 
bilities shown in Table ITI indicates that the assumption 
of alpha decay to the excited states of Pb? may not 
be valid. 


Po*” 
212 


The level scheme and decay scheme of Po?! due to 
Emery and Kane’ and also to Sergeev et al. is shown 
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Fic. 4. Half-lives of first excited (2+-) levels of even-even nuclei— 
ratio of single-particle to experimental half-lives. 
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9G. T. Emery and W. R. Kane; Phys. Rev. 118, 755 (1960). 
10 A. G. Sergeev, E. M. Krisyuk, G. D. Latyshev, Yu. N. 
Trofimov, and A. S. Remennyi, Soviet Phys.-JETP 6, 878 (1958). 
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Taste [V. Po* alpha-barrier penetration factors and partial half-lives of excited states. 
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*G. H. Briggs, Revs. Modern Phys. 26, 1 (1954). 
» Calculated from the formulas given by Moszkowski (reference 6) 
see E. L. Church and J. Weneser, Phys. Rev. 103, 1035 


¢ Conversion electrons. Strength parameter is |p| « =0.041 [ 1956) ] 
; 


half-lives" for first excited (2+) states in even-even 
nuclei are shown in Fig. 4 as a function of mass number. 
The ratios calculated here for Po?” 
very well with the general trend, indicating that the 
assumption of unhindered alpha decay is probably good 


in Fig. 3. The results for Po* are summarized in 


Table IV. The gamma intensities and multipolarities 
are taken from Emery and Kane’ and the level energies and Po agree 
from Sergeev ef al. 

Partial alpha and gamma half-lives are calculated as 
in the case of Po* above. The results here differ by 
: o tee S ten _ , - Fane 9 a agg . 
about a factor of two from those of Emery and Kane, "DP. Strominger, J. M. Hollander, and G. T. Seaborg, Revs. 
who also based their calculations on the ground-state Modern Phys. 30, 585 (1958). 

: : : . 2R. H. Davis, A. S. Divatia, D. A. Lind, and R. D. Moffat 

decay w hile using a simpler potential. . Phys. Rev. 103, 1801 (1956) 
Ratios of single-particle half-lives to experimental 4 F, K. McGowan and P. H. Stelson, Phys. Rev. 99, 112 (1956). 


for these first excited states 





PHYSICAL REVIEW VOLUME 121, NUMBER 6 MARCH 15, 1961 


Method to Obtain the Energy Dependence of Reaction Cross Sections 
When a Compound Nucleus is Formed* 


RAYMOND Fox AND RicHArp D. ALBERT 
Lawrence Radiation Laboratory, University of California, Livermore, California 
(Received November 10, 1960) 


It is found that measuring the energy distributions of emitted particles at two different incident energies 
and two reaction cross sections is sufficient to obtain the energy dependence of a reaction cross section when 
it is known that a compound nucleus is formed. The cross sections obtained are a function of the excitation 
energy of the residual nucleus. They are the usual reaction cross sections at zero excitation energy when the 
assumption is made that the reaction cross section does not vary with the excitation energy of the target 
nucleus. By comparing the reaction cross sections thus obtained with measured nonelastic cross sections, the 
compound elastic cross section may also be obtained. An example using this method is given in which two 
measured energy distributions and two measured cross sections were used to obtain the energy dependence of 


the reaction cross section of nickel in the 2.5- to 7-Mev energy range. 


INTRODUCTION 


OTAL reaction cross sections are difficult to ob- 
tain. To obtain an individual reaction cross 
section for a particular incident particle at a particular 
energy, the reaction cross section of all the emitted 
particles must be determined. Many such reaction cross 
sections are needed to obtain information of the charac- 
teristics of nuclear structure. There is some evidence, at 
the present time, that the primary mode of reaction for 
incident neutrons and charged particles is via the for- 
mation of a compound nucleus, at relatively low incident 
energies and over a wide range of target nuclei. A 
method is here described in which many reaction cross 
sections as a function of energy are obtained for a 
particle when it is known that a compound nucleus is 
formed. 


THEORY AND THE CALCULATIONAL PROCEDURE 


A universal relation describing the reciprocity of a 
nuclear reaction is! 


0 (b,a)/ Av =O (a,b)/ A.’, (1) 


where o(b,a) is the cross section for the reaction of a 
particle 6 on a nucleus Y in a particular configuration 
Cy resulting in the emission of a particle a, and a nucleus 
X in a configuration Cx; o(a,b) is the cross section for 
the reaction of a particle @ with a nucleus X in a con- 
figuration Cx, resulting in the emission of a particle 3, 
and a nucleus Y in a configuration Cy; A, is the de 
Broglie wavelength of particle }; and 4, is the de Broglie 
wavelength of particle a. 

The formation of a compound nucleus and its decay 
is one of the few reactions where this reciprocity 
theorem can be used. The reactions in which we will be 
interested will have the nucleus Y at an excitation E, 
corresponding to Cy, and the nucleus X in its ground 
state, corresponding to Cx. 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

1J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), p. 337. 


The decay rate of a compound nucleus C with the 
emission of a particle } is given by the following 
expression? ; 


T(a,e)\= K (a)o (Eye) P(E), 


where J(a,e) is the differential scattering cross section 
per Mev per steradian divided by «¢ (the kinetic energy 
of the relative motion of the emitted particle 6 and the 
residual nucleus) for an incident energy a (the kinetic 
energy of the relative motion of the incident particle a 
and the target nucleus) all evaluated in the c.m. system ; 
K (a) is a function of the incident energy a, and is inde- 
pendent of E or e; o(£,e) is the average cross section in 
an energy interval Ae for the particle 6 with an incident 
energy « relative to the residual nucleus at an excitation 
energy E in the c.m. system (the energy interval Ae is 
defined by the experimental equipment); and P(Z£) is 
the number of levels in the energy interval Ae at an 
excitation energy E of the residual nucleus. 

We are using primarily only the basic Bohr assump- 
tion of the theory of the compound nucleus: independ- 
ence of the formation and decay of the compound 
nucleus. It is not necessary for the present purpose to 
invoke the statistical model to predict the energy level 
spacing of the residual nucleus, nor to assume any 
interference between energy levels. 

The excitation energy region of interest varies from 
0 to Em, where E,, is the energy necessary for the emis- 
sion of particle 6 plus another particle. Z, is normally 
about 7 Mev or greater. 

Two energy distributions are measured for incident 
energies a; and a2, where ag=a);+Ae and Ae is a small 
energy increment. The experimental resolution is Ae or 
less. The energy distribution of particle 6 is given by 
Eq. (2). We then have the set of equations representing 
the energy distribution according to compound nucleus 
theory for an incident energy, a1: 


I(a3,€1)= K (a1)¢(ai+Q-— €1, €:)P(ai+Q- €1), (3) 


? Reference 1, p. 367. 
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where 
aytO— En<e<aitQ, 


and « varies from a;+Q—E,, to ai:+@Q in Ae steps. 
There are F,,/Ae equations. Similarly, for the incident 
energy a2 we have the set of equations: 


I (a2, €2) = K (az)o (a2 +O— €2, €2)P(a2tQO—e2), (4) 


where 


a+O— Em< € <a2t+Q, 


and ¢ varies from a,+Q0—E£,, to a2+Q( in energy inter- 
vals of Ae. 

Two reaction cross sections are measured for incident 
energies y; and y2, where yo=y:+Ae and y; is an 
arbitrary energy. The cross sections oo(y1) and oo(y2) 
for the residual nucleus in its ground state are thus 
known. 

For the present, let us assume that the reaction cross 
sections are independent of excitation energy. In order 
to eliminate the constants Ka, and Kaz, Eq. (3) is 
divided by its value at energy y; and Eq. (4) is divided 
by its value at energy y2. This gives 


T(as,€1) o(€:)P(ai+Q-—«:) 


I(axy1) o(a1)P(a+0—71) 


T(as,€2) o(€2)P(a2+Q—e2) 
amen = - mn saree, (6) 
T(a2¥2) o(y¥2)P(a2t+O—Y2) 


If we remember that a2=a;+Ae and y2=7:+ Ae, it is 
easy to see that the P(Z)’s are eliminated in the ratio 
obtained by dividing Eq. (5) by Eq. (6) when e and é2 
are related by the relation, ¢:= + Ae. 

The following general relation may be obtained: 


o(yit+(n+1)Ace) 
I (as, vyit(n+1)Ae) 


= fo(yi+nAde)—— 
I (ay, yitnAe) 
where 
T(a1,7¥1) a(y2) 


~  T(aayys) o(y1 ) 
When x=1, this becomes 
o(yit2Ac)= fo(y2)I (a2, yotAc)/1 (a1,72). 


n is varied from n= 1 up to its maximum positive value 
determined by the following limits: 


y2<yit (n+ 1)Ae<ay. 


The remaining cross sections are obtained by varying n 
from n= —1 to its maximum negative value determined 
by the following limits: 

ai+O-— Bw <1 —nAe<y. 


Thus it is only necessary to know two reaction cross 
sections at energies y; and y,;+Ae and two energy 
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Fic. 1. Relative intensity distributions of emitted protons as a 
function of ¢ for incident protons of 7.8 and 8.4 Mev on Ni 
at 135°. 


distributions at a; and a;+Ae to obtain the reaction 
cross section as a function of energy. The energy 7; 
should be chosen as close to a; as possible since this then 
corresponds to the nucleus near its ground state which 
is compatible with the ground-state measured cross 
sections. It is not possible to take y;=a,; because of 
limitations introduced by the elastic scattering peak and 
low excited level structure. 

Each reaction cross section thus obtained will corre- 
spond to a nucleus having an excitation energy given by 
(a: +Q—e). By varying a; and 7, a complete family of 
cross-section curves plotted against particle energy with 
excitation energy as a parameter may be obtained. 

By the use of this procedure it is also possible to 
obtain information about the compound elastic cross 
section. 

The compound elastic differential scattering cross 
section is normally difficult to obtain, since experiments 
measure the total elastic cross section which is the sum 
of compound elastic and shape elastic cross sections. 
However, at high energy there is little compound elastic 
cross section present due to competition of the large 
number of channels available for inelastic scattering. 
Reaction cross sections and energy spectra are measured 
at high energies where compound elastic scattering is 
small. By the use of these energy spectra, the measured 
cross sections, and Eq. (7), reaction cross sections are 
obtained for low energies. The inelastic scattering cross 
section excluding compound elastic scattering, plus the 
cross section for the emission of all other particles, is 
measured at low energies where compound elastic scat- 
tering is large. The compound elastic scattering cross 
section is obtained by subtracting these contributions 
from the reaction cross section. 





ENERGY DEPENDENCE OI! 


AN EXAMPLE 


An example using Eq. (7) will now be described. The 
energy distribution of the emitted protons at 135° from 
Ni®® has been measured at incident proton energies of 
7.8 and 8.4 Mev.* The energy spectra are shown in Fig. 1 
and are plotted against « (the kinetic energy of the 
relative motion of the emitted proton and the residual 
nucleus in the c.m. system). The distributions are cor- 
rected for the variation in solid angle in the c.m. system 
as a function of the emitted proton energy. The incident 
energies are given in the laboratory system. 

The energy dependence of the (p,m) cross section on 
Ni was measured in the energy region of 4.5 to 5.1 
Mev.‘ We assume for this example that the proton 
reaction cross section in this energy region is pro- 
portional to the (p,m) cross section due to the similarity 
in nuclear structure of the different Ni isotopes. In Eq. 
(7), we let y:=4.5 and y2=5.1. 

The Coulomb proton reaction cross sections were 
calculated from the expression® 


G 4s,KR 
o.=9h? Y (2/+1) <a 
10 AfP+(KR+s,)" 
where X is the wavelength of the incident proton, K is 
the wavelength of the prcton inside the nucleus, R is the 


nuclear radius, 
dG, dF \\) 
e)sn() 
dr 


( dF, dG; 
dr dr J | 
} r= Py 


3R. Fox and R. D. Albert, Phys. Rev. 121, 597 (1961) 
*R. D. Albert, Phys. Rev. 115, 925 (1959). 
5 Reference 1, p. 354. 


s;=R 2 
\ J F?+G? 
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Fic. 2. Energy dependence of the proton reaction cross section 
of Ni and the comparison with the energy dependence of the 
Coulomb cross section. 


F, and G,, the regular and irregular solutions of the 
Coulomb wave equation, were generated by means ofan 
IBM 650 coded program. In calculating K, a nuclear 
potential of 45 Mev was used. In our particular ex- 
ample, we used R equal to 5.81 10—-" cm. 

Using Eq. (7), the ratio of the reaction cross section 
to o5.; as a function of energy for our data is shown as 
the solid curve in Fig. 2. The ratio of the Coulomb cross 
section to o5,, aS a function of energy is shown as the 
dashed curve in Fig. 2. The two curves overlap one 
another. Let us assume that the reaction cross section 
does not vary with excitation of the target nucleus and 
that a compound nucleus is formed for incident energies 
of 7.8 and 8.4 Mev. Then to the extent that we have 
used the approximation of a sharp-edged black nucleus 
model, it appears that the proton reaction cross section 
is Coulomb in the energy region 2.7—7.0 Mev. 
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Decay of Ne'* 


J. W. Butter anp K. L. Dounninc 
Nucleonics Division, U. S. Naval Research Laboratory, Washington, D. C. 


(Received November 2, 1960) 


The radioactive nuclide Ne'* has been produced in the O'*(He',m) Ne'® reaction by 5.2~-Mev He’ particles 
from the NRL 5-Mv Van de Graaff accelerator. The target, CaO on a Pt backing, was about 300 kev thick 
to the incident beam. The gamma rays following the decay of Ne'® were detected by a 3-in. diam by 3-in. 
NalI(T]) crystal and a 256-channel pulse-height analyzer. Only one nuclear gamma ray was observed. Its 
energy, measured with respect to the Na gamma ray at 1.2736+0.0016 Mev, is 1.041+-0.005 Mev. There 
fore, this gamma ray is assigned to the 1.04-Mev state of F"*. This state is considered to be the isobaric 
spin analog state of the Ne" ground state, and therefore has quantum parameters 0*, 7=1. The branching 
to this excited state was measured to be 0.07+0.02 (including a calculated contribution of 0.00006 from 
orbital electron capture), and that to the ground state of F'* was measured to be 0.93+40.02 (including a 
calculated contribution of 0.0002 from orbital electron capture). The ft values are, respectively, 30304880 
and 1120+70 sec. The half-life of Ne'* was measured to be 1.46-+0.07 sec. 


INTRODUCTION 


HE energy-level structure of the nuclide F'* has 

only recently received much attention from 
physicists. Prior to 1951, not one excited state was 
known below an excitation of about 6 Mev. However, 
theoretical work by Redlich' and Elliott and Flowers’ 
on the application of shell-model theory to the nuclides 
in the mass 18-19 region has stimulated a great deal 
of interest in the experimental study of the low-lying 
excited states and their quantum parameters for such 
nuclides as F"8, 

Prior to 1955, the only investigation of the low-lying 
energy levels in F"* was that of Middleton and Tai,’ 
who used photographic emulsions to obtain the energy 
spectrum of alpha particles from the Ne”(d,a)F'* 
reaction. They found levels at 1.05+0.02 Mev and 
1.830.02 Mev and at several higher energies. Price,' 
using the N"(a,y)F'® reaction and scintillation spec- 
trometry methods, found a level at 1.075+0.010 Mev 
and deduced that it is involved in a gamma-ray cascade 
from two alpha-particle-capture resonances. They 
associated this state with the 1.05-Mev state of Middle- 
ton and Tai. Butler ef al.,5 using the O'*(He*, py) F"* 
reaction and a scintillation spectrometer, found two 
gamma rays in the vicinity of 1 Mev (0.94 and 1.06 
Mev), another gamma ray of 1.69 Mev, and several 
higher energy gamma rays. They also used the 
O'8(p,ny)F'® reaction “and the gamma-ray threshold 
technique to ascertain that there were two states in F'8 
at energies corresponding to the two gamma rays at 
about 1 Mev.* They identified their 0.94-Mev level 
with the 1.05-Mev level of Middleton and Tai and 


"1M. G. Redlich, Phys. Rev. 95, 448 (1954); 110, 468 (1958). 


2j. P. Elliott and B. H. 
A229, 536 (1955). 

3R. Middleton and C. T. Tai, 
A64, 801 (1951). 

*P. C. Price, Proc. Phys. Soc. (London) A68, 553 (1955). 

5 J. W. Butler, H. D. Holmgren, and W. E. Kunz, Bull. Am. 
Phys. Soc. 1, 29 (1956). 

®J. W. Butler, Oral Report, New York American Physical 
Society Meeting, 1956; quoted in Nuclear Sci. Abstr. 10, No. 24 B, 
28 (1956). 


Flowers, Proc. Roy. Soc. (London) 
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their 1.69-Mev level with the 1.83-Mev level of Middle- 
ton and Tai, because all of the higher levels also showed 
a difference of about 0.1 Mev in the same direction. 
It was assumed that the 1.06-Mev state was a new 
state and that it was the 7=1 analog of the ground 
state of O'*. It was also assumed that the 0.94-Mev 
state was a 7=0 state since it was probably the one 
observed by Middleton and Tai using the Ne” (d,a)F'* 
reaction, which, according to the simple application of 
isobaric spin selection rules, could not excite a T=1 
state. These assumptions were supported by a detailed 
consideration of all available evidence, including the 
angular distributions and cascade schemes observed by 
Price in the N'(a,y)F'8 reaction. 

Naggiar e/ al.,’* using the O'*(p,ny)F'® reaction and 
a scintillation spectrometer, confirmed the existence of 
two states in F'® at about 1 Mev, their measured 
gamma-ray energies being 0.94+0.02 and 1.04+0.02 
Mev. From a measurement of the Doppler shift of the 
1.04-Mev gamma ray, they concluded that the 1.04- 
Mev state probably is the 7=1 analog of the O'% 
ground state. Almqvist ef al.,° using the N“(a,y)F'® 
reaction and scintillation spectrometry techniques, 
including time-coincidence requirements, measured 
angular distributions of the gamma rays and their 
branching ratios. They observed gamma rays of 0.94 
and 1.08 Mev and several higher energy gamma rays 
and assumed that the two lower energy gamma rays 
were the same as those observed in the O'*(He*, py) F'® 
reaction. Kuehner ef al.,° using the O'*(He*,py)F's 
reaction and the same techniques as Almqvist ef al., 
measured angular distributions of these gamma rays 
and their branching ratios. Their analysis indicated 

7V. Naggiar, M. Roclawski-Conjeaud, D. Szteinsznaider, and 
J. Thirion, J. phys. radium 17, 561 (1956). 

8D. Szteinsznaider, M. Roclawski-Conjeaud, and V. Naggiar, 
Compt. rend. 244, 445 (1957). 

*E. Almqvist, D. A. Bromley, and J. A. Kuehner, Bull. Am. 
Phys. Soc. 3, 27 (1958). 


10 J. A. Kuehner, E. Almqvist, and D. A. Bromley, Bull. Am 
Phys. Soc. 3, 27 (1958). 
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that the 1.08-Mev state was probably the 0*, T7=1 
analog state of the O'* ground state. 

More recently, Phillips" and Middleton,” employing 
magnetic analysis of the protons from the O'*(He’, p) F'’ 
reaction, found three groups of protons corresponding 
to excited states in the vicinity of 1 Mev in F"’, their 
values being 0.940, 1.045, and 1.125 Mev and 0.935, 
1.040, and 1.120 Mev, respectively. Kuehner ef al. 
re-examined the 1.08-Mev gamma ray from the 
N"(a,y)F"® reaction, obtaining 1.075+0.010 Mev, 
which was incompatible with any of the three levels 
obtained from the magnetic analysis of protons. 
Therefore, using magnetic analysis, they made careful 
measurements of the proton groups from the 
O'*(He*,p) F'* reaction for several different bombarding 
energies and at several different angles of observation, 
assuming that resonance effects might influence the 
relative intensities and angular distributions of the 
different proton groups. Their results indicated that 
there were actually four excited states near 1 Mev, 
their energies being 0.940, 1.045, 1.080, and 1.125 Mev. 
These results were published by Kuehner e¢ al.,’* and 
further work by Hinds and Middleton“ confirmed the 
existence of four levels at essentially the same energies. 
Thus, the situation concerning the region of excitation 
in F'® below a few Mev seemed to be well understood. 
However, recent work by Hinds and Middleton'® 
indicates that the lowest 7=1 state in F'* might be 
the 1.04-Mev state instead of the 1.08-Mev state. An 
independent check of the identity of the lowest T=1 
state is therefore highly desirable. 

One rather direct way of checking the T=1 assign- 
ment of the 1.08-Mev state is by observation of the 
decay of Ne'*. Since Ne'® is an even, even nucleus, it 
is very probable that it has a 0* ground state. Therefore, 
it should decay very strongly to its T=1 analog state 
in F'® since this would be a superallowed transition, 
and sufficient energy is available from the decay to 
populate all excited states below about 3 Mev. Gow 
and Alvarez'® produced Ne'*® with the F"(p,2m)Ne'® 
reaction and measured its positron end point as 3.20.2 
Mev and its half-life to be 1.60.2 sec. They did not 
attempt to observe any gamma rays associated with 
the decay of Ne’’, nor did they obtain the beta spectrum 
at beta energies less than about 2 Mev. Thus, their 
work provided no evidence for a conclusion as to 
whether or not positrons were populating states in F'§ 
other than the ground state. 

Dunning and Butler’? measured the threshold energy 


1G. C. Phillips (private communication). 

12. R. Middleton (private communication to J. A. Kuehner). 

13 J. A. Kuehner, E. Almqvist, and D. A. Bromley, Phys. Rev. 
Letters 1, 260 (1958). 

44S. Hinds and R. Middleton, Proc. Phys. Soc. (London) 73, 
721 (1959). 

16S. Hinds and R. Middleton, Proc. Phys. Soc. (London) 74, 
762 (1959). 

16 J. D. Gow and L. W. Alvarez, Phys. Rev. 94, 365 (1954). 

17K. L. Dunning and J. W. Butler, Bull. Am. Phys. Soc. 4, 
444 (1959). 
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for the O'*(He’,n)Ne'* reaction to be 3.811+0.015 Mev. 
From this value and the table of masses of Everling 
el al.,\* the end point of positrons populating the ground 
state of F'® is calculated to be 3.423+0.013 Mev. 
Dunning and Butler also measured the half-life of 
Ne'’, obtaining a value of 1.25-0.20 sec. 

The present experiment is an effort to check the 
T='1 assignment of the 1.08-Mev state of F'* by means 
of the detection and measurement of the gamma rays 
from excited states of F'* resulting from the positron 
decay of Ne'’. A further purpose is to determine the 
complete decay scheme of Ne'*: gamma-ray energies, 
branching ratios, and half-life. 


EXPERIMENTAL PROCEDURE FOR GAMMA-RAY 
ENERGY MEASUREMENTS 


The Ne'® was produced by 5.2-Mev He’ particles 
impinging on a target of CaO at a resonance in the 
O'*(He®,n)Ne'® reaction. The singly charged He’ parti- 
cles were supplied by the NRL 5-Mv Van de Graaff 
Accelerator. The target was prepared by the electro- 
deposition of Ca onto a Pt disk, 15/32-in. diam 0.010 
in. thick. The Ca was then oxidized and purged of 
impurities by being heated in an atmosphere of oxygen 
at 2500°F for 6 hr. The resulting CaO layer was about 
300 kev thick to the incident He* beam. The target 
was protected from vacuum system contaminants by 
being enclosed in a surface at liquid-nitrogen temper- 
ature.'® 

Thé gamma rays were detected by a 3-in.X3-in. 
Nal(TI) crystal and associated electronic equipment, 
including a 256-channel pulse-height analyzer. The 
spectrometer was calibrated with a Na™ source. 

A graded attenuator was placed between the target 
(Ne'® source) and the crystal, whose axis was in the 
horizontal plane containing the beam and was perpen- 
dicular to the axis of the target holder. The target 
holder itself has 0.020-in. stainless steel walls. Outside 
the cylindrical target holder was a cylindrical sleeve of 
paraffin, 0.125 in. thick, for the purpose of stopping 
the positrons in a reasonably small volume and with a 
minimum of bremsstrahlung. Between the paraffin 
sleeve and the Nal crystal was the graded attenuator 
for the purpose of reducing the very high intensity of 
the annihilation radiation with respect to higher energy 
(but lower intensity) nuclear gamma rays. The attenu- 
ator consisted of 0.3 in. of lead, 0.016 in. of tantalum, 
0.012 in. of cadmium, 0.010 in. of zinc, 0.032 in. of 
aluminum (the crystal container), and 0.2 in. of MgO 
(the crystal reflector). 

Since Ne!’ has a short half-life, 1.5 sec, and since the 
O'*(He*®,x)Ne'® cross sections at bombarding energies 
below 5.5 Mev were observed to be very small compared 
with the competing O'*(He’,p)F'® and O'*(He’,a)O' 


18, Everling, L. A. Konig, J. H. E. 
Wapstra, Nuclear Phys. 15, 342 (1960). 
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Rev. 110, 1076 (1958). 
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reactions, it was necessary to use a special procedure 
to obtain the decay spectrum of Ne'®. F'® has a half-life 
of approximately 2 hr and is a positron emitter. O 
has a half-life of approximately 2 min and is also a 
positron emitter. There was also very intense prompt 
gamma radiation leading to the ground states of F'* 
and O" 7, necessitating a procedure for removing the 
high voltage from the phototube during the time the 
beam was on target to avoid significant shifts in 
phototube gain due to the radically different counting 
rates. 

The datum taking procedure was as follows. The 
target was bombarded for about 0.1 sec during which 
time the high voltage on the phototube was partially 
removed by the connecting of the first dynode to the 
cathode by means of a relay. Since the voltage was not 
removed from the phototube as a whole, the recovery 
period following removal of the short was very brief. 
About 10 milliseconds following the bombardment, 
the dynode was disconnected from the cathode, and 
about 100 milliseconds following the bombardment, 
the count switch of the 256-channel analyzer was 
turned on, and counts were stored in the left half of 
the memory of the analyzer. This counting period 
lasted 2 sec and was timed by a scaler recording the 
60 cycles per second from the commercial power line. 
About 8 sec following the bombardment (by which 
time essentially all the Ne'® had decayed) counts were 
stored in the right half of the 256-channel analyzer, 
again for 2 sec, the precise time being recorded by 
another scaler counting 60 cycles per second. 

After each of the bombard-count cycles described 
above, there was a waiting period of five to ten min 
during which time the 2-min activity (O'*) diminished 
in intensity. A single-channel analyzer, set for the 
annihilation radiation photopeak, was used to determine 
when the 2-min activity had almost disappeared. The 
usual criterion was that the annihilation radiation be 
less than about 5000 counts/min before a new bombard- 
count cycle was initiated. Immediately after the disap- 
pearance of the Ne'® activity, the background annihi- 
lation radiation was usually of the order of 20000 
counts/min. 

The purpose of the counting period for the right half 
of the memory of the 256-channel analyzer was twofold : 
(1) to obtain a rough measure of the half-life of any 
nuclear gamma rays observed in the left-half spectrum, 
and (2) to_obtain an accurate measure of the back- 
ground spectrum associated with the left-half spectrum. 
The background was different for each bombard-count 
cycle because of (1) the buildup of O” and F'’, and 
(2) unequal beam intensities from cycle to cycle. Thus 
the right half of the analyzer contained the background 
to be subtracted from the counts in the left half in 
order to obtain the net counts from the decay of Ne!®, 
and included counts due to the 2-min O" activity, the 
2-hr F'S activity, accelerator background, and room 
background. 
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Fic. 1. Gamma-ray spectra measured in the present experiment. 
The five different spectra are shown on the same graph in order to 
conserve space and are placed on the graph in an order consistent 
with minimum space consumption. The curves are as follows: 
A (left scale), Na® spectrum with same geometry and attenuation 
as Ne!® source (Curve C); B (left scaleX10), combined simul- 
taneous spectrum of Ne'® and Na”; C. (left scaleX10*), Ne'® 
spectrum including background; D (left scaleX 10%), background 
spectrum for Curve C; and E (left scale X10 or right scale), net 
Ne!® spectrum (Curve C minus Curve D) 


Subtraction of the background was particularly 
important in the determination of the branching ratio 
because the net annihilation radiation photopeak gave 
the measure of the total number of decays of Ne’®. 

The data in the two halves of the memory of the 
analyzer were allowed to accumulate for a series of 
bombard-count cycles. After 64 of these bombard-count 
cycles, the 2-hr activity was allowed to disappear by 
an overnight wait. The following day 85 bombard- 
count cycles were made, giving a total of 149 cycles 
for the two days. 

Several times during the period of datum accumu- 
lation, the gain of the spectrometer was checked 
utilizing the right half of the memory. The accumulated 
background spectrum was obtained by the addition 
of all of the spectra erased for the gain check. 


RESULTS OF GAMMA-RAY ENERGY 
MEASUREMENTS 


The accumulated spectrum in the left half of the 
memory of the analyzer for 149 bombard-count cycles 
is shown in Fig. 1, Curve C. The left-hand scale, 
multiplied by 10, applies. Except for the annihilation 
radiation photopeak, only one other photopeak is 
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observable—at an energy slightly over 1 Mev. Curve D 
(left-hand scale times 10*) shows the spectrum in the 
right half of the analyzer (background). The back- 
ground contains a large amount of annihilation radi- 
ation, but no evidence for a gamma ray in the vicinity 
of 1 Mev (or any other energy). Thus, the half-life of 
the source of the 1-Mev gamma ray is short compared 
to 8 sec (the waiting period between the recording of 
the two different spectra) and is therefore consistent 
with the measured half-life of Ne!® (1.46 sec, discussed 
later). 

The net spectrum due to the decay of Ne'*® is shown 
as Curve E (right-hand scale) and was obtained as 
Curve C minus Curve D. There is evidence for a peak 
of low intensity at about 1.5 Mev in the difference 
spectrum. This is a sum peak and arises from the 
summing of nuclear gamma-ray pulses and annihilation 
radiation pulses, each being from the same Ne!® decay, 
and each having photopeak interactions. An upper 
limit of about 2% of the intensity of the 1-Mev gamma 
ray can be placed on any other gamma ray which 
might be present and which is above 1.2 Mev in energy. 

The precise determination of the energy of the 1.04- 
Mev gamma ray was made by the simultaneous 
recording of the Ne'® and Na” spectra. To a first 
approximation, this procedure eliminated spectrometer 
gain shifts between calibration and measurement. 
However, since the phototube gain was observed to be 


dependent on the counting rate, and since the counting 
rate was not constant because of the decay of Ne'’, a 
second-order shift in gain between the Na” and Ne’® 
spectra did occur. That is, the majority of Ne'® counts 
appeared during the first half of the counting period, 


while the Na* counts were statistically uniform 
throughout the period. Thus, if the phototube gain did 
shift during the counting period, the effective gain for 
the Ne'® counts would be slightly different from the 
effective gain for the Na” counts, but this second-order 
effect should be extremely small. 

Curve B (left-hand scale times 10) shows the com- 
bined Na” and Ne'* spectrum (no background has been 
subtracted). The energy of the Ne'* gamma ray, based 
on the Na” gamma ray as 1.2736+0.0016 Mev,” is 
1.041+0.005 Mev. Therefore, the gamma ray is 
assigned to the 1.043-Mev state in F'’, the 0.940- and 
1.085-Mev states being well outside the uncertainty. 
Since the only state in F'8 observed to be populated in 
the decay of Ne’ is the 1.04-Mev state, it is considered 
to be the analog of the ground state in Ne'® and is 
therefore assigned the quantum parameters 0+, T=1. 

The decay scheme of Ne'® is depicted in Fig. 2, 
following the usual format of the Nuclear Data Group 
of the National Academy of Sciences—National Re- 
search Council. The values of the energy levels are the 


*P. P. Singh, H. W. Dosso, and G. M. Griffiths, Can. J. 
Phys. 37, 1055 (1959). 
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of Ne!*. The labels on the transition 
energies, branching ratios, and logft 


weighted averages given by 
Lauritsen.” 

Beta-decay transitions to the 0.940- and 1.127-Mev 
states are not expected to be observable because they 
are “forbidden” by the selection rules, but if the 
1.085-Mev state has a spin and parity of 0* as indicated 
by Kuehner ef al., one would expect it to be populated 
in the decay of Ne'®. Since such population is not 
observed, a reasonable conclusion is that the 1.085-Mev 
state probably has negative parity. 


Ajzenberg-Selove and 


HALF-LIFE MEASUREMENT 


Two previous measurements of the half-life of Ne’® 
have been made. Gow and Alvarez'*® obtained the value 
1.60.2 sec, and Dunning and Butler’? obtained the 
value 1.25+0.20 sec. These values are in nominal 
agreement, but both contain relatively large uncer- 
tainties, so a third measurement is considered desirable. 

The experimental procedure was somewhat similar 
to the bombard-count cycles*reviously described, but 
instead of the gamma-ray energy spectrum being 
recorded on the 256-channel analyzer, the counts from 
a single-channel analyzer, set for the annihilation 
radiation photopeak, were recorded in the analyzer 
which was used as a sequencing scaler. That is, the 
channel, or address, was advanced at a uniform rate, 
and the counts were stored in each channel as that 
channel was activated. 

The address-advance pulses came from a binary 
scaler which was modified in such a way that the output 
pulses from any binary stage could be shaped and fed 
to the small two-tube input amplifier which already 
existed on the scaler chassis, and then sent to the 
address scaler of the 256-channel analyzer. The input 


° 
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to the address-advance scaler was the 60 cycles/sec 
from the commercial power line, and this was scaled 
down by 4 binary stages, so the input to the address 
scaler was 60/16 cycles/sec. The input circuits of the 
256-channel analyzer were modified so that pulse 
analysis time was about 5 microseconds instead of the 
usually much longer time. 

Fifteen of these bombard-count cycles were recorded, 
each one being recorded independently before the 
memory of the analyzer was cleared for the next cycle. 
The background for each cycle was determined by the 
counts in the channels corresponding to times after the 
essentially complete decay of the Ne'’, and subtracted 
from the total counts in the channels of interest before 
the various runs were added together for a combined 
decay curve. The dead-time correction was also made 
to each channel before the adding process. 

The result of the half-life measurement is 1.46-+0.07 
sec. This value is in satisfactory agreement with both 
previous values, and results in an appreciably reduced 
uncertainty. 


BRANCHING RATIO MEASUREMENT 


The branching ratio measurements are based on the 
photopeak areas for annihilation radiation and the 
nuclear gamma ray of Curve E£, Fig. 1. The ratio of the 
gamma-ray photopeak area to the annihilation photo- 
peak area gives the percentage branching to the excited 
state of F'* if the appropriate corrections are made for 
geometry, attenuation, efficiency, and the fact that 
each decay involves two annihilation quanta. Two 
further small corrections arise from the occasional] 
summing of a gamma-ray photon and an annihilation 
photon, and from a small fraction of the positrons 
annihilating in flight. 

An experimental check on this method was made with 
the use of the Na” source. Since fundamentally, Na” 
and Ne"* have similar decay schemes, a Na” source was 
placed in the same relative position as that previously 
occupied by the target, with the same amount of 
attenuation shielding, and the spectrum recorded, as 
shown in Curve A (left-hand scale) of Fig. 1. Thus, 
the spectrometer was “calibrated” in terms of branching 
ratios since the branching ratio of Na” is well known. 
A correction was made because of the fact that the two 
gamma-ray energies are not quite the same, and 
therefore, the efficiencies and attenuations were not 
identical. 

Both methods agreed very well with each other, 
giving a branching ratio of 7+2% (including 0.006% 
orbital electron capture) leading to the 1.04-Mev state, 
and 93+ 2% (including 0.02% orbital electron capture) 
leading to the ground state. The fractions leading to 
orbital electron capture were calculated from the 
curves of Feenberg and Trigg.” 

The most important uncertainty in the branching 


* E. Feenberg and G. Trigg, Revs. Modern Phys. 22, 399 (1950). 
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TaBLeE I. Summary of numerical results of the present experiment. 





Ne'® half-life 

Gamma-ray energy 

Branching ratio 
Ground state 


0.07 sec 
0.005 Mey 


0.02 
0.0002 
0.07 + 
0.00006 
1120 + 70 
3030 +880 


1.04-Mev state 0.02 


ft (ground state) 
jt (excited state) 


ratio measurement is the unknown fraction of the 
positrons from the Ne'® decay escaping down the 
vacuum tube through which the He* beam had passed 
to bombard the target. The effect of such escaping 
positrons would be to lower the annihilation photopeak, 
thus making the apparent branching ratio to the 
excited state appear to be somewhat higher than it 
really is. A reasonable estimate of this effect was 
made and included in the results given above. The 
experimental arrangement could have been improved 
somewhat in this respect by the placing of a baffle 
fairly close to the target to pass the collimated He® 
beam, but thick enough to stop the positrons. 

Another effect having a remote possibility of influ- 
encing the results is the escape of Ne’, in the form of 
gas, before decaying. This effect is in the opposite 
direction to the escape of positrons mentioned above, 
and hence would tend to compensate for the other one. 
However, since the nuclear reactions producing the 
Ne'® take place inside the surface of the CaO target, 
it appears very unlikely that the Ne'® would migrate 
out in less than 2 sec. 

A summary of the numerical results of the present 
experiment is given in Table I. The ft values are based 
on the half-life and branching ratios from the present 
experiment and also on the threshold energy for the 
O'*(He®,n)Ne'® reaction,'? the 1960 table of masses,'® 
and the table of f values of Moszkowski and Jantzen.” 

The first attempts to observe the decay of Ne'® in 
the course of the present experiment gave an indication 
for a gamma ray of about 1.65 Mev in addition to the 
1.04-Mev gamma ray. A simple calculation indicated 
that the intensity of the 1.65-Mev peak could not be 
accounted for on the basis of the summing of the 
1.04-Mev gamma-ray photopeak pulse and the pulse 
from one of the associated coincident annihilation 
quanta, nor could it be due to normal accidental 
coincidences between the nuclear gamma rays and 
annihilation quanta. These results were therefore 
reported in abstract form.”* When the experiment was 
repeated with a completely different set of experimental 
equipment, there was no evidence for a 1.65-Mev peak, 
and this fact was reported orally.™ 

*3S. A. Moszkowski and K. M. Jantzen, University of Cali- 
fornia, Los Angeles, Technical Report No. 10-26-55, 1956 
(unpublished). 

* J. W. Butler and K. L. Dunning, Bull. Am. Phys. Soc. 5, 


101 (1960). 
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When no 1.65-Mev peak was observable in the later 
series of experiments, the following efforts were made 
to decide between the two series of experiments. The 
multichannel analyzers used were of the Argonne- 
Wilkinson type and therefore relatively slow and 
complicated. A different type of analyzer, the Oak 
Ridge type 20-channel analyzer, was then used to 
cover the region from 1.4-1.9 Mev. The spectrum 
obtained with it showed no evidence for a 1.65-Mev 
gamma ray, and we therefore conclude that no 1.65- 
Mev gamma ray is associated with the decay of Ne’*. 
The previously observed 1.65-Mev peak was apparently 
a type of electronic “ghost”’ peak of the 1.04-Mev peak. 


DISCUSSION 


The mode of decay of Ne'* populating the ground 
state of F'* is very similar to the decay of He®. In both 
cases, there are two identical particles (except for spin 
orientation) outside a compact core; the initial states 
are both 0+, T=1; the final states are both 1+, 7=0; 
the radiation is pure Gamow-Teller; and the log ft 
values are, respectively, 3.05+0.03 and 2.92+0.01. 
The decay of O" populating the ground state of N™ 
is similar except for the anomalously small matrix 
elements for beta transitions to the ground state of N“. 

The mode of decay of Ne'* populating the excited 
state of F' is analogous to the corresponding mode of 
decay of O" populating the excited state in N™. Again, 
there are two identical particles outside a compact core ; 
the initial and final states are all Ot, 7=1; the radiation 
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is pure Fermi; and the log ft values are, respectively, 
3.48+0.13 and 3.49+0.01. 

The decay of Ne'® is almost unique in one respect. 
The decay is observed to proceed via only two channels, 
one of which involves pure Fermi radiation, and the 
other pure Gamow-Teller radiation. (C and O” are 
the only other known examples in which this situation 
occurs.) Thus, from the branching ratio of the decay 
of Ne'’, one can calculate the ratio of Gamow-Teller 
and Fermi coupling strengths for the particular value 
of Z involved, if the overlap of the wave functions for 
the Ne'® ground state and the F'* ground state can be 
calculated, or if the lifetime of the 1.04-Mev state is 
measured. 

If one assumes charge symmetry of nuclear forces, 
and assumes that the Coulomb effects can be treated 
as a small perturbation, the reduced matrix element for 
the decay of Ne'® to the ground state of F'* should be 
the same as that for the decay of F'* to the ground state 
of O'8. The Ne'® transition should then be (2J+1)=3 
times faster because of the J=1 spin of the ground 
state of F'8. The log ft value” of the F'® transition is 
3.620+0.016, which is in reasonable agreement with 
the value obtained from Ne'* decay, 3.050+0.025 
+log 3=3.527+0.025. 
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The study of the interaction p+ — A+-A, performed with the 72-inch hydrogen bubble chamber, has 
yielded 11 of these events in a total of 21 100 antiproton interactions at 1.61 Bev/c. The cross section for 
A-+A production was estimated as 57+18 yb. Eight of the 11 antilambda particles went forward in the c.m. 
system. At the higher momentum of 1.99 Bev/c, one single-V and one double-V event fitting A+ A produc- 
tion unambiguously and one single-V and one double-V event fitting 2°+ A or °+ A were observed in 4920 
antiproton interactions. These events yield a A—A production cross section of 55+40 ub; this value is 
consistent .with that predicted by the ratio of phase space on the basis of the 1.61-Bev/c data. No charged 
antisigma events were observed at the higher momentum. Three stages of particle separation utilizing 
velocity-selecting spectrometers were employed. At the lower momentum, background pions were one-third 
as numerous as antiprotons at the bubble chamber and the flux of antiprotons was about one per picture. At 
the higher momentum, the background pion to antiproton ratio was 1.8, and the flux of antiprotons was one 
every 6 pulses. Delta rays on incident interacting tracks were used to determine beam composition 


I. INTRODUCTION 


HE study of the production and the decay of anti- 
lambda particles via the reaction p-+p— A+A 
was the first physics experiment performed with the 72- 
inch hydrogen bubble chamber. It was hoped at the 
outset of this experiment that the production cross 
section would be large enough to yield several hundred 
antilambda events in a reasonable length of time. The 
cross section has proved disappointingly small. 

We have seen only 11 cases of this reaction in a total 
of 21 100 antiproton interactions at 1.61 Bev/c. In these 
events, one or both of the lambdas decayed through 
their charged modes. As the branching ratio of neutral 
to charged-plus-neutral decay is 3 for the lambda or 
antilambda, the 11 observed events should be increased 
by % to include the doubly neutral decay. This process 
is therefore 0.059% of the total antiproton interaction 
cross section. Using the measured total cross section of 
Elioff ef al.;! we obtain 57-18 ub as the cross section for 
this reaction. 

Of the 11 observed events, 8 were cases in which the 
antilambda was produced in the forward hemisphere in 
the c.m. system. Figure 1 shows the first event that we 
obtained. Momentum and angle of production, as meas- 
ured, are plotted in Fig. 2 for each of the visible lambda 
and antilambda decays from ~+p—>A+A. Table I 
summarizes the results from fitting each of the 11 events 
by applying constraints of energy and momentum con- 
servation. In fitting, the mass of the antilambda was 
assumed: equal to that of the lambda; this equality is 
demanded by the CPT invariance of the production re- 
action. The events yielding charged decay of the anti- 
lambda were examined to determine the lifetime of the 


+ This work was done under the auspices of the U. S. Atomic 
Energy Commission. 
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antilambda by a maximum-likelihood calculation. The 
value found was (2.8_».7+!")10-" sec. This is con- 
sistent with the prediction of equality for lambda and 
antilambda lifetimes, which also follows from CPT 
invariance of the preduction reaction. 

The beam momentum was raised above the antisigma 
threshold to 2.02 Bev/c. Two events of the type 
p+p— A+A, two events of the type +p — S°+A or 
>°+-A, and no events of the type p+» — > *+2Z+ were 
observed in a total of 4920 antiproton interactions. 

Prior to this experiment, an event yielding an anti- 
lambda had been reported by Baldo-Ceolin and 
Prowse. No antisigma had been observed. 


II. BEAM DESIGN 


The lower antiproton momentum selected was 1.64 
Bev/c and the higher momentum was 2.02 Bev/c. (The 
thresholds for production of A—A, A— 2° or 2°—A, and 
2—2 pairs are 1.43, 1.64, and 1.85 to 1.90 Bev/c, re- 
spectively.) The “separated” beam design was patterned 
after the 1.17-Bev/c K~ beam of Eberhard, Good, and 
Ticho.? As the desired rejection ratio for pions relative 
to antiprotons was 30 000 and the distance between the 
Bevatron and the 72-inch chamber was about 200 ft, 
three separator systems were used. Each system con- 
sisted basically of two magnetic quadrupole lenses 
(triplet), one parallel-plate velocity spectrometer (with 
crossed electric and magnetic fields), and one slit. The 
separation of the antiprotons from the pions was 
achieved by the action of these velocity-selecting 
spectrometers on a momentum-analyzed beam. The re- 
jection of the vertically deflected pions was accomplished 
by the defining slits placed at vertical foci. 

The momentum analysis was done in the horizontal 
1a M. Baldo-Ceolin and D. J. Prowse, Bull 
163 (1958). 

2P. Eberhard, M. L. Good, H. K. Ticho, University of Cali- 
fornia Radiation Laboratory Report UCRL-8878, August, 1959 
(unpublished). 
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Fic. 1. First example of anti- 
lambda production in the 72-inch 
hydrogen bubble chamber. The 
antilambda was produced with a 
momentum in the laboratory sys 
tem of 720+5 Mev/c; it went 
backwards in the center-of-mass 
system. The antiproton from decay 
of the antilambda annihilated with 
a target proton to produce four 
charged pions. 


Fig. 3). The first quadrupole (Q1) focused the target 
horizontally on the principal plane of the second 
quadrupole (Q2) (see Fig. 4). The dispersion in mo- 
mentum caused by the Bevatron field was thus trans- 


median plane of the Bevatron’s circulating proton beam. 
The negative particles were extracted from the target 
through a hole in the magnet yoke located 35 degrees 
beyond the west straight section of the Bevatron (see 


TABLE I. Summary of x? values and production kinematics obtained by fitting decay and production vertices of antilambda-lambda 
events. In five cases, both antilambda and lambda decayed through charged modes; in four events, only the antilambda was seen; and 


in two cases, only the lambda was observed. 


2 2 


Event . x 
No. Adecay' A decay 


Pin 
(Mev c) 





2.0 
0.91 


0.01 no inc. track 


18 
18 
2.9 
17 
8.3 
14 


eh a 


w 


Ww 
. 


as 


KeUNnNnNe Ns 


7 


1615+3 
1603+6 
none 
1646+8 
1620+4 
1580+6 
1615+11 
i616+9 
1604+8 
1688+18 
1545+4 


Pa 
Mey 
720 


1111 


993 b 


1157- 


1049+ 


1006- 


590+ 


r 


64K 


1 
aeg 


20.1+0.3 
3.2+0.2 


5.9+0.2 
11.4+0.3 
10.2+0.3 
17.8+0.4 
17.3+0.3 
14.9+0.1 
16.2+1.4 
15.3+0.5 


616+5 
1068+ 20 
804+8 
72947 
745+13 
808+15 


BA 


(deg) 


14.8+0.2 


7.2+0.4 


13.5+0.4 
19.3+0.3 
16.7+0.6 

9.7+0.7 
19.4+0.4 
19.5+0.4 
23.2+0.3 
14.9+0.3 


(deg) 
113.5 
13.8 
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Fic. 2. Plot of production angle 
vs momentum (in the labora- 
tory system) for antilambda and 
lambda of the eleven events ob- 
served at 1.61 Bev/c. The scat- 
tering of some of the events results 
from variation in incident mo- 
mentum from the front to the rear 
of the chamber. Momenta are from 
hand fits of decays. The solid 
ellipses represent antilambda pro- 
duction; the dashed ellipses, 
lambda production. 








0.8 1.0 
P, , (Bev/c) 


formed into a spatial distribution at Q2, and the mo- 
mentum bite was determined by collimation in Q2 (30 
inches of uranium). The following quadrupoles (Q2 
through (6) were arranged as field lenses horizontally to 
give optimum transmission of the accepted momentum 
bite. In addition, the horizontal optics included two 


bending magnets (BM1 and BM2). The first was re- 
quired solely to avoid a Bevatron building support 
column (J) in the first separator system. After the third 
separator system, a second bending magnet was used as 
a clearing field to sweep off-momentum components out 
of the beam in conjunction with uranium and lead 
collimation at the bubble chamber. The collimation was 
designed for a 20-degree bend. 

The velocity selection was achieved in the vertical 
plane by deflecting the undesired pions and muons out 
of the horizontal plane. The parallel-plate velocity 
spectrometers utilize crossed electric (£) and magnetic 
(H) fields, with the electric field vertical and the mag- 
netic field horizontal. With such an arrangement, par- 
ticles with velocity 8o>= E/H traverse the spectrometer 
undeflected, whereas particles with some other velocity 





are deflected out of the horizontal plane by an angle 


eV L 1 
Ag=— a(-) radians, 
cp d B 


where p=momentum of particle in ev/c, V = voltage 
applied to the spectrometer plates, d= separation of the 
plates, L=length of the plates, and A(1/8)=1/8)—1/8, 
the difference in 1/8 for the two velocities in question. 

This angular separation A@ was transformed into a 
spatial separation, S, by means of the optical arrange- 
ment shown in Fig. 5. 

In the vertical plane the object rays were bent into 
a parallel beam within the spectrometer by the first 
lens and then focused to an image at the slit by the 
second lens. (The effectiveness of each system for re- 
jecting the undesired particles depends on the ratio of 
the image width W to the separation S. The width, W, 
is determined by target size, multiple scattering in 
windows, and chromatic and spherical aberrations of all 
electric and magnetic fields in the system.) Multiple 
scattering in the Bevatron exit window and the first 


Fic. 3. The beam layout. The anti- 
protons were produced in the target 
(T) by the 6.2-Bev proton beam of the 
Bevatron and were directed over a 
200-foot path to the 72-inch liquid 
hydrogen bubble chamber (BC). The 
beam channel consisted of a “nose 
cone” magnetic shield (NC), six triplet 
8-inch quadrupoles (Q1---Q6), two 
bending magnets (BM1 and BM2), 
three parallel-plate velocity spec- 
trometers (SP1,SP2,SP3), and three 
slits ($1,$2,S3). 





REACTION 


TABLE IT. Summary of beam characteristics. 





Energy of protons incident on 
Bevatron target 


Antiproton beam 

Momentum (at target) 

Momentum (center of 72-in. 
bubble chamber) 

Momentum spread (at bubble 
chamber) 

Solid angle 

Production angle (relative to 
internal proton beam) 

Transmission of total system 

Average fp flux per picture 


Target 
Material 
Size 


Physical position—Radius to 
outside edge 
Azimuth (NW quadrant 
measurement from West 
tangent tank) 
Distance from Q entrance 
Virtual position— (distance 
from principal plane of Q1) 
Horizontally 
Vertically 


Separation 
Spectrometer characteristics 
Plate length 
Width of uniform field 
Plate spacing 
Average operating voltage 
(1/p) A(1/8) parameter 
Average angular separation 
Image widths W (vertical) at 
slits (1st/2nd/3rd systems) 
Magnification (vertical) per 
stage 
Separation S per stage 
W/S 


Pion/antiproton ratio at 
target 
~at 72-inch bubble 
chamber 
Rejection ratio for pions 
System 1 
System 2 
System 3 
Total 


Beam composition and total flux 

Average beam composition at 
bubble chamber 
(p/9-/p-/K- 

Total number of antiprotons 
through chamber 

Number of antiproton 
interactions 


Low momentum 


6.2 Bev 


1.64 Bev/c 
1.61 Bev/c 


+0.020 Bev/c 


0.20 millisteradian 
1+1 deg 


0.33 
0.8 


Al 

5 in. azimuthally 
4 in. radially 

4 in. vertically 
599.4 in. 


22.34 deg 
190 in. 


600 in. 
230 in. 


19 ft 

6 in, 

24 in. 

385 kv 

0.092 (Bev/c)™ 
3.1 mr 
0.20/0.18/0.4 in.* 


1.2/1.0/1.0 


0.5/0.40/0.40 in. 
0.40/0.45/1.0* 


20 000/1 
0.36/1 


50 

100 

108 

5 xX 104» 


1.0/0.36/2.8/0.002 


46 000 
20 900 


High momentum 


6.2 Bev 


2.02 Bev/« 
1.99 Bev/c 


+0.030 Bev/. 


0.25 millisteradian 
11+1 deg 


0.10 
0.15 


same 
same 
596.0 in. 


23.65 deg 


180 in. 


350 in. 
230 in. 


30 000/11 
1.6/1 


2X10t! 


1.0/1.8/1.8/0.01 


* At the conclusion of the 1.64-Bev/c run, it was found that QO5 had a 


misplaced pole tip. 


obtained at the third slit in the 2.02-Bev/c run. 


> This 
chamber. 


than the antiproton beam proper. 


After this condition was corrected, a good image was 


rejection ratio is based on all visible pion background in the 
Much of the pion background actually has a lower momentum 


system’s entrance window, and the spherical aberrations 
of the first system were the most important contribu- 


tions to the width W. 


Under typical operating condi- 


tions, the pion image had a width, W, of 0.2 in. (full 
width at half maximum) and had a vertical displace- 


ment, S, of 0.4 in. 


The characteristics of the target 


, the beam, and the 


optical system are listed in detail for both the low-mo- 
mentum and high-momentum experiments in Table II. 

[Although the intensity and the transmission of the 
2.02-Bev/c beam were low, significant results were ob- 
tained at this momentum. The bubble chamber exposure 
gave a AS° (or AZ®) event,’ and an emulsion exposure 


3 J. Button et al., Phys. Rev. Letters 4, 530 (1960). 
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Counters 


Sp2 S12 Sp3 tsi am2t 


Fic. 4. Schematic diagram of the optics of the 1.64 and 2.02- 
Bev/c separated beams. The collimation in Q5 was used only in the 
2.02-Bev/c beam. (The symbols shown are defined in Fig. 3; U is 
uranium collimation or absorber.) 


gave a possible 5+ event.‘ The 1.64-Bev/c beam re- 
sulted in the A—A events described at Kiev® and in the 
more detailed report given in this paper. | 

The above is a description of the beam design. The 
operational procedure was first to tune the system to 
transmit the intense pion beam as determined by meas- 
urements with a hodoscope of scintillation counters, and 
then to adjust the magnetic fields of the spectrometers 
to transmit particles with the velocity of the antiprotons. 

In front of each slit was mounted a hodoscope or 
“sandwich” of several separate 0.20-inch-high scintil- 
lator counters. The outputs of each channel were dis- 
played consecutively on an oscilloscope trace. When the 
beam was centered about the separation of a pair of 
adjacent counters in the sandwich, equally high traces 
appeared on the oscilloscope. Thus, by centering the 
“sandwiches” appropriately on the centerlines of the 
slits, the beam could be steered into each slit by adjust- 
ment of the magnetic fields in the spectrometers. 

Then, upon determination of the magnetic fields re- 
quired in each system for transmitting the pion beam 
(a) with no voltage applied to the spectrometer plates 
(H,), and (6) with the desired operating voltage applied 
(H,), the magnetic field Hs required to transmit the 








Object 








i Images 
Second 


lens lens 


Fic. 5. The optics in the vertical plane for one separator system. 
The sons separation (4@) is transformed into the spatial separa- 
tion, S. The width (W) of the image is due to the size of the object, 
the chromatic and spherical aberrations of the electric and mag- 
netic fields, and the Taltieie Coulomb scattering in the windows 
of the vacuum systems. The ratio of W to S determines the 
effectiveness of the system for the rejection of the undesired 
particles. 

E. Amaldi et al., Nuovo cimento 16, 392 (1960). 

° M. L. Stevenson, 1959 International Conference on Physics of 

High-Energy Particles, Kiev, July, 1959 (unpublished). 
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antiprotons could be calculated. This field H is given 
by the equation 


(H15—Ho) _ (Bs Bs)(H.—H)), 


where 8, and §; are the velocities of the pions and 
antiprotons of the beam (corresponding to the 8 defined 
above). 

After the spectrometers were adjusted to transmit the 
antiprotons, the hodoscope was moved off the centerline 
of the slit into the rejected pion image. Thereafter 
control over minor changes in voltages and currents 
was attained by adjusting them to keep the rejected 
image centered in the hodoscope. The intensity of the 
rejected image at the third slit was quite low, so that 
integration of the counts over several pulses was re- 
quired in order to monitor the operation of the third 
system. Periodically, the whole adjustment procedure 
was repeated in order to maintain optimum transmission 
over the long period of operation of this beam. (This 
beam setup was in use at the Bevatron for approxi- 
mately five months, June through October, 1959.) 


Ill. ANALYSIS OF INTERACTIONS AND 
BEAM COMPOSITION 


Low Momentum 


The number of antiproton interactions in the chamber 
was determined by observing two quantities: the total 
number of interactions, VN = 22 600, and the number of 
5 rays greater than 1.0 cm in diameter (i.e., having 
kinetic energy greater than 3.7 Mev) on the corre- 
sponding incident tracks, N;= 292. (It is energetically 
impossible for a 1.61-Bev/c antiproton to produce a 6 
ray with energy greater than 3.7 Mev.) If we use the 
known cross section for production of 6 rays of >3.7 
Mev by 1.5-Bev/c pions, namely, 52 mb,® we can de- 
termine how many of the interactions were produced by 
pions. With correction for scanning efficiencies, this 
number is 3090. Since the K-meson flux is so small, we 
attribute the remainder of the interactions to anti- 
protons. We make an 8% correction to the number of 
antiproton interactions to take into account the fact 
that an antiproton scattering of less than 4.5 degrees is 
difficult or impossible to observe. The corrected number 
of antiproton interactions then becomes 21 100. If we 
use the total j cross section of 963 mb,! and correct 
for the 44% attenuation of the p beam in passing 
through the chamber, we conclude that 47 100 anti- 
protons were incident on the chamber. Similarly, if we 
use the known pion cross section’ of 34-1 mb and make 
a 2% correction for small-angle scatterings, we find 
that 16 700 pions were incident on the chamber. (The 
effective path length was 69 in. for antiprotons and 70 
in. for pions.) We determine the number of K-meson 
traversals by the observation of approximately 10 K- 
decays in flight. Since the probability of decay within 

®B. Rossi, High-Energy Particles (Prentice-Hall, Inc., New 


York, 1952), p. 15. 
7J. Cronin, Phys. Rev. 118, 824 (1960). 
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the chamber is 15% and detection efficiency is perhaps 
70%, we find that there were 100 K-meson traversals. 
Using the above numbers and the total number of 
incident tracks (196 000), we obtain the relative con- 
stituency given in Table II. 


High Momentum 


At the higher momentum, the counting of 6 rays on 
interacting tracks did not give a good estimate of the 
number of antiproton interactions, since the background 
pions were more numerous than the antiprotons. Also, 
statistics and scanning efficiency in counting 6 rays were 
poorer than at the low momentum. It was decided to use 
the number of 6-prongs to find the total number of 
antiproton interactions. 

The fraction of antiproton interactions yielding 6- 
prongs was determined by separating the high-mo- 
mentum film into two samples: those frames in which 
the antiproton time-of-flight counter coincidence regis- 
tered and those frames in which it did not. (The 
electronic efficiency for detecting antiprotons was de- 
termined to be approximately 80%.) By assuming the 
various scanning efficiencies to be the same in the two 
samples, the ratio between the numbers of pions in the 
samples was obtained from the ratio of the numbers of 
6 rays on interacting tracks in each. If Ig and J, repre- 
sent the total numbers of interactions in the first and 
second samples, respectively; if fa; and fs; represent 
the fraction of interactions going into channel i in each 
sample; and if r represents the ratio of 6 rays on 
interacting tracks in sample B to those in sample 4A; 
then the fraction of antiproton interactions (in either 
sample) going into channel 7 is given by 


foi= (fad a—rfada)/(Te—rla). 


The value of r was 0.42+0.07. It was found that the 
fraction of antiprotons yielding 6-prong events was 
0.061+0.005. The observance of 278 6-prong events in 
the good film from the high-momentum run thus yielded 
an estimate of 4920 total antiproton interactions (with 
correction made for small-angle scatters). The number 
of background pion interactions was found to be 3570. 

The antiproton total interaction cross section at 1.99 
Bev/c was known to be 89+4 mb,® and the pion cross 
section was 31+2 mb.° The effective path length for 
antiprotons and pions was 69-+1 in., as at the low mo- 
mentum. Thus, the numbers of antiprotons and pions 
incident on the chamber were 11.600 and 21 100 re- 
spectively. The beam constituency is given in Table II. 


IV. MEASUREMENT AND FITTING OF EVENTS 


Low Momentum 


At the low and high momenta we measured all events 
that had one or two charged V decays associated with an 


8 R. Armenteros, C. A. Coombes, B. Cork, G. R. Lambertson, 
and W. A. Wenzel, Phys. Rev. 119, 2068 (1960). 

*D. Clark, R. Cool, and O. Piccioni, Phys. Rev. 103, 1086 
(1956). 
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incident track giving no charged secondaries at the 
point of interaction. These measurements were ac- 
complished by use of the Franckenstein measuring 
projector specially designed to handle film from the 72- 
inch hydrogen chamber. Track coordinates measured in 
two of the three available stereoscopic views were read 
into an IBM 704 computer. A program called PANG 
(for momentum P and angle)'® developed by Frank 
Solmitz, Robert Harvey, and William Humphrey per- 
formed the track reconstruction; i.e., it calculated mo- 
mentum, azimuthal angle, and dip angle for each track. 

Initially interactions were analyzed by plotting angles 
on a stereographic projection or Wulff plot and com- 
paring values of included angle and momenta with 
those expected for K, A, or A decay and for p+ p— A+A 
or x +p— K°+A, K°+2°, or K°+A+ 7° production 
process. Subsequently, the IBM program known as 
KICK" (originally developed by Arthur Rosenfeld, 
James Snyder, and J. Peter Berge for the treatment of 
K-meson interactions) was utilized to fit interaction 
vertices by adjusting measured quantities under con- 
straints of energy and momentum conservation. Decay 
vertices were fitted, and results on the neutral tracks 
were passed on for fitting of the production vertex. A 
special type of fitting was done in the case of sigma 
production, for which the production and sigma-decay 
vertices were fitted simultaneously. 

In the lower momentum experiment, 30 double-V 
events and 60 single-V events were analyzed which were 
found to be antiproton or r-meson interactions. (Some 
additional ten events proved to be two-prong events, 
with large gaps in the incident track, or electron- 
positron pairs.) Events were remeasured which gave 
poor or ambiguous fits. The average number of measure- 
ments was two for the single V’s and 2% for the 
double V’s. 

It was necessary to correct for systematic error re- 
sulting from measurement of the last bubble of the 
incident track as the point of interaction. Since the 
interaction occurred, on the average, one mean gap 
length beyond the last bubble, this length was added to 
the incident track to obtain a better estimated point of 
interaction; this new end point was used to correct the 
direction of the neutrals before the fitting of every V 
event. : 

Distribution of x? for fitting of V decays and of x?/n 
for fitting production are given in Figs. 6 and 7. (In the 
latter expression, # is the number of degrees of freedom.) 
Median values of these distributions are 2 to 2.5 times 
as large as the expected values. The reasons for the large 

1 W. Humphrey, “A Description of the PANG Program,” 
Alvarez Group Memo 111, September 18, 1959, and Memo 115, 
October 25, 1959 (unpublished); A. H. Rosenfeld, Proceedings 
of the International Conference on High-Energy Accelerators and 
Instrumentation, CERN, 1959 (CERN, Geneva, 1959), p. 533. 

1 A. H. Rosenfeld and J. N. Snyder, University of California 
Radiation Laboratory Report UCRL-9098, February 16, 1960 
[Rev. Sci. Instr. (to be published) ]; J. P. Berge, F. T. Solmitz, and 


H. Taft, University of California Radiation Laboratory Report 
UCRL-9097, March 15, 1960 [Rev. Sci. Instr. (to be published) }. 
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Fic. 6. Distribution in x? values obtained in fitting K, A, and A 
decays. If errors were correctly estimated, the average value of x? 
should be 3. 


x? values are possibly that measurement inaccuracies 
are underestimated, that optical distortions give errors 
larger than those stated by PANG (especially in dip 
angle), or that there may be slight magnetic field errors 
or turbulence effects. For each event the mean value of 
x’ from available measurements was plotted. Generally, 
a fit was not considered conclusive unless at least one 
measurement gave a x’ for decay of <20 and a x? for 
production <8. In addition to the eleven cases of 
p+p— A+A, 19 examples of r-+ p — K°+A and 14 of 
x +p— K°+2° were found at the lower momentum. 
Characteristics of the A—A events have been presented 
in Table I and in Fig. 2. The identifiable x~+p back- 
ground events are shown on the plot of the A production 
angle versus momentum in Fig. 8. Data from both 
double and single V’s are given. 

The r-meson momentum spectrum was found to differ 
greatly from the antiproton spectrum. A plot of inci- 
dent momenta at the front of the chamber in lambda- 
antilambda and six-prong events (which are produced 
only by antiprotons) shows a sharp momentum peak at 
1640 Mev/c with a width at half-maximum of approxi- 
mately +30 Mev/c. Four-prong events and fits of r-+p 
interactions yielded an average r-meson momentum of 
1470 Mev/c with considerably greater spread than that 
of the antiproton momentum. (See Fig. 9.) For many 
events, discrimination between antiproton or pi-meson 
interaction hypotheses could be made on the basis of 
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Fic. 7. Distribution of x?/n values obtained in fitting production 
vertices of p+p— A+A, x~+p — K°+A, and 2-+)p — K°+2*. 
Information on neutrals from fitted V decays was passed on to the 
production vertex. The quantity m is the number of degrees of 
freedom; hence the expected value of x?/n is 1. 
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Fic. 8. Low-momentum background; 
plot of laboratory angle vs momentum for 
A’s produced by the reaction ~+)p — K® 
+A, er +p—>K°439, a +p—> K°+A 
+7°. The K°+A and K°+ 2° production 
curves were plotted for a pion momentum 
of 1.47 Bev/c (the average momentum of 
the pion at the point of interaction); the 
shaded area indicates the possible region 
for a A from decay of a 2°. The scattering 
of some of the events results from the 
spread of incident momenta, both from 
variation of beam momentum and varia- 
tion of energy loss in the chamber. The 
solid ellipses represent A’s from fits for 
a-+p— K°+<A. The curve for p+) — 
A+A at 1.61 Bev/c is plotted for compari- 
son with the background. 
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measured beam momentum; for antiproton hypotheses, 
agreement within three standard deviations was de- 
manded between the beam momentum calculated by 
PANG (from curvature) and the acceptable antiproton 
momentum. 

Curves drawn in Figs. 2 and 8 for production angle 
versus momentum were calculated for an incident mo- 
mentum of 1610 Mev/c for p+~— A+A and of 1470 
Mev/c for »-+p— K°+A or K°+2°. There is con- 
siderable scattering of experimental points about the 
K°+A curve because of incident momentum spread. 

The probability can be estimated of finding a pion 
reaction of the type *+p— K°+A-+n7® that re- 
sembles a p+) — A+A reaction. It is conceivable that 
the K° in the first reaction could be produced in such a 
direction and decay in such a manner as to look like the 
A in the second reaction. Pions were put through the 
chamber to investigate the K°+A-+ nr° reaction; how- 
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Fic. 9. Momentum spectra for antiprotons and for negative 
pions in the 1.64 Bev/c beam upon entry into the 72-inch hydrogen 
bubble chamber. 


ever, events from this film were few and were included 
with the background events plotted in Fig. 8. As a 
result of the background study and calculations on K- 
meson leptonic décay, we conclude that the probability 
is at most 10~ that any of the 11 reactions observed 
could be of the type 7-+ p — K°+A-+nr’°. 


High Momentum 


The first 20% of the film taken at the higher mo- 
mentum was poor because of difficulty in raising spec- 
trometer voltages to get good separation of antiprotons 
from pions. The estimates of antiproton and pion inter- 
actions given above did not include this poor film. How- 
ever, all double-V events and most single-V events were 
measured on the poor film for a study of pion back- 
ground. Analysis of these high-momentum events was 
carried out as described above for the low-momentum 
events. With the exception of 6000 pictures (<10% 
of total) on which single V’s were not measured, all 
events with identifiable lambda decays from pion inter- 
actions are plotted in Fig. 10. It is evident from the 
kinematics plot of Figs. 8 and 10 that there is 
much more overlap of the p+p—A+A with the 
x +p— K°+2° yield of lambdas at the higher mo- 
mentum than at the lower momentum; thus at 1.99 
Bev/c, ten single-V (lambda) K°—~° events and a few 
such K—A—nr°® events gave spurious fits to the former 
reaction. One single-V antilambda from A+<A produc- 
tion was observed. Two single-V events were found to fit 
lambda decay and A+ 5° production ; however, for these 
the possibility of lambda production by m+  inter- 
actions could not be excluded. One single-V event was 
fitted as an antilambda from A+ ° production. One 
double-V event was found in which antiproton annihi- 
lation yielded antilambda plus lambda and the anti- 
lambda subsequently scattered from a target proton. 
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Fic. 10. High-momentum back- 
ground; plot of laboratory angle vs 
momentum for pion interactions at 
1.94 Bev/c. Curves and plotted 
points have the same interpreta- 
tions as in Fig. 8. The curve for 
Pp+p—-A+A at 1.99 Bev/c is 
plotted for comparison with back- 
ground events. The curve for 
p+p — 3°+-A is also shown. 














(See Fig. 11.) The one double-V event which fit 2°+A 
or =°+A production has been reported.* 

At the higher momentum, the cross section for 
p+p— A+A given by the above results is 55440 ub; 
that predicted from the 1.61 Bev/c result on the basis 
of phase-space increase is 100+32 ub. The cross section 
for 5°+A and 2°+-A is of comparable magnitude. 


V. THEORETICAL PREDICTIONS FOR 
A—A PRODUCTION 


As nucleon-antinucleon interactions are not yet well 
understood, it is difficult to establish a good model for 
antihyperon-hyperon production. Comparatively little 
work has been done on the latter. Cross sections as 
functions of antiproton energy were predicted by 
Domokos through comparison with antiproton scat- 
tering.” Frautschi has treated lambda-antilambda pro- 
duction by considering K-meson exchange as analogous 
to w-meson exchange in charge-exchange scattering." In 
addition to this mechanism, we have considered phe- 
nomenologically nucleon core annihilation into lambda 
and antilambda by comparison with annihilation into 
two pions. Kovacs has used our experimental data to 
compare hyperon-pair with K-pair production on the 
basis of the usual statistical model." 

Domokos has calculated production cross sections for 
antihyperon-hyperon pairs obtained from antinucleon- 
nucleon annihilations as functions of the momentum of 
the incident antinucleon; he compares hyperon pair 
production with antinucleon-nucleon scattering to evalu- 
ate the matrix element and uses a thermodynamical 
method to calculate phase space. His results show little 
increase from 1.6 to 2.0 Bev/c; for antilambda-lambda 


12 C, Domokos, Central Research Institute for Physics, Labora- 
tory for Cosmic Rays, Budapest, Hungary (private communi- 
cation). 
8S. Frautschi, University of California, Berkeley (private 
communication). 
“J. S. Kovacs, 
communication), 


University of Colorado, Boulder (private 


production, fairly good agreement is obtained with the 
experimental value at 1.6 Bev/c. 

Two possible mechanisms for antilambda-lambda pro- 
duction suggest themselves as consequences of con- 
ventional theories: exchange of a K meson between 
nucleon and antinucleon or annihilation of antinucleon- 
nucleon cores. The first should occur at separation 
distances greater than the radius of the absorbing core 
and can be considered analogous to antiproton-proton 
scattering (with diffraction scattering subtracted) or to 
charge-exchange scattering (see Fig. 12); however, only 
the tail of the potential should be effective, as the K- 
meson Compton wavelength is very nearly the same as 
the estimated core radius (approximately 0.4 f). Core 
annihilation should occur at radii less than 0.4f and 
might be compared with annihilation into two pions. 
For either process only very rough estimates can be 
made. 

The cross section for K-meson exchange at 1 Bev can 
be calculated by comparing it with the antiproton 
charge-exchange cross section of 6 mb! and taking phase 
space to be proportional to the center-of-mass mo- 
mentum for the two-particle final state. Thus 


oxa™"=ony(Ps/Py)(As/Av)X$~6 mbX (290/690) 
X (As/An)X$=1260(Aa/Aw) wb. (1) 


The factor of $ accounts for isotopic-spin conservation ; 
the initial antiproton-proton system is 50% in the J=0 
state and 50% in the J=1 state, whereas the final AA 
system can only be in the 7=0 state. The quantity 
A,/Avy represents the ratio of squared matrix elements 
for the AA-producing and NN-producing exchange 
processes. If this quantity is =1, the estimate of oj, is 
an order of magnitude larger than the experimental 
value; if for A,/Aw a ratio of effective areas is used, 
with radii inversely proportional to the mass of the 


‘6D. B. Lichtenberg, in Midwest Conference on Theoretical 
Physics, Northwestern University, March, 1959 (unpublished). 





particle exchanged, the cross-section estimate is com- 
parable with the observed value. If Yukawa-type wave 
functions are integrated over a volume outside a cylinder 
containing the annihilating core, the value of A,4/Awn is 
2 (with the total volume integrals of K-meson and r- 
meson densities normalized to the same value); how- 
ever, with the assumption of the KAN coupling 
constant to be smaller than the rN N coupling constant, 
this A,/Ay value might be made consistent with 
experiment. 

The estimate for production of the lambda-anti- 
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Fic. 12. Possible mechanism for antilambda-lambda production as 
compared with the process of charge-exchange scattering. 


Fic. 11. Production of anti 
lambda and lambda hyperons by 
antiproton annihilation. The anti 
lambda scatters from a target 
proton. 


lambda pair from the core depends on the total 45-mb 
cross section for many-pion annihilation,'* the branching 
ratio into two-pion annihilation, and the relative phase- 
space ratio. The calculation yields 


S(22) Ps 
easton ~) (=) xax2xs 
din S(nw)/ \P, 


= 45 mb X (1/600) X (290/1140) X3~60 ub. (2) 


The branching ratio for annihilation into two pions, 
S(22)/¥.. S(nw)= 1/600, was obtained from calcula- 
tions of covariant phase space performed by Desai; the 
volume chosen was that found necessary for fitting the 


16 On the basis of results from the experiment reported here, a 
breakdown of the total antiproton-proton inelastic cross section 
into pion production, annihilation into pions, and annihilation into 
K pairs plus pions will soon be published. 
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observed pion multiplicity in annihilations.'7!* The 
factor of } results again from isotopic-spin conservation 
and the factor of 2 from pion indistinguishability; the 
factor of 3 is required by CP conservation, (The latter 
did not appear in the exchange-scattering calculation 
because both the processes compared led to final-state 
fermions; comparison of AA production with the pro- 
duction of two bosons, however, demands weighting 
according to the number of possible transitions from the 
given initial states to the differing final states available. ) 

As the estimates given here for lambda-antilambda 
production are certainly not exact to better than a 
factor of three, it cannot be said which of the above- 
described mechanisms is more consistent with the ex- 
perimental cross section. However, the angular distribu- 
tion of antilambdas tends to favor the mechanism of 
K-meson exchange, as the probability is only 11% that 
an isotropic distribution would give forward peaking 
equal to or greater than that observed. It may be that 
the effective extent of the absorbing core which gives 
rise to competing annihilation processes is not well 
enough known to permit evaluation of the A-meson 
exchange. 

Other calculations have been made by J. S. Kovacs. 
He uses the statistical model to compare antihyperon- 
hyperon production with annihilation processes pro- 
ducing a pair of K mesons. From data available on K- 
producing annihilation'® at 1.05 Bev/c and preliminary 
estimates on K abundance in the experiment reported 
here, he can predict the observed antihyperon produc- 
tion cross section with a hyperon volume which is 0.7 


17 B. R. Desai, Phys. Rev. 119, 1390 (1960). 

‘8 The experiment reported here has yielded 25 possible two-pion 
annihilation events and gives an upper limit of 1 such event in 
400 annihilations. Correction of systematic errors and elimination 
of background events should reduce this number to a value fairly 
consistent with the 1 in 600 quoted in the text. 

' R. Silberberg, University of California Radiation Laboratory 
Report UCRL-9183, April 11, 1960 (unpublished). 


times that associated with the K meson. He has also 
calculated the antihyperon-hyperon and K-pair abun- 
dances at higher energies. 
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We investigate the possibility of the detection of a photoproduced two-pion bound system. The genera! 
detection problem is discussed briefly; the branching ratio between 27° and 27° decay modes is calculated ; 
and the total photoproduction cross section is estimated in terms of the binding energy of the two-pion state 
both by field-theoretic and by phase-space arguments. We conclude that if the binding energy is of the order 
of 10 Mev the state should be detectable in photoproduction experiments, and the binding energy should be 


measurable. 


I. INTRODUCTION 


LEETINGLY, from time to time, there must exist 

in nature a particle that is a bound state of two 
x mesons. The necessity for the existence of such a 
particle is a trivial consequence of our faith in the 
efficacy of Coulomb forces at not-too-small distances. 
It is pertinent to the point of this paper that such a 
particle has never been observed, and we shall find, in 
the course of our inquiry, that the lack of observability 
is directly traceable to the weak binding that is expected 
to characterize such a mesonic atom. 

If one accepts this conclusion, then an interesting 
question presents itself. Suppose that, as a consequence 
of the mediation of short-range forces, the binding 
energy of the bi-mesonic particle is somewhat greater 
than one would predict from consideration of purely 
Coulomb effects. How large does the binding energy 
have to be in order for the particle to be detectable with 
present day apparatus? We attempt to answer this 
question in the context of a rather specific model. 

If the binding energy of our composite particle is small 
it does not seem unreasonable to suppose that it has the 
same ground state quantum numbers that one would 
expect from purely electrostatic interactions. In the 
absence of any specific knowledge of the mesonic forces 
involved we shall, then, make the provisional assump- 
tion that we are dealing with a spin zero particle. 
Further, if we suppose that the binding energy is less 
than the charged-neutral pion mass difference it would 
be possible for the r+z~ combination to have a bound 
state while the other pion pair combinations are devoid 
of bound states. If, for example, the x+z~ is bound by a 
very few Mev then there would be a decay mode into a 
neutral pion pair because of the neutral w-charged r 
mass difference. Two-photon decay is possible of 
course, regardless of the magnitude of the binding 
energy. 

It is clear that we are considering at this point a 
neutral spin-zero particle, to be denoted by the symbol, 
6°. We suspect that this particle is extremely short lived. 
For example, a quantum electrodynamic perturbation- 
theoretic calculation of the lifetime of the Coulombic 
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ground state before it decays into two photons gives 
10-” second as the result, and the }° could be expected 
to have a more transitory existence by several orders of 
magnitude. In short, it would appear that the 6° is 
exceedingly difficult to detect. The possibility that 
experiments already conducted would have established 
its existence is discussed in the concluding section. 

The property of the 5° that makes its detection possi- 
ble with present day experimental techniques is its 
decay mode into two photons whose energy, in the 
reference system where the decaying particle is at rest, is 
unique. To utilize this property we have chosen to study 
an experiment in which the 5° is photoproduced from a 
proton, and a decay photon is then detected in coin- 
cidence with the recoil proton. Because there are two 
possible fast decay modes (27° and 2y) for the 5° the 
interesting quantity to the experimenter will be an 
effective cross section oer, which we define to be the 
total photoproduction cross section o», multiplied by 
the probability of decaying into two photons. 

In Sec. II we discuss the experimental details and 
estimate the minimum value of o.¢; that we can hope to 
measure. Section III is devoted to estimating the 
branching ratio for the two decay modes. In Sec. IV we 
obtain a relationship between the 6° cross section and 
the total cross section for producing a x*-r~ pair at the 
same incident photon energy, thus permitting us to 
make a numerical estimate of ¢». This section makes use 
of a field-theoretic formalism and a statistical model 
for pion-pair photoproduction. Section V is devoted to 
showing that the essential results of the previous section 
may be obtained from simple intuitive arguments and 
a phase space calculation. The last summarizes our 
results. 


II. DETECTABILITY OF PHOTOPRODUCTION 
CROSS SECTION 


The decay of the 5° into two gamma rays provides a 
method of distinguishing it from other particles or 
combinations of particles. As an example we examine 
in this section the problem of the detection of photo- 
produced 0° in the reaction: 


y¥t+p— D+, (1) 


with subsequent decay of the 5° by its two-gamma mode, 
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DETECTION OF TWO 

First we compute the approximate counting rates for 
detection of the photoproduction event, and then 
discuss confusable backgrounds. The proposed method 
of detection is to count a proton in coincidence with a 
single high-energy gamma ray whose energy is approxi- 
mately measured (e.g., in a total absorption Cerenkov 
detector). This detection method is chosen that 
of highest efficiency which still gives a chance 
of distinguishing the background events described in 
Eqs. (2)—(4). 

Because the production of two pions by photons from 
hydrogen peaks at about 600 Mev, it is probably 
advantageous to do the measurements in that energy 
region. The kinematics of the 6° production by 600-Mev 
photons at 90° c.m. angle are about as follows: Recoil 
proton energy and angle, 140 Mev, 37° lab; 5° energy 
and angle, 180 Mev, 61° lab. A decay gamma ray 
moving in the direction of the 6° will have a laboratory 
energy of about 420 Mev. 

If, for example, one detects the protons produced by 
those gamma-rays lying within 20 Mev of the tip of the 
bremsstrahlung spectrum, uses a proton solid angle in 
the laboratory of about 0.05 steradian and a gamma-ray 
counter whose geometrical efficiency is about 10%, then 
the number of detected 5° per equivalent quantum will 
be about 2NloepX10-°. Ni is the target thickness in 
atoms per cm”, gers is the effective total cross section for 
photoproduction of the 6°, as defined in the first section 
(here assumed to be isotropic in the c.m. system). If one 
sets one count per hour as a reasonable lower limit for 
acceptable counting rates, and assumes a beam of 10" 
equivalent quanta per minute, then the lowest de- 
tectable oer: is of the order of 10~ cm? with a 5-in. liquid 
hydrogen target. 


as 


Confusable reactions which must be distinguished 
from 6° photoproduction are the following: 


(2) 


yt+p—y'+P', 
y +p _ p++ rn, 


(3) 


++ 2— Fa". (4) 

The first of these, proton Compton effect, can be 
eliminated on the basis of kinematics. A photon of 600- 
Mev incident energy scattering into the photon detector 
will give insufficient recoil energy to the proton for 
it to be detected in the proton telescope. 

Reaction 3, the simultaneous production of two 
neutral pions, can be eliminated by requiring a high- 
energy loss in the photon counter. In the unlikely event 
that both neutral pions come off at the angle at which 
the 5° is to be detected, and that two of the four decay 
gamma rays from the neutral pions are detected in the 
counter, the process becomes indistinguishable from 
6° photoproduction. It is to be noted that the efficiency 
for detection in this case goes as the square of the 
gamma-ray counter efficiency, and is hence highly 
reduced. 
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Reaction 4, single neutral pion production, although 
kinematically distinguishable from 5° production, gives 
rise to high counting rates in both the proton counter 
and the photon counter, and it might be supposed that 
it would lead to a prohibitively high chance coincidence 
rate. This effect was calculated for the target and 
detector configuration described above, with the further 
assumption that the accelerator used had about a 3% 
beam duty cycle. Under these conditions the chance 
coincidence rate, typically, would be equal to the 5° rate 
if oeee were on the order of 10-* cm®. This, therefore, 
would only be a serious limitation if more intense 
beams were available, in which case it would be neces- 
sary to use a two-photon detection system in coincidence 
with the proton counter. 


III. BRANCHING RATIO 


We have already remarked that the b° has two alter- 
native modes of decay, and it is apparent from the 
previous section that our ability to detect the particle is 
critically dependent upon the two photon decay 
probability. We shall estimate this quantity by cal- 
culating the branching ratio (2x°/2y) for the bi-mesonic 
atom. We then argue that a weakly bound 5° should 
have the same branching ratio. 

We may support this contention by arguing that the 
decay rate for either mode is made up of some matrix 
element multiplied by the square of the bound-state 
wave function for zero separation of the constituent 
particles. Thus, the expressions for the decay rates of a 
bi-mesonic atom and a L° (in a particular mode) are 
identical except for the bound-state wave function. In 
a branching ratio calculation the dependence upon the 
wave function cancels. 

The same argument may be made in field theoretic 
language. The photon decay diagram (for example) is 
made up of a 6°-two pion vertex and a two pion-two 
photon vertex joined by two intermediate pion lines. 
The neutral pion decay diagram is identical except that 
the final vertex is a w-m scattering vertex. Thus, the 
ratio of decay rates is independent of the first vertex 
which, we shall see later, is just the bound-state wave 
function (in momentum space) of the 6°. The require- 
ment that the 6° be weakly bound limits the inter- 
mediate states that must be considered to the two-pion 
State. 

The electromagnetic decay of the bi-mesonic atom is 
calculated in lowest order perturbation theory which is 
tox say that the strong interactions of the pions are 
neglected. If there is an enhancement of the decay 
resulting from the strong interactions, then we are 
underestimating the decay rate. This would be satis- 
factory for our purposes. In any event, the analogous 
calculation for neutral pion decay suggests that we may 
not be badly in error. 

If we use the Lorentz gauge for the calculation, then 
the only contribution to the matrix element is from the 
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¢*A? term in the Lagrangian (the contact term). The 
result, except for a factor of 2 resulting from the even 
parity of the atomic ground state is formally identical 
to the formula for the 'S decay of positronium! 


wy = (wa*/8yu?)| f(0)|?, (5) 


where w is the decay rate, /(0) the wave function of 
atom at the origin, a the fine-structure constant, and 
p the mass of the x meson. 

The decay into neutral pions may be analyzed in 
terms of the scattering process (rtr~— > 2°) at zero 
energy for the incident particles. The scattering is then 
completely determined by the z-x scattering lengths and 
the *-r° mass difference. The analysis follows very 
closely upon the lines laid out by Jackson, Ravenhall, 
and Wyld? in analyzing k-meson nucleon scattering 
except that we have fewer channels of the scattering 
matrix to deal with. Again we quote only the result 
which is 


dea— ay ‘ 
1+3 (Ap p)? 22+)? 
a (8/9) (Au/u)| f(0) |? 0/2. (6) 


jb 
w.=— —| f(0) |? 
9 u 


Here we have set a» and a to be the isotopic spin zero 
and two scattering lengths expressed in the units of the 
pion Compton wavelength, and Ay is the wt-2r° mass 
difference. The final equality is a good approximation 
unless one of the scattering lengths is extremely large: 
i.e., unless there is an s-wave resonance in m-7 scattering 
at zero energy. We shall ignore this possibility. 
We have then the branching ratio 


B(a/y)~ 10? | ag— az)”. (7) 


It seems reasonable to suppose that | a@)—a@-2|? lies some- 
where in the range zero to four pion Compton wave- 
lengths squared. The calculations of Chew and Mandel- 
stam** though not completely applicable to this case, 
suggest 745 as a reasonable value, and we shall use this 
estimate in the remainder of the paper. We conclude 
that about 1% of our }° particles will undergo electro- 
magnetic decay. 


IV. PHOTOPRODUCTION CROSS SECTION 


The S matrix (or, what is equivalent, the T matrix) 
for the photoproduction of a 5° from a proton is 


= (p'Q| kp), (8) 


with the momentum variables p, k, p’, Q of, respectively, 


1J. M. Jauch and F. Rohrlich, The Theory of Photons and 
Electrons (Addison-Wesley Publishing Company, Inc., Reading, 
Massachusetts, 1955), p. 282. 

2 J. D. Jackson, D. G. Ravenhall, H. W. Wyld, Nuovo cimento 
9, 834 (1958). 

3G. F. Chew and S. Mandelstam Phys. Rev. 119, 467 (1960). 

4G. F. Chew and S. Mandelstam and H. P. Noyes, Phys. Rev. 
119, 478 (1960). 
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an incoming proton and photon and an outgoing proton 
and bi-meson. 

Using now the familiar reduction formula techniques 
leads us to*® 


S i= 2054(ps— pi) (M = gts" +s 


X(0} (f(%),J(0))4 yp)=8'(py— pT y:. (9) 
We have introduced p,,; and p,;, the components of the 
total initial and final four-momenta, 
M, and the nucleon and 6° currents, 


two quantities are defined by 


the nucleon mass, 
fand J. The latter 


(y“0/0x,+M )y(x)- 
[(0/dx)?— M p? |bo(x) 


— f(z), (10a) 


— J (x). (10b) 
The ( )4 symbol defines the usual time-ordered product. 

At this point we introduce what we shall call the 
‘“‘weak-binding approximation.” The formal statement 
is that to a good approximation /(x«) can only couple 
the vacuum to the two pion state. All other matrix 
elements of the J operator will be ignored. The matrix 
element in Eq. (5) then becomes 


(0| (f(x), (0)), w)= fee. for 


X(O| S(O) | wm)(am| f(x) | yp)0(—x), (11) 
where K and k, are, respectively, the total and relative 
momenta of the intermediate pion pair and 6(—x) 
requires Xo to range only over negative values. 

We should really include in Eq. (11) one more term 
containing a two-neutral-pion intermediate state. The 
missing term is then related to the product of the (7°)? 
photoproduction amplitude times the amplitude for 
the decay of the 5° in the pion mode. Because we are 
seeking a relationship involving experimentally known 
quantities we are forced to ignore this process. It seems 
a priori unlikely, however, that this omission will change 
the order of magnitude of our result.’ 

We may now apply the usual translation invariance 
arguments to Eq. (7) and substitute the result into 
Eq. (9), carrying out the indicated integrations. We are 
then led to 


T= 2r'i(M 20 opo’ ) ‘a (p’) 


(0 
x fee 


5H. Lehmann, K. Symanzik, 
cimento 1, 205 (1955). 

®N. N. Bogolyubov and D. V. Shirkov, Introduction to the 
Theory of Quantized Fields (Interscience Publishers, Inc., New 
York, 1959), Chap. IX. 

7 Recent Cornell experiments suggest that the 27° photoproduc- 
tion cross section is small compared with that for charged pions. 
S. Richert and A. Silverman, Bull. Am. Phys. Soc. 5, 237 (1960). 


J (O) | xm)(arm| f 1) 
(12) 
QOo— Kot+ie 


and W 


Zimmerman, Nuovo 
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The matrix element (0| J (0) | x) may be identified as 
the ‘off the energy shell’? 7-matrix element for the 
capture of two charged pions into a bi-meson. If we 
suppose that a pair of + mesons interact through a 
potential, V, we may write (in the center-of-momentum 
system of the two pions)* 


(2Q0)-*(0| J (O) | wx) = — (24) 1H | V | (R,)) 
= (2r)-!(B+k,2/u)(W,|(k,-)), (13) 
where W, is the wave function of a bi-meson with 
binding energy. B, and ¢(,) is the wave function of a 
pair of noninteracting pions with relative kinetic 
energy k,. The last equality is obtained from 
(H—k,?/u)o(k,) = Volk), 
HY,=— BY, 


(14a) 
(14b) 


if H is the total (nonrelativistic) Hamiltonian for the 
two-pion system. The last matrix element of Eq. (13) 
will be recognized as the bi-meson wave function in 
momentum space. It will turn out that we shall only 
need this wave function for small relative momenta 
(relative kinetic energies of the order of or less than the 
binding energy); we shall content ourselves with using 
the asymptotic form 


W,= (ui Bir)! exp[— (uB)'r], (15) 


in terms of the relative radial coordinate, r.° 

If we now make a nonrelativistic approximation for 
the denominators in Eq. (12) we may rewrite the 
equation by making use of Eqs. (13) and (14) as 


T i= (u' Bir Mf ek (ke-+uBy Ty, (16) 


where 7°,’ is the matrix element for the photoproduction 
of two charged pions in the system where the center of 
momentum of the two pions is at rest. 

The integral over the pion relative momentum may 
be done by observing that contributions for %* larger 
than wB are strongly damped by the denominator. This 
suggests that for small binding energies (and a suitable 
well-behaved 7;;’) we may evaluate 7;,’ for k, equal to 
zero and take it outside the integral. We are left with 
the result 


T;:= (wu B!)'T;,(kPF=0), (17) 


where the last equality is appropriate to an arbitrary 
Lorentz frame. The total cross section for 6° photo- 
production is then equal to 

on(W)=[M?/ (2x)? | (W?—M?)/160kW ] 

X (u?/W?) (B/u)*|Mt|?, 
in terms of W, the total energy in the overall center-of- 
momentum system. 

8 B. Lippman and J. Schwinger, Phys. Rev. 79, 481 (1951). 
® Similar results have been obtained for the photoproduction of 
positronium by A. I. Alekseev, Zhur. Eksp. i Theoret. Fiz. 31, 909 


(1956) [translation: Soviet Phys.JETP 4, 771 (1951)], and 
preceding papers. 
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We may relate this result to the total cross section for 
photoproducing a charged pion pair by using a statistical 


model.” We write 


1 7/2 Wk 4 
ren(*)"(— Jo 
2r Sogo Popo Ro 


where 9)? is a matrix element assumed to_be constant; 
and is then given by Eq. (20a) in the following section. 
Carrying out the integrations [see Eq. (23) below ], and 
ignoring all u4/M terms, we achieve the final result 


oo= 2ely?/(W?+M?)](B/u)'f(B)orx, (19a) 


(18) 


with the abbreviations 


f(8)= {1-87 (@—1)— In[B+ (@—1)*]}, (19b) 
and 
B= (W?+M?)/2MW. (19c) 


V. PHASE-SPACE ESTIMATE 


The essential features of the preceding result may be 
obtained from elementary physical arguments starting 
with the remark that if two mesons are produced with 
zero relative kinetic energy they have unit probability 
of coagulating into a bound state. For electromagnetic 
capture the free-bound transition probability is roughly 
constant for relative kinetic energies less than the 
binding energy." We shall approximate this situation by 
supposing that capture takes place with unit probability 
for relative kinetic energies less than the binding energy 
and zero probability for larger kinetic energies. 

Just as in the previous section we assume the statisti- 
cal model for pion pair production. The total cross 
section is given by 


M? Em 
Cxs= ~| MN f dE(E*—M?)} 
167°kRW Vu 


4p? ; 
ae 
W?+ M?—2EW 


(2W)-(W2+ M2—4,2), 


with 


E = 
“mm 


where & is the c.m. photon energy, Jt a (constant) 
matrix element, and the integration is over the range 
of energy of the recoil nucleon. For photon energies of 
the order of the nucleon rest mass the integral in Eq. 
(20) is reasonably well approximated by setting the 
meson rest-mass equal to zero. We have, then, 

M? W‘—M‘4 nae 

——— 2f(f 

(2m)? 16kW? — 


Ore = 


(21) 


where f(8) is defined in Eq. (20). 


10 J. V. Lepore and R. N. Stuart, Phys. Rev. 94, 1724 (1954). 

't See the results for the radiative capture of neutrons by pro- 
tons. J. M. Blatt and V. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., 1952), p. 606. 
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To obtain the cross section for 8° production we 
carry out the integration in Eq. (21) only over the 
region corresponding to the relative kinetic energy of 
the two mesons (in the Lorentz frame where their total 
momentum vanishes) being less than the binding 
energy of the 5°. This corresponds to setting the lower 
limit in Eq. (21) to be 


(2W )-'(W?+ M?—4y?—4yB). 


For small binding energies we may apply the mean- 
value theorem to obtain (neglecting all u/M terms) 


M? W?—M? py? (—) 
(2x)? skW WX yl 
The result of this section, which is to be compared with 


Eq. (19a), is 
on= 2[y?/(W?+M?) |(2B/u)' (8) ex. 


tt ee (22) 


(23) 


VI. CONCLUSIONS 


We shall now proceed with a numerical estimate of 
the order of magnitude of binding energies that would 
make the ° detectable in a photoproduction experiment. 
It is implicit in all of our approximations that we are a 
reasonable distance above the two-meson threshold 
(otherwise we could not have dropped the u/M terms). 
Consequently it seems reasonable to apply our formulas 
at the energy where the two meson production cross 
section is a maximum, namely at a laboratory photon 
energy of about 600 Mev. Here o,, is about 50 ub, and 
Eq. (15a) and Eq. (19) both give 


op=10(B/p)! ub. (24) 


From the analysis of Sec. II we have already con- 
cluded that the smallest observable effective cross 
section (as defined in the introduction) is of the order 
of 10-? ub. We have also, in Sec. ITI, estimated that the 
branching ratio to the electromagnetic decay mode is 
about 1% if double 2° decay is also allowed; that is, if 
the binding energy is less than twice the mt-z° mass 
difference. From Eq. (24) we conclude, then, that a }° 
of binding energy less than twice the mt+-r® mass 
difference (~9 Mev) would not be detected in the 
proposed experiment. 

The situation is quite different if the 5° binding energy 
is greater than 9 Mev, for in this case the neutral pion 
decay channel is closed off, and essentially all of the 
decays will be into the two-photon channel. In this case, 
taking B, the binding energy as 10 Mev, Eq. (24) leads 
to an estimated cross section of about 4 wb. It follows 
that the experiment we have proposed is adequate to 
detect a b° of this binding energy. 

In principle it should also be possible to establish the 
existence of a }° by observing ++ decay.” For example, 

We should also mention the experiment of C. Bernardini, 
R. Querzoli, G. Salvini, A. Silverman, and G. Stoppini, Nuovo 


cimento 14, 268 (1959). These experimenters searched for a 
particle such as the b° by observing the momentum spectrum of 


aa 8c ee 
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one might expect to find two-body decays of the kind: 
rt —> t+ DP, 


followed by neutral decay of the 6°. This type of event 
would look like r’ decay, except for the fact that the r* 
could have an energy greater than the 53 Mev end point 
of the w+ spectrum in 7’ decay. This situation would 
arise if the pion binding energy of the b° were greater 
than twice the r*-2° mass difference. 

In order to estimate whether or not one should 
already have seen such an event, we have calculated the 
probability that two of the 7’s in a r* decay come out 
in a bound state as a }°. The model and method of 
calculation are quite analogous to those for photo- 
production given in Sec. V of this article. The result is 
that the rates are connected by the approximate ratio: 


(r* — xt+ 5) Ttotal * 0.04(B 10)3, 


where B is now the binding energy in Mev of the two 
pions in the 5°. 

We wish to compare this number with the number of 
r’ events known and studied. To do this, we note that 
the decay probability of 7 is about four times that of 7’, 
so that 


(r+ > 2t++)°) ~0.16(B/10)!r’. (25) 


We examine this relationship under the three cases: 
B<10, B~10, B> 10. 

Case I (B<10 Mev). The total number of r’ observed 
and studied in experiments seeking to establish the pion 
energy spectrum of 7’ is about 90.'*-'® If B is much less 
than 10 Mev, the b° decay mode is improbable, and the 
decay is not kinematically distinguishable from r’ in a 
single event. We conclude that the present + energy 
spectrum from 7’ decays is not inconsistent with this 
possibility. 

Case II (B~10 Mev). In this case one would expect 
to see a group of events of the type 7’ with pion energies 
in the neighborhood of the end-point energy for r’ 
decay. Range straggling, dip correction errors, etc., 
would limit the resolution of this group to a few Mev in 
nuclear track plate experiments. Of 90 7’ events plotted 
in energy spectra, roughly 10 are observed to have 
energies greater than 40 Mev, and the observed dis- 
tributions are not inconsistent with a 0~ Dalitz dis- 
tribution. The principal questions therefore are: (1) 
How many of the x* in the upper energy “bins” of the 
data could be from the b° decay mode without disturbing 
the data unduly, and (2) how reliable is the estimate of 


the recoil proton in the process y+) — p+ ?. We conclude, after 
examining their published results, that a 5° of less than about 30- 
Mev binding energy would not have been detected in this 
experiment. 

8G. Alexander, R. H. W. Johnston, and C. O’Cealleigh, Nuovo 
cimento 6, 478 (1957). 

4S. Taylor, G. Harris, J. Orear, J. Lee, 
Rev. 114, 359 (1959). 

15D). M. Ritson, A. Pevsner, S. C. Fung, M. Widgoff, G. T. 
Zorn, S. Goldhaber, and G. Goldhaber, Phys. Rev. 101, 1085 
(1956). 


and P. Baumel, Phys. 
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Eq. (25)? Neither of these questions can be answered 
definitely. However, at B=10 Mev the number of 0° 
decays observed should have been 15. This estimate 
could easily be in error by a factor of two, and the 
frequency of observation of pions in r’ decay in the 
upper bins also could be in error for statistical] or even 
systematic reasons. We conclude that we cannot 
exclude the existence of a 6° of 10-Mev binding energy 
from the present r’ decay data. 

Case III (B>10 Mev). The energies of the decay x* 
in r+—+ b°+a* decay become greater as the 6° mass 
decreases, until finally at about B=15—20 Mev the 
decays would be kinematically distinguished in nuclear 
track plate experiments. The estimate of Eq. (25) 
becomes increasingly less reliable as B increases, also, 
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but it is still expected that as B increases, so will the 
fraction of r decays going by the 6° mode. We conclude 
that the binding in the 0° is less than 20—30 Mev on the 
basis of the fact that too few (~2) m+ from decays'*:"® 
apparently like r’ decay have been found with energies 
greater than the end point energy of 53 Mev. 
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The energy distribution of the secondary electrons produced in 
targets of carbon or paraffin by the w-e scattering process for muon 
momenta in the range 5-50 Bev has been measured for electron 
energies up to 10 Bev, or c.m. momentum transfer up to 100 Mev. 
A vertical array of three cloud chambers immersed in a magnetic 
field of 11 000 gauss was used with a fourfold coincidence system. 
Two flat rectangular proportional counters, suitably biased, to 
gether with two Geiger-Miiller trays, provided fair rejection of 
uneventful penetrating particles and a high efficiency for selection 
of the narrow electronic showers characteristic of the high-energy 
electromagnetic events. On 5900 counter triggered photographs 
there were 291 accepted events, having one or more (+) electrons 
with energy >0.10 Bev, believed to originate in w-e collisions in the 
(carbon or paraffin) target above the top chamber, from incident 
mudns in the momentum interval 5-50 Bev. The data are com 
pared with a calculation based on the Bhabha formula for spin 4 
muons, taking into account the momentum distribution of the 
incident muons, the energy loss and shower development in the 


I. INTRODUCTION 


HE essential content of this paper may be ap- 

preciated from the Abstract, the plots of the 
results in Sec. IV, and the conclusions, Sec. VI. The 
background discussion in the introduction is long be- 
cause the experiment is really an old one which may 
have new and interesting aspects. Section II includes 
the design, the experimental conditions and “boundary” 
data, with a general discussion of the problems of 
analysis of the results; Sec. III, apparatus details, 


* This work has been supported by the Office of Naval Research. 
An account of it is given in the doctoral thesis of the junior 
author: R. F. Deery, thesis, University of Washington, 1960 
(unpublished). 

+t Now at the California Institute of Technology, Pasadena, 
California. 


target and the chamber walls, and a theoretical efficiency factor. 
Arguments are given to show that direct pair production and 
bremsstrahlung of the muons in the target and in the Pb shield 
above the apparatus produce negligible effects. The experiment 
permits a reliable measurement of only the relative distribution. 
When arbitrarily normalized, the calculated distribution is in 
fairly good agreement with the data, except for a small systematic 
difference suggesting an excess of observed events for the harder 
collisions. Although the discrepancy is interpretable as a statistical 
fluctuation, the data are fitted much better over the entire range 
when the basic cross section is modified by a “form factor,” F? 
(greater than unity), with F=1+ |g*|A,? where q is the invariant 
of the 4-momentum transfer in units of #, and \, is the Compton 
wavelength of the muon. This may be the first indication of a 
deviation from standard quantum electrodynamics for hard y-e 
collisions. More strongly it shows that, if there is a deviation, it is 
not representable by a form factor less than unity. 


calibration and measurement procedures; Sec. IV, the 
results; and Sec. V, details of the analysis. 


Background 


The production of high-energy secondary electrons 
by close collisions of cosmic-ray particles with atomic 
electrons was one of the first processes to be studied 
extensively in cosmic rays,' and together with other 
studies, ultimately led to the discovery of the muon. 
Although the early mistaken but generally believed 


'C. D. Anderson and S. H. Neddermeyer, Proceedings of the 
International Conference on Physics, London, 1934 (Cambridge 
University Press, Cambridge, 1934), p. 171. 

2S. H. Neddermeyer and C. D. Anderson, Phys. Rev. 51, 884 
(1937); Phys. Rev. 54, 88 (1938); Revs. Modern Phys. 11, 191 
1939) A 
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(by most theoreticians*), identification of the cosmic- 
ray mesons with the nuclear force meson of Yukawa‘ 
was from the beginning contradicted by extensive ex- 
perimental data on the penetrating power of the sea- 
level particles, there has always remained the residual 
question whether the muon has any strong interaction 
other than the normal electromagnetic one. Given a 
source of high-energy muons there are only three pos- 
sibilities with present technology for detecting such 
strong interactions: One is by rapid decay into other 
particles, which of course is not observed, and the 
others are by hard collisions with electrons or with 
nucleons. The experiment of Conversi ef al.,°> which 
finally gave the most conclusive proof that the muon 
could not be the nuclear force meson, does not exclude 
the possibility that there may be another kind of short- 
range interaction. The same is true of all the other 
elegant and precise experiments which have been done 
with mu mesonic atoms,® which show that to high ac- 
curacy the muon has the normal Dirac moment and 
otherwise behaves as would be expected of a normal 
Dirac particle whose only strong interaction is electro- 
magnetic. There have been, nevertheless, some slight 
indications of anomalous behavior. 


The experiments on the electron secondaries'? pro- 
vided the first powerful argument that the bulk of the 
sea-level particles could not be as heavy as protons, 
but otherwise made no very penetrating test of theory, 


especially of the spin-dependent terms or of a possible 
deviation from theory for very hard collisions. The 
later experiment by Walker’ came closer to such a test, 
and although it might be regarded as giving a suggestion 
of too many events at large transfers, it was in the main 
a further verification of the theory for somewhat harder 
impacts, while still making no critical test for very close 
collisions. 

The ion chamber burst experiments by Schein and 
Gill’ provided, in the hands of Christy and Kusaka,’ 
an indirect test of the bremsstrahlung process up to 
several hundred Bev, as well as the first indirect meas- 
urement of the muon spin. A recent reanalysis” of the 
Schein and Gill, and later'' measurements yields a 
theoretical distribution for spin 3 which fits the experi- 
mental data rather closely, hence presumably provides 
a somewhat more critical test of the bremsstrahlung 
process for muons up to the 100-Bev region. Since the 
expected contribution of the y-e collisions is relatively 


3 See Appendix note 1. 

*H. Yukawa, Proc. Phys.-Math. Soc. Japan 17, 48 (1935). 

5 M. Conversi, E. Panchini, and O. Piccioni, Phys. Rev. 71, 209 
(1947). 

® For example, V. L. Fitch and J. Rainwater, Phys. Rev. 92, 789 
(1953); also, R. L. Garwin, D. P. Hutchinson, S. Penman, and G. 
Shapiro, Phys. Rev. Letters 2, 213, 516 (1959). 

7™W. D. Walker, Phys. Rev. 90, 234 (1953). 

8 M. Schein and P. S. Gill, Revs. Modern Phys. 11, 267 (1939). 

*R. F. Christy and S. Kusaka, Phys. Rev. 59, 405 (1951). 

1M. R. Gupta, Nuovo cimento 7, 39 (1958); I. X. Ion, N. J. 
Ionescu-Pallas, C. C. Potoceanu, Nuovo cimento 9, 507 (1959). 

“ R. E. Lapp, Phys. Rev. 69, 321 (1946). 
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rather small, the observations give a much less critical 
test for that process. Observations of the above kind, 
together with the correlation between the observed 
spectrum and the underground penetration of the 
muons,” would seem to be fairly stringent tests of the 
electromagnetic processes of the muons up to very high 
energy. Yet they are indirect, involving several stages of 
complicated calculations and numerous corrections and 
uncertainties. Impressive as the results may be, there 
is no adequate substitute for experiments in which one 
comes as close as possible to direct observation of the 
primary event itself. 

The experimental situation with regard to the scat- 
tering of muons on nuclei is perhaps more obscure. Most 
of the work on this problem has been done with sea- 
level cosmic-ray mesons and has tended to indicate 
the presence of a tail of large angle scattering,'® which 
might require the assumption of a short-range force 
other than the normal electromagnetic one. Our own 
less extensive experiments have indicated a somewhat 
smaller anomaly, which, however, has now been shown 
to be attributable to errors. A much more definitive 
experiment has been performed by Masek ef al." of 
this laboratory, using 2-Bev muons from the Berkeley 
bevatron, which shows that the scattering is normal for 
momentum transfers as high as 400 Mev/c. This does 
not, however, rule out the possibility that such an 
anomaly might exist at much higher particle momenta 
(or momentum transfers) and says nothing about the 
interesting question of the muon-electron. interaction. 


Aims 


The present experiment is part of a more general 
re-examination of the supposedly well-known electro- 
magnetic interactions of the muons in hard collisions 
but under more extreme or better defined experimental 
conditions than previously achieved. The immediate 
aim of the muon-electron experiment can be stated as 
a test of existing theory for harder collisions than 
previously observed. In collisions for which the in- 
variant of the 4-momentum transfer |g! >M, where 
M =0.1 Bev is the muon mass, the particles penetrate 
to a separation of the order of the Compton wavelength 
of the muon and for such collisions or harder there may 
be no firm basis for expecting the normal theory to 
hold.'® The energy transfer to the electron, initially at 
rest in the laboratory system, is W=|q\? 
m is the electron mass. Thus w 


2m, where 
10 Bev for |g| =0.1 

2 P_H. Barrett, L. M. Bollinger, G. Cocconi, Y 
K. Greisen, Revs. Modern Phys. 24, 133 (1952) 

18 We refer only to the review article by G. N. Fowler and A. W. 
Wolfendale, Progress in Elementary Particle and Cosmic-Ray 
Physics (Interscience Publishers, New York, 1958), Vol. IV, 
Chap. 4. 

4G. E. Masek, L. D. Heggie, Y. B 
{to be published). 

16S. D. Drell, Ann. Phys. 4, 75 (1958). The basic theoretical 
questions involved in this experiment have been discussed at 
some length by R. F. Deery [thesis, University of Washington, 
1960 (unpublished) ]. 
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TABLE I. Summary of target conditions. 


Experiment A 


Target 





Mate rial: 
Density: g/cm? 
g/r.l. cm? 
electrons/r.]. cm? 1.35 105 
Thickness: g/cm? 23.1 
“a 0.521 
electrons/cm? 0.701 « 10” 


carbon 


Bev, and the incident muon momentum required for 
this [Sec. V, Eq. (3)] is 17 Bev. The experiment itself 
is, therefore, an attempt to measure the energy distri- 
bution of the secondary electrons produced by direct 
collisions of muons with atomic electrons clear up to 
the maximum transferable energy, including as well, 
measurement of the momenta of the individual muons. 
The ideal end is to some extent frustrated by shower 
development in the target (and other difficulties, see 
Sec. II); nevertheless, a reasonable compromise can be 
achieved by limiting the target thickness to about 
0.5—1.0 radiation lengths and using low atomic number 
material to maximize the number of electrons per 
radiation length. 


Il. THE EXPERIMENT 
Design 


The experiment was performed in two parts, A and 
B, with somewhat different target conditions which are 
summarized in Table I. A vertical section, Fig. 1, shows 
the essential features of the experimental arrangement. 
There are two principal difficulties in the design of the 
experiment: One is with the target, mentioned above, 
which arises from the conflict between getting a suffi- 
cient yield of events and still making unambiguous 
identifications ; the other is that the necessity for counter 
discrimination against unaccompanied particles intro- 
duces an inaccurately known energy-dependent ef- 
ficiency factor which increases the difficulty of interpre- 
tation and contributes to the uncertainty of the 
absolute normalization. Arguments are given in Sec. V 
that the efficiency saturates rather quickly with in- 
creasing energy, hence should not seriously distort the 
observed energy distribution; however, the normaliza- 
tion remains unreliable. 

Events were selected by a fourfold coincidence of two 
GM counter trays with two proportional counters of 
flat geometry. The latter were designed especially for 
the purpose of permitting efficient selection of the very 
close pairs or groups of particles which are characteristic 
of the electromagnetic processes at high energy. The 
first proportional counter was placed between the target 
and the top of the upper cloud chamber and was biased 
to about 1.5 times the pulse height for a “minimum 
ionization” particle as defined by a point on the knee of 
the curve of counting rate vs discriminator setting. 


C loud chamber wall 


‘steel (nonmag. ) 
1.30 7.87 

44.6 14.1 

0.392 « 107° 

6.19 

0.439 

0.172 105 


Experiment B 
Target 


Cloud chamber wall 


paraffin aluminum 
0.88 2.70 
64.8 24.5 

1.62 107° 0.712 1075 
17.0 2.42 

0.359 0.099 
0.582 K 10% 0.0705 x 10” 


This was sufficient to discriminate rather strongly 
against unaccompanied muons, while giving essentially 
100% acceptance of muons accompanied by one or 
more electrons. In about the first half of experiment A 
the top counter was instead placed above the target 
and used in anticoincidence to insure only one particle 
going into the target. This was abandoned as it rejected 
too many true events, and we felt sufficiently sure that 
false events from the shield could be recognized and 
rejected. (The foregoing is responsible for an apparent 
discrepancy in Table II.) A 1.25-cm Pb plate in the 
bottom of the upper chamber is presumed to identify 
the secondaries as electrons by their catastrophic energy 
loss or cascade multiplication. The second proportional 


UML 


k}— 2 4" + 



































ees | re 


-—cc—— 
+f LER 


TM 


es” 


Fic. 1. Section drawing of experimental arrangement. 
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counter, placed in the channel between the top and 
middle chambers, was biased slightly higher to about 
twice minimum to give stronger rejection of singles, 
but still accept two or more with certainty. A large 
Geiger-Miiller tray placed 75 cm below the bottom of 
the chamber assembly, under a 35-cm Pb absorber, and 
a smaller double tray placed on top of the target, with 
one or more counters being required to trigger in each 
tray, complete the coincidence system. The function 
of the 2.54-cm Pb plate between the middle and lower 
chambers is a further check on the character of the 
primaries and the conversion of any high-energy photons 
that may have escaped from the first plate. A 35-cm 
lead filter is placed above the entire arrangement to 
remove the incident electromagnetic component and 
remove or partially convert the strongly interacting 
component by meson production. Such showers, the so- 
called penetrating showers, are always easily recogniz- 
able and cause no confusion. These, as well as any 
electronic showers originating in the lead shield, might 
have been rejected by suitably biased anticoincidence 
counters; however, the alternative was chosen to leave 
a 75-cm space between the lead shield and the target 
to permit the fringing field of the magnet to deflect 
such particles sufficiently not to be confused with those 
originating in the target. The main source of possible 
confusion arising from the presence of the lead shield 
lies in the photons produced in the last radiation length 
or so of the lead, either by direct bremsstrahlung of the 
muons or of shower electrons, and which escape to get 
converted in the target. They are, in general, emitted 
at such small angles that their products in the target 
could easily be confused with true target events of the 
muons (or ¢heir higher order products). This source 
of confusion cannot be averted by any simple system of 
anticoincidence counters between shield and target. 
Arguments will be given that the difficulty is not serious. 


Analysis of the Results : General 


The basic “boundary” data of the experiment are 
summarized in Table II. Although the muon momenta 
are measurable in individual cases (after but not before 
the event!), the use of counter-selected events requires 
that the data be compared with an indirect analysis 
using an assumed incident muon spectrum. The analysis 
is further complicated by the stochastic character of the 
processes following the initial event, which makes it 
impossible to trace the electrons back to their origins 
or to know their initial energies. If the basic data of 
the experiment are taken to be the measured momenta 
of the muons and their associated secondaries, together 
with various judgements exercised as to the character 
of the events, then the anslysis consists in carrying out 
an integral over: (a) the assumed cross section, which 
depends on the energy, w, of the event and the energy 
E, of the incident muon; (b) the assumed energy spec- 
trum of the incident muons; (c) the probability that, 
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TABLE IT. “Boundary” data 


Exp. A 


Exp. B Total 
1720 
92 250 


Sensitive time, hours 

Number of muons 
+15% in 5-50 Bev 

Number of photos 

Total accepted events 
with an E>0.10 Bev” 

Muons (in 5-50 Bev) 
per hour 

Photos/hour 

Accepted events/hour 

Photos/(muon in 5-50 
Bev) 

Events/ (muon in 5-50 
Bev) 


930°" 
38 850" 


790 
53 700 


2919 
131 


2990 
160 


5909 
291 
41.8 68.0 53.6 
3.14 

0.141 
0.0751 


3.78 
0.202 
0.0556 


3.44 
0.169 
0.0642 


0.00337 0.00298 0.00315 


* The apparent discrepancy between A and B in muons/hour is explained 
in the text. 

> Here E refers to the observed energies of 
positons, 


individual negatons or 


given an electron of energy w, formed at height y in 
the target, an electron of energy £ in dé will emerge 
below, and finally over the thickness of the target. The 
result then has to be multiplied by an energy dependent 
selection efficiency factor. The details are given in Sec. V. 

Since the muon momentum is measurable up to about 
50 Bev, and since the main interest is in hard collisions, 
it is convenient to base the analysis on a limited range 
of muon momentum, 5-50 Bev. Both limits are to some 
extent arbitrary. The use of the limits simplifies the 
theoretical interpretation, but entails some experimental 
uncertainties arising from errors in the measurement of 
the muon momentum. The muon momentum is meas- 
ured only after the event; hence, the incident mo- 
mentum has the additional uncertainty of the estimated 
event energy. Actually only a lower limit to the incident 
muon energy was obtained by adding the total ‘“‘visible”’ 
event energy entering the top chamber in the form of 
positive and negative electrons, an approximation that 
can have little effect on the main results. The distribu- 
tion of secondary electrons up to 10 Bev is furthermore 
not very sensitive to the upper cutoff of the muons. 
Most of the events whose interpretation is uncertain 
are in the region of very high incident energy, and it 
is in this (rejected) region that the lead shield introduces 
the greatest uncertainties. 


Ill. EXPERIMENTAL DETAILS 


Cloud Chamber and Magnet 


The chamber is built in three separate sections 27 cm 
high X 37 cm wideX 15 cm deep, having a common back 
plate and common expansion valves extending the full 
length of the array on either side, but with independently 
adjustable expansion ratios. The whole array is 91 cm 
high with 3.2-cm channels provided between chambers 
for insertion of counters and absorbers. There are a 
few novel features which are irrelevant and need not 
be described here. The essential conditions of operation 
are summarized in Table III. The chamber is enclosed 
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in a }-in. thick copper box with side windows against 
which the lamps are mounted. The box extends through 
the open front magnet pole nearly to the camera, and 
that end is uncovered. There are 16 parallel water 
circuits of 3-in. copper tubing sweated to the outside 
of the box, through which water is circulated at 20 
gal/min. A servo-driven variac regulates a heater which 
keeps the down-stream thermostat at a constant tem- 
perature +0.005°C. An auxiliary control, using a point 
in the copper box as a reference, cools the bottoms of 
the chambers by circulating water whose temperature 
is controlled to 0.1+-0.01°C below the box temperature. 
(The latter was on for the second half of the experiment.) 

The illumination is produced by two xenon-filled 
quartz lamps, one on either side of the chamber, which 
are discharged with 2200 joules each at 3500 volts. 
The camera views the chamber through the open front 
pole from a distance of 2.3 m. A single 191-mm 1C 
Tessar lens is used together with a stereo attachment 
which places the two chamber images side by side on 
70-mm film. An identical system is used for projection, 
and all track analysis is done either in the reprojection 
space, or else in nonstereo projection on a screen tilted 
to lie in the central plane of either chamber image. 

The magnet consists of two horizontal rectangular 
yokes made of forged bars 1 ft2 ft in section. The 
yokes are spaced vertically by 3-ft high blocks of iron 
1 ft thick which also carry the front and rear poles. 
The front one has a 1-ft X 3-ft opening for photography. 
The coils have 8000 ft of 1-in. square aluminum tubing 
with a 2-in. diam round hole for water cooling. They 
are wound in double pies to put all electrical connections 
on the outside and to permit parallel water flow from 
the inside out. The 35-ft lengths were joined by a solid 
butt weld, after which the hole was drilled out with an 
extension drill. The welds were then planed down so that 
they were almost undetectable. There are 480 turns; 
the front and rear coils are driven by separate generators 
at 1075 amp and total power 135 kw. 


Field Calibration 


The magnetic field was calibrated by two independent 
methods: The first was by a standard induction flux- 
meter with which the longitudinal component was 
measured at 2-in. spacings on a cubical lattice through 
the volume of the chamber. The second was by means 
of a series-connected vertical array of 15 pairs of fine 
copper wires suspended in each chamber, all stretched 
to the same tension by identical weights and carrying 
the same, accurately controlled, current. The wires 
were photographed and their curvatures measured by 
the same procedures as for measuring tracks. For com- 
parison the lattice measurements were used with inter- 
polation to find the expected integrated deflections of 
the wires in the second set of measurements. The results 
agreed to about 1%. Then the wire measurements were 
used to prepare tables for conversion of curvature to mo- 
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TABLE III. Cloud-chamber conditions. 


36 in. 12 in. X6 in. 


Over-all dimensions, observ 
able volume: 

Observable vol. excluding 
spaces between chambers: 

Effective volume used in 
this experiment: 

Field, central plane: 

Cloud chamber filling: 


33.75 liters 
15 liters 


11 200 gauss 

Argon or Ar-He mixture with 70:30 
isoprop. alcohol and water 

1.07 

0.012 sec 


Expansion ratio: 
rime, event to completion 
of expansion: 


Time, event to photo: 0.07 and 0.120 sec or both lamps at 


0.08-0.100 sec 


mentum for tracks in various parts of the chamber which 
are parallel to the chamber face. These include depth 
and magnification corrections, but corrections for mo- 
tion in the longitudinal direction, when necessary, have 
to be put in separately. The extreme variation of the 
magnetic field from back corners to front middle is 
large, nearly +15%; however, the variation in effective 
field for a track traversing various parts of one entire 
chamber is more typically +5%. No elaborate ma- 
chinery of point by point averaging, making full use 
of the field calibration, was set up for this experiment. 
Instead, for electron tracks traversing one chamber, 
the appropriate field-curvature relation at the center 
of the track was applied for the entire track or else an 
interpolation of the wire measurements was used. For 
vertical tracks in the center of the middle chamber the 
momentum is given by cp/r=0.333 Bev/meter, cor- 
responding to an effective field of 11 100 gauss. 


Measurement of Momentum 


Since the single-lens stereo attachment has the effect 
of making the camera see two displaced and slightly 
rotated virtual objects, the measurements are made 
entirely in reprojection. In one system the tracks are 
projected in stereo on a screen having two degrees of 
freedom to permit alignment of a fiducial (within 
limits) with the space tangent of the track. The pro- 
jector has two more degrees for focusing and for trans- 
lating the track across the field. Curvature is then 
measured in terms of rotation of the track tangent as a 
function of distance along the track. For slightly curved 
tracks traversing the entire three sections of the chamber 
the correction for motion along the field is small and 
can be neglected. 

In the second system a straight projection is made 
without the stereo attachment, but the screen has two 
orientations corresponding to the central plane of the 
object space for either picture. Depth in the chamber 
can be measured in terms of distances of the track 
image from images of fiducial lines ruled on the front 
glass. Curvature is measured with a curvometer con- 
sisting of a bar of Homalite plastic 12 in. long which is 
bent into a circular arc by the application of a nearly 
pure bending moment, through two rigid dural arms 
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Fic. 2. Curvometer reading error distribution. 


clamped to either end. The outer ends of the arms are 
connected by means of a swivel linkage engaging a 
right-left screw. The face of the bar which receives the 
image is painted white, and in the undeformed state is 
ruled with two closely spaced parallel scratches. To 
make a measurement the curvometer is laid on the pro- 
jection table, adjusted to give a best fit to the track, 
and the curvature is taken from a vernier scale, readable 
to 0.01 in., which measures the relative displacement of 
the outer ends of the arms. For not too small radii 
the radius of curvature in meters is given by r=2.44/d, 
where d is the scale reading in inches, as compared with 
the relation r=2.41/d calculated in a first approxima- 
tion from the geometry of the instrument. For central 
tracks in the plane of the chamber the momentum in 
Bev is given directly by p=0.813/d. The fitting error 
in 1/p has an approximately Gaussian distribution with 
a standard deviation of about (45 Bev)—'. A composite 


— GAUSSIAN WITH 
@- .01IS m-! 
=(22B8€Ev)"' 


INTERVAL OF CURVATURE 





A. A. 
Ol 02 
(METERS)-! 








NUMBER PER 


-.04 -03 -.02 -.01 03 .04 


CURVATURE 


° 


Fic. 3. Curvature distribution of 45 no-field tracks 
(measured with curvometer). 
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histogram of the distribution of 180 readings on three 
tracks is shown in Fig. 2. A distribution of 45 no-field 
tracks is shown in Fig. 3, compared to a Gaussian of 
standard deviation 0.015 m=, or (22 Bev)~ in terms 
of equivalent momentum. Since each curvature meas- 
urement in the latter distribution is the average of four 
independent readings, the width represents primarily 
the distortion error itself for no-field tracks, and (22 
Bev)~ is therefore the most optimistic estimate of the 
distortion error on tracks measured in a single chamber. 
The momentum limit for tracks traversing the entire 
chamber is not well known, but is around 75-100 Bev. 
The muons in this experiment traverse the entire 
length of the three chambers, hence do not deviate by 
more than 9° from the plane of the chamber face and 
sense an average field which is typically not far from the 
central value. The muon momenta were therefore de- 
termined from the sagitta of a 32-in. length of track 
using the mean central field with no correction for mo- 
tion along the field. Scattering in the lead plates pro- 
duced a standard error of about +20% in the sagitta, 
and the field about +5% in the momentum. However, 
the experiment does not depend on the measured muon 
momenta except near the ends of the 5-50 Bev interval, 
and the errors can have no appreciable effect on the main 
results. Electron momenta were measured with the 
curvometer, using the field value at the center of the 
track rather than the true effective field. The electrons 
are ejected at very small angles with the muon tracks; 
hence, no correction for motion along the field was used. 
The higher momentum electrons were also measured by 
the tangent angle method. Those below 400 Mev were 
outside the range of the curvometer and were measured 
by fitting to drawn circles. 


TABLE IV. Summary of results 


Exp. A Exp. B 


131 160 


No. of accepted events 
(with E>0.10 Bev) 

No. with dominant positon 

Mean No. of (+) electrons 
ver event 

No. of events having one or 


13 7 
1.18 1 


+> 


of 56 


more + electrons with 
E>0.5 Bev 

No. of + electrons with 
E>0.5 Bev 

Same, theo. est. (F=1)* 

(n,*—n,*)/(ny*+n,") 


39 58 97 
40 
0.21+0.09 


107 
0.23+0.06 


67 
0.25+0.08 
Rejected marginal events having at least one 

+ electron with energy >1 Bev: 


No. of events 


2 Probable pair (direct or photon conversion) 
1 Wide angle pair 
3 —e with doubtful correlation to muon 

6 E, outside 5-50 Bev interval 


Reason for rejection 


* The comparison here is not quantitatively meaningful because of the 
uncertainty in absolute normalization 
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IV. EXPERIMENTAL RESULTS 


The experimental data are summarized in Table IV. 
Penetrating pairs and showers and other irrelevant 
events are not included in the table. The integral dis- 
tributions of the electrons (No. with energy >£) are 
plotted as a function of £, for experiment A in Fig. 4 
and for B in Fig. 5. The accompanying theoretical curves 
are calculated on the basis of the standard quantum 
electrodynamics (Bhabha'® formula) together with an 
approximate shower theory to give the total number of 
positive and negative electrons with energy >£ ex- 
pected from the collision events in the target. A com- 
posite differential distribution for both A and B is 
shown in Fig. 6 and the corresponding integral distri- 
bution in Fig. 7. The modified theoretical curve (2) is 
discussed in the next section. For low event energies the 
momentum distribution of the muons selected by this 
experiment is expected to be indistinguishable from the 
total incident spectrum. Figure 8 shows the differential 
momentum distribution of the muons associated with 
events with energy <0.6 Bev compared with the spec- 
trum obtained by the Cornell group.'!? The muon spec- 
trum including all yu-e events falls off more rapidly, but 
will not be discussed in this paper. 
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Fic. 4. Experiment A. Integral distribution of (+) electrons 
with £>0.15 Bev, from 131 events, compared to theoretical 
calculation based on Bhabha’s formula for spin } muons. Arbitrary 
normalization. The rapid decrease in slope below 0.5 Bev arises 
largely from the event selection efficiency. 


16H. J. Bhabha, Proc. Roy. Soc. (London) A164, 257 (1938); 
also B. Rossi, High-Energy Particles (Prentice-Hail, Inc., New 
York, 1952), p. 16. 

17 J. Pine, R. J. Davisson, and K. Greisen, Nuovo cimento 14, 
1181 (1959). 
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Fic. 5. Experiment B; 160 events. 
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Fic. 7. Integral distributions, equivalent to Fig. 6. 


V. ANALYSIS AND DISCUSSION OF RESULTS 
The struck electron, in general, will lose energy ap- 
preciably by bremsstrahlung before reaching the sensi- 
tive volume of the chamber where its trajectory is 
observed. The resulting distribution of electron energies 
can be calculated taking into account this effect by 
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Fic. 8. Observed differential spectrum of selected muons, for 
event energies <0.6 Bev, including those above 50 Bev which were 
rejected in the main part of the experiment. Curve shows the 
Cornell spectrum, which was used in the calculations. 
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folding the bremsstrahlung loss distribution into the 
collision energy distribution. There is, however, a com- 
plication due to the possibility of pair production by 
the bremsstrahlung or even further shower development 
giving rise to additional electrons. Therefore, the ob- 
servable distribution of electron energies must be deter- 
mined with the aid of some shower theory. Fortunately, 
the shape of the resulting distribution is not sensitive 
to these corrections; only the absolute normalization 
is seriously affected. 

None of the many more recent shower theory calcu- 
lations are applicable to the case of thin layers (less 
than one radiation length) and do not estimate reliably 
the distribution of electrons which have a large fraction 
of the initial energy. Thus, it is necessary to use the 
original Bhabha and Heitler'* method to calculate the 
shower energy distribution. They calculate the number 
of electrons from each generation in the shower emerging 
at an arbitrary thickness as a function of emerging 
energy. For small thickness (<1 radiation length), the 
distribution of electron energies greater than a few 
tenths of the initial energy is given almost entirely 
by the contribution from the parent electron and its 
first generation offspring. Later generations in the 
shower do not have much chance to contribute an 
energetic electron at a depth of a fraction of a radiation 
length. 

What needs to be calculated is the expected number 
of electrons V.x,(£) reaching the chamber with energy 
greater than E as a function of FE. The collision electrons 
are assumed, with negligible error, to be produced with 
equal probability at all thicknesses above the chamber. 
The Bhabha-Heitler theory is used to determine the 
number of electrons entering the upper chamber with 
energy greater than £, given the initial electron to be 
produced at height / with energy w. We call this function 
n(E,w,t), with ¢ expressed in radiation lengths. From it 
we determine the average shower functions pertinent to 
the two experiments by a linear average over target 








Yein(w/E) 


Fic. 9. Plots of the calculated shower functions for experiments 
A and B. Expected number of observed + electrons of energy > E 
when the event energy is w. 


18H. J. Bhabha and W. Heitler, Proc 


Roy. Soc. (London) 
A159, 432 (1937). 
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thickness. These are called V4, Vg, for experiments A 
and B, or typically V(w/£), since they depend on w, 
only through the ratio w/£. We have 


(1) 


1 TC+TT 
N(w/E)= f n(E,w,t)dt, 
TT TC 


where rr, tc, the radiation length thicknesses of target 
and chamber wall, differ for experiments A and B, but 
the function » is the same for both. 

The functions V4, Vg are plotted in Fig. 9. The 
integral energy distribution V.x,() in the chamber is 
then obtained by folding the above functions into the 
differential production probability P(w,E,) as given by 
Bhabha,'® modified by a form factor F(w), and inte- 
grated over the muon energy spectrum. Thus: 


wm w 
Nexp(E) = darimen. f dr (w)N( —) 
E E 


4 


50 Bev dE, w 1 mw dn, 
ya es 
Ey uw Wm tes dE, 
where 
Bev 


5 E,.(w)<5 Bev, 
En(w) 


En(w)>5 Bev, 


when 


when 


and £,,(w) is the minimum muon energy to give an 
electron the energy w. The latter connection is the same 
as between E, and w,, given to good accuracy by 


Wm= E,?/(Ey+m?/2m.) = E,2/(E,+10.9) 
(in Bev units). (3) 


Since in this experiment £,>5 Bev=50m, E, and p, 
are almost of the same magnitude in energy units. 

An indication of the influence of the shower functions 
is given by comparing the resulting distributions for the 
two experiments and for the case of no shower correction 
at all (V=1.0). Figure 10 shows these distributions 
with form factor equal to unity, normalized to one inci- 
dent muon and with the coefficient of the integral in 
(2) put equal to unity. These curves indicate that the 
shower function contributes a normalization factor but 
no large change in shape in the distribution function. 

Since the low-energy data are used to determine the 
normalization of the theoretical curves, it is necessary to 
determine the relative efficiency for detecting these 
events compared to the higher energy ones. The effect 
of the magnetic field is to curl up low-energy electrons 
so that they cannot trigger both proportional counters, 
causing a low-energy cutoff at about 100 Mev. However, 
this effect results in no loss of efficiency for electrons 
above 400 Mev. 

There is also the efficiency of the counter system to 
be considered. The prime source of uncertainty is the 
response of the second proportional counter which is 
situated under a 1.25-cm layer of lead. This counter was 
biased at about twice minimum ionization level. The 
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muon must go through this counter, so it should take 
only one electron emerging from the lead (even as low 
as 5 Mev) to produce a sufficiently large pulse. Wilson'® 
has calculated the shower development of electrons from 
50 to 500 Mev in lead by means of a Monte Carlo 
method. His calculations yield an average number and 
the distribution in number of emerging electrons with 
energy greater than 10 Mey. A Poisson distribution 
based on the average number underestimates the likeli- 
hood of pairs of electrons emerging and overestimates 
the probability for triples. The probability for zero or 
one is, however, fairly well given by the Poisson. If 
we assume that one or more electrons (in addition to 
the muon) will reliably trigger the counter and use the 
Poisson distribution based on Wilson’s results, we obtain 
an efficiency factor which makes the shape of the theo- 
retical distribution fit the data in the 100- to 500-Mev 
range remarkably well. If one assumes two or more elec- 
trons are required, the resulting efficiency factor falls 
off much faster below 400 Mev but reaches 90% at 
500 Mev. Assuming three electrons are required gives 
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Fic. 10. Shows relative effect of the shower functions on the 
calculated distributions (without the efficiency factor). 


 R. R. Wilson, Phys. Rev. 86, 261(1952). 
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an efficiency correction which causes the theoretical 
integral curve to level off below 300 Mev in a way quite 
incompatible with the data. We conclude that the 
counters were in fact detecting a single electron fairly 
well. The efficiency factor based on the Poisson distri- 
bution for one or more electrons is thus used in cor- 
recting the theoretical distribution below 500 Mev. 

In the integral distributions, shown separately for 
Exp. A in Fig. 4 and for B in Fig. 5, the extreme esti- 
mated limits of the normalization are unfortunately 
rather wide; hence, the actual normalization used is 
arbitrary. Although the experimental conditions are 
quite different, the two experiments exhibit a very 
similar trend in the relation between the data and the 
curves calculated from the formulas derived from stand- 
ard quantum electrodynamics (QED). In the com- 
posite of the two, shown as a differential distribution 
in Fig. 6, the difference between the histograms and the 
curve is not particularly striking; however, the differ- 
ence is systematic and cumulative, resulting in a rather 
marked difference in the integral distributions for A 
and B separately and in the total shown in Fig. 7. 
No appreciable part of the difference can be accounted 
for in terms of errors in the momentum measurements 
of either the electrons or the muons. The slope of the 
curves is furthermore largely independent of the way 
in which the energy losses of the electrons themselves 
in the target are treated (Fig. 10). A considerably more 
crude analysis in which fluctuations and showers are 
ignored and the electrons are treated as undergoing a 
definite energy loss equal to the mean given by the 
Bethe-Heitler theory, —dE/di= E gives a curve which 
is slightly steeper at the high-energy end. However, to 
compare with the data in this case, the best one can do 
is to select the dominant negative electron in each event 
rather than using all of both signs, and that puts the 
data still somewhat further from the calculated curve, 
but with a total discrepancy not much different from 
that shown in Fig. 7. 

We conclude that the discrepancy between the data 
and the calculated curve cannot be understood either 
in terms of faulty analysis or errors of measurement. 
Since the numbers are small, the effect could be ex- 
plained as a statistical fluctuation.” Nevertheless, the 
difficulty of interpreting the discrepancy in terms of 
systematic or other errors suggests that one should at 
least explore other implications of the result. The fact 
that there is an excess of events at high energy excludes 
a form factor of a kind representing a simple smearing 
out of charge. However, the beginning of a ‘‘breakdown” 
of normal QED at high momentum transfers might be 
represented in terms of a “form factor” greater than 
unity which is a function of |g*|, the invariant of the 
4-momentum transfer, but which would not really 
distinguish between a “breakdown” and a structure 
effect of the muon.'® The effect of such a form factor, 


” See Appendix, note 2. 
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given by F= 1+ |g 4,2 for F not too much greater than 
1, where A, is the Compton wavelength of the muon 
and q is in units of f, on the calculated distribution is 
shown in curve 2 of Fig. 6 where the Bhabha formula 
has been multiplied by F?(g*). The most impressive fact 
about the comparison is that it indicates improved agree- 
ment with the experimental data over the whole range, 
not just at the highest energies. Despite the weak sta- 
tistics at the high-energy end, this may give considerable 
strength to the argument that the present experiment 
reveals for the first time substantial evidence for the 
inadequacy of the standard QED formula for yu-e col- 


lisions at distances of the order of 10-" cm. 


Other Interpretations; Spin Term 


The assumption has been implicit throughout this 
paper that we are dealing with spin 3 particles having 
the muon mass, and, considering the accumulated body 
of experimental evidence, it would seem unrealistic to 
assume otherwise. If the effect of the spin is defined by 
the difference between the cross section for spin } and 
that for spin 0, the spin term contributes an appreciable 
number of events at high energy; in fact, it is the only 
contributing part when w is just below w,, and accounts 
for more than half the expected number of 10-Bev 
events produced in the target by those muons in the 
range 5-50 Bev. The question of interpreting the data 
in terms of an admixture of particles of higher spin has 
not been investigated, although the effect should be 
in the right direction. 


Bremsstrahlung and Direct Pair Production 


The effective thickness of the lead shield for the pro- 
duction of bremsstrahlung which escapes to the target is 
just 1/« where « is the conversion coefficient per radia- 
tion length (r.1.). The expected number of pairs resulting 
from the conversion of such photons in the target is then 
given by m,= ((A)/x)(1—e"") N,, where V,=1.0X 10° 
is the total number of muons in 5-50 Bev traversing 
the apparatus, / is the target thickness in r.l. or 
0.44, effective, for both experiments together, and 
A=(m_./m)* \In(E/k) is the probability per radiation 
length in the shield for a muon of mass m, energy £, 
to produce a photon of energy greater than k. The 
angular bracket means the average over the accepted 
part of the muon spectrum for which E>&. With the 
above numbers we get, for k=2 Bev, (A)=3.9X10-5 
per r.l., and m,»= 1.46. 

For the number of pairs from bremsstrahlung 
produced and converted in the target we have 
Ny=(A)LI— (1 x)(1—e~—**) JV, =0.28. We thus expect 
bremsstrahlung from both sources to contribute less 
than 2 pairs with energy higher than 2 Bev. 

Pairs produced in the lead shield may safely be as- 
sumed to be eliminated by inspection. For those pro- 
duced in the target itself, we use the complete shielding 
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approximation for high-energy pairs as given by Rossi”! 
from Bhabha’s theory. We integrate over the pair 
energy and divide by 4a(.V/A)Z*r? In(183Z-5) (r.l. 
gramcm™) to obtain the probability per radiation 
length for the production of a pair with energy greater 
than E by a muon of energy £,: 


9 


a (m,/m) 


EZ 2E, 
P(E,E,)=—- (~ -1) 1 Uae 
mr iIn(183Z-°) \ me 


When averaged over the accepted muon spectrum for 
E=2, we obtain (P)=3.63X10~-*(r.1.)~ and with the 
number of muons and target thickness given above we 
obtain 0.16 pair with energy greater than 2 Bev. The 
expected number of pairs (>2 Bev) from the above 
three sources is then about 1.9, and should produce no 
serious effect on the observed distribution. In fact, two 
pairs (+11.5, —2.5) and (+1.4, —1.3) were already 
rejected as probable conversion or direct pairs (the 
numbers are energy in Bev), but two, more complex, 
events (—6.1, +3.3, —1.27, +0.06) and (+3.3, —0.83, 
—0,03, —0.02) were accepted, although they too could 
have originated as pairs.” It should be possible with 
more detailed analysis of the fluctuation problem to 
arrive at more clearly defined criteria for acceptance or 
rejection of events. It seems very unlikely, however, 
that we have made any bad error. The remainder of 
the events above 2 Bev have dominant negatons with 
at most very low-energy showers. There are, however, 
14 events altogether, out of the 291, in which there 
is a dominant positive. This does not seem too unreason- 
able, although we do not have an estimate of how many 
should have been expected. 


Contamination by Protons and Pions 


Contamination by protons and pions must be largely 
eliminated by the lead shield or be contained in the 
rejected high-energy events originating mostly in the 
lead shield. Any residual contamination, if it had any 
observable effect at all, should presumably give a de- 
ficiency rather than an excess of events at high energy. 


Positive Excess 


The positive excess is usually defined by the param- 
eter n=(n,—n_)/(m,+n_). Several experiments by 
other workers” give a mean of about 0.11-+-0.02 which 
is roughly independent of momentum over the entire 
5-50 Bev range of the present experiment. The result 
for this experiment is high, 0.23.+0.06, with a much 
larger uncertainty (standard deviation). There is no 
significant difference between the electron energy dis- 
tributions from positive and negative muons, and we 
conclude that, at least for the present, the discrepancy 
has to be attributed to a statistical fluctuation and a 
possible small systematic error. To attribute the entire 

21 See Rossi, reference 16, p. 87. 

2 See Appendix, note 3. 
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Fic. 11. Observed integral distributions segregated 
according to sign of the muon. 


effect to such errors is insupportable, and a small error 
tending to distort tracks in the positive sense cannot 
account for the apparent excess of high-energy elec- 
trons. The segregated distributions from positive and 
negative muons are shown in Fig. 11. 


VI. CONCLUSIONS 


The experimental results presented above provide 
the first substantial evidence for an abnormally large 
interaction in close collisions between muons and elec- 
trons with c.m. momentum transfer up to 100 Mev, or 
energy transfer to the electron up to 10 Bev in the lab- 
oratory system. The conclusion is weakened by the 
small number of events which makes it impossible to 
exclude with high confidence the interpretation of the 
effect as a statistical fluctuation; however, the con- 
clusion is supported by the fact that the results are 
fitted better over the entire range by a modified QED 
formula containing a simple relativistically invariant 
form factor which becomes greater than unity for mo- 
mentum transfers of the order of m,c. The experiment 
would seem definitely to exclude a form factor which be- 
comes less than one under the same circumstances, corre- 
sponding to a simple extended charge distribution. We 
have not been able to explain the observed effect in terms 
of random or systematic errors, or in terms of false events 
produced either by bremsstrahlung or direct pair pro- 
duction in the shield or the target, or by events pro- 
duced by nucleons and pions. 
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APPENDIX 


Note 1 (by senior author). This sentence takes issue 
with a curious and misleading statement by Marshak 
[Meson Physics (McGraw-Hill Book Company, Inc., 
New York, 1952), p. 202, line 1]. From an experimental 
point of view the identification of the original mesons 
with the Yukawa particle was at least regarded as 
something that had yet to be proved rather than ac- 
cepted as obvious. [ Revs. Modern Phys. 11, 207 (1939), 
last paragraph. See also Yukawa’s interesting remarks 
on the muon: Revs. Modern Phys. 29, 214 (1957). ] 
The discovery of the muon was incidental to the veri- 


fication of the theory of collisions with electrons for 
transfers up to 200 Mev and of the bremsstrahlung of 
electrons up to 500 Mev. The theory of the various 
electromagnetic processes was a useful link which per- 
vaded many of the arguments. However, it is not to 
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discredit theory or theoreticians td point out that the 
muon, like the positon, was a purely experimental 
discovery in the sense that it was made entirely inde- 
pendently of any theoretical considerations of what 
particles should or should not exist. The same, if not 
true of the pion, is unquestionably true of the hyperons 
and K mesons. 

Note 2. The perversity of statistical fluctuations in 
physics experiments is too well known to require com- 
ment. However, the excess involves such a small number 
of particles that one may hardly be justified at all in 
discussing other interpretations of the results. Thus, if 
there had been 10 particles instead of 15 above 2 Bev, 
the discrepancy with the QED integral curve might 
have been quite unimpressive. The Poisson distribution 
gives a probability 0.08 for getting 15 events or more 
when the expected number is 10, and this may be the 
most optimistic estimate if one is prejudiced to seek a 
physical interpretation rather than statistical. However, 
even that argument is weakened by the uncertainty in 
absolute normalization. 

Note 3. The highest energy event recorded (20 Bev 
“negaton” with 20 Bev “muon”’) presents several dif- 
ficulties and uncertainties in interpretation, including 
that it is the only one in which the secondary apparently 
has a nuclear interaction in the lead instead of under- 
going the normally expected radiative processes. It 
should probably be rejected. If the two events men- 
tioned (preceding reference 22) are also rejected (and 
they probably should not be) then the effect is to bring 
the integral distribution in Fig. 7 down close to the QED 
curve at the high energy end, but still leave the apparent 
excess in the middle region. 
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Excitation functions for the (p,pm) reaction have been determined in the energy range 250 Mev to 440 
Mev for the target nuclei As’*, Br®!, Zr, [!27, Ce, W'8, and Re!*’, Both isomer products were determined 
in the case of the Br*!(p,pn) Br® reaction. Also, excitation functions were determined for the (,2) reaction 
on Zr, Ce™?, and W!* and for the (p,2m) reaction on Zr®. All cross sections were measured relative to the 
Al*(p,3pn) Na™ excitation function. The (p,pm) excitation functions are only moderately sensitive to energy 
showing an increase by about 30% for iodine, 20% for arsenic and cerium, and a 12% decrease for zirconium. 
The remaining excitation functions are flat. The ratio of op, p, to op, 2» is 1.62+0.09, for the three targets 
measured, at 440 Mev. The various mechanisms for the production of reactions of this type are examined 
in the light of present understanding. The suggestion is made that, despite the relative insensitiveness of 
these excitation functions to energy, (p,pm) and (p,2p) reactions may take place by more than one mechanism 
in this energy region. A comparison is made with the results of recent Monte Carlo nuclear cascade calcula- 
tions applied to calculation of (p,pm) reaction excitation functions. 


INTRODUCTION 


N the past several years, considerable work has been 
done in deducing and ascertaining the mechanism 

or mechanisms of high-energy nuclear reactions. It is 
now felt that the over-all distribution and yields of 
products resulting from high-energy nuclear reactions 
can be explained by the statistical nature of the initial 
nuclear cascade followed by nucleon evaporation until 
thermodynamic equilibrium is attained.' Monte Carlo 
calculations?-* of both phases of this process are in 
agreement with the general features of the experi- 
mentally observed results. 

More recently, attention has been given to some of the 
“simpler” high-energy-induced nuclear reactions. Use 
of the word simple is meant as a measure of the com- 
plexity of the reaction in terms of numbers of particles 
entering into or leaving the reaction rather than the 
nature of the reaction mechanism. 

Work on the measurement of excitation functions of 
(p,pn) reactions has been done at several laboratories." 
Simple reactions such as the (p,pm) and (p,29), i.e., 
interactions in which A decreases by one unit and Z 
either remains the same or decreases by one, are of 
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Energy Commission. 
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particular interest, because in the energy range of 
several hundred Mev they account for several percent 
of the geometric cross section of the target nuclei, and 
are found to be largely energy independent. Reactions 
of this type have been interpreted as proceeding largely 
by the direct knock-on ejection of a proton or neutron 
at these incident energies." 

Most of the previous studies of these reactions have 
touched only lightly on the energy region of 100 to 400 
Mev. It therefore seemed worthwhile to investigate in 
greater detail (p,pm) and (p,2) reactions in this energy 
region. 

Target nuclides for this study covered a large range 
of nuclear sizes and included: As”*, Br*!, Zr®®, ['?7, Ce, 
W!56 and Re!8’, In the case of Br*!, the cross section for 
the (p,pn) reaction was measured for the production of 
both the 4.4-hr isomer and the 18-minute ground state 
of Br®. Only for the targets Zr**, Ce, and W'** was 
it possible to measure both the (p,pm) and (p,2p) re- 
action products. The (p,2”) reaction on Zr® is the only 
reaction of this type measured. In all cases the criterion 
used for selection of targets was that the half-lives and 
radiations of the product nuclides be suitable for 
measurement with the available equipment. 


EXPERIMENTAL 


All the irradiations were carried out in the circulating 
beam of the Carnegie Institute of Technology proton 
synchrocyclotron with proton energies of 250 to 440 
Mev. The targets, whose total thickness varied between 
35 and 100 mg/cm’, were irradiated for periods of 10 to 
60 minutes. The incident proton energy was determined 
by placing the target at different radial distances in the 
circulating beam. The relative error of the spread in the 
energy of the proton beam was about +2% at 440 Mev 
to about +5% at 250 Mev. 

All cross sections were measured relative to the cross 
section for the Al?’?(p,3pn)Na™ monitor reaction. The 
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cross sections for this reaction at any given energy were 
based on the excitation function of Hicks ef al." This 
excitation function is in reasonably good agreement with 
that recently determined by Yule and Turkevich” and 
is at most 10% low in the region of 200 Mev. Both these 
determinations of the Al’’(~,3pn)Na™ excitation func- 
tion are based on the absolute C"(p,pn)C™ cross sec- 
tions of Crandall.” 

The targets were prepared by making a slurry of the 
target compound in acetone, placed in a 1-cmX1-cm 
depression in a 3-mil aluminum foil, and dried to an 
even uniform mat. On top of the target compound were 
placed three aluminum foils, the middle one of which 
was used as monitor. The entire target assembly was 
wrapped in 1-mil aluminum foil and fastened on the end 
of the cyclotron probe. An identical area of target 
material and monitor foil were measured in the experi- 
ment. Misalignment of the aluminum monitor foil and 
target material by this technique was considered to 
produce less than a 5% effect as judged by the repro- 
ducibility from one run to another. 

Recoil losses of the (p,pn) and (p,2p) products were 
considered negligible in accord with the experiments of 
Markowitz ef al.’ The contribution to the measured re- 
action yield from secondary particles is also considered 
negligible for the range of target thicknesses used in 
this work, again in agreement with the findings of other 
workers.’ In some cases, i.e., zirconium, the value for 
the cross section was observed to be independent of 
large variations of target thickness, between 8 and 48 
mg/cm?. Also, no effort was made to correct for the 
small contribution to the Na* production in the monitor 
foil from secondary particles originating in the target 
assembly. This effect cannot be more than a few percent. 
Table I indicates the composition and thickness of the 
various targets used in the irradiations. 

After irradiation the monitor foil and target material 
were removed from the target assembly and the dis- 
integration rates of the various nuclides of interest were 
determined. The chemical procedures used are modifica- 
tions of standard methods'*-"* and are described in the 
Appendix. These are procedures capable of achieving 
purification from all other impurities by factors of 10° 
or better. The final precipitates, mounted on small 
filter disks were counted under standard Tracerlab 
Geiger-Miiller tubes in a known geometry. The chemical 
yields were usually determined gravimetrically. Decay 
curves were analyzed into their various components and 
for the radioactive nuclide sought, the disintegration 
rate for infinitely long bombardment was computed by 
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AND 


A. 


TABLE I. Target composition 


larget thickness 


Target Abundance 
» (mg/cm?) 


isotope i 


Chemical form 


As?® 100 As metal powder 35-50 


Br®! NaBr 20-42 
Zr** ’ Zr foil &-48 
se KI 20-30 
Cee CeO, 25-30 
wise wo 40-83 
Re!8? Re metal powder 65-130 


corrections for length of bombardment, chemical yield, 
and counting efficiency. Corrections for self-absorption 
and scattering were made by the method outlined by 
Nervik" and air and counter window absorption cor- 
rection factors were obtained by the procedure de- 
scribed by Rudstam.'* For nuclides which emit 8-rays 
of energy greater than about 0.70 Mev the effects of 
air-window absorption and self-scattering and self- 
absorption were usually negligible and the correction 
factors could be assigned the value of unity. Most of 
the data used for the calculation of counting efficiencies 
were taken from the compilations of Strominger ef al." 

In all cases where the cross sections that were calcu- 
lated were for nuclides in a decay chain [e.g., (p,29), 
(p,pn), and (p,2n) reactions on Zr**] corrections were 
made for the growth and decay of the products during 
bombardment” and decay before chemical separation 
was achieved. 


RESULTS 


The cross sections for the (p,pm) reactions, and (p,2p) 
and (p,2m) reactions where measured, for the target 
nuclides Br®!, As”®, Zr®*, I'?7, Ce™?, W!86, and Re!®? are 
listed in Table II. The reactions with Zr and Ce! 
are illustrated in Figs. 1 and 2. All the values given are 
averages of two or more determinations and the errors 
given are the deviations from the averages. Errors in 
these determinations arise from a number of sources. 
The error in the relative monitoring of the proton 
beam by use of aluminum foils and the possible mis- 
alignment thereof is only a few percent at any given 
energy. The absolute value of the Al?’(p,3pn)Na* cross 
section is uncertain by about +10%. Uncertainties in 
counting efficiency, backscattering, air and window ab- 
sorption, self-absorption and self-scattering were esti- 
mated to be about +15%. Errors resulting from the 
resolution of decay curves may be as large as 10%. The 
chemical yield determinations were accurate to 2-3% 
individually, but may be in error by 5% when multiple 
determinations are necessary in a parent-daughter 
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chain. As a result of all these sources of error it is be- 
lieved that the: reported cross sections are accurate to 
about +15%. However, the ratios of the op, »n/¢p,2», 
Tp,pn/Fp.2n, and the Br” isomer ratio are subject to 
only the last two sources of error mentioned and there- 
fore should be reliable to about +8% as indicated in 
Table IIT. 

With the exception of the (p,pm) reaction on As”, 
['7, and Ce, the (p,pn) and (p,2p) reactions on the 
remaining elements are nearly independent of energy. 
In the case of As’® we report cross sections (see Table 
II) of 57 mb at 250 Mev with a gradual increase to 71 
mb at 440 Mev. This compares with the data of 
Cumming” in which he quotes a value of 55 mb for 


TABLE II. Summary 


Proton energy (Mev) 50 300 


As'5(p,pn)As™ 
Br*!(p,pn) Br® 
Br*!(p,pn) Br®™ 
Br®! (p,pn) Br8% 
Zr°*( p, pn) Zr® 
1!27(p, pm) 1128 
Ce! ( p,pn)Ce™ 
W186 (, pn) W185 
Re!*7(p, pn) Re!*® 


57.4+6.6 
65.6+4.9 
34.44-4.3 
31.2+4.5 
69.8+5.4 
58.4+3.6 
70.9+1.0 
69.4+1.0 
67.142.2 


60.7+5.6 
66.0+6.6 
35.0+4.0 
31.0+4.2 
65.7+4.4 
57.74+4.1 
73.243.3 
69.5+4.3 


67.5+6.7 


Zr®(p,2p) ¥% 
Zr®*(p,2n)Nb** 
Ce! (p,2p)La™! 
W!*6(p,2p)Tal® 


35.8+3.6 
20.6+1.6 
22.51.4 
44.143.3 


35.044.2 
19.0+1.0 
30.443.2 
43.444.5 


PROTON ENERGY (mev) 


the cross section for the production of As” by the (p,pm) 
reaction at 380 Mev. It is felt that further experiments 
should be performed to check the energy dependence of 
the (p,pn) reaction on arsenic. 

The ["(p,pn)T°® excitation function reported here 
has a cross section of 58 mb at 250 Mev and 77 mb at 
440. This compares poorly with the experiments of 
Ladenbauer and Winsberg* who report (80.6+7.0 mb) 
for this cross section at 250 Mev and (63.3+8.7 mb) 
at 500 Mev with a continuous smooth decrease to a 
value of (46+4.3 mb) at 6.2 Bev. Kuznetsova et al.” 
report values of (538) mb at 300 Mev and (51+10) 
mb at 660 Mev with a point at (70+9) mb at 480 Mev 
in fair agreement with the present data. The reason for 


of experimental results. 


Average cross sections | 


350 400 

p,pm) reactions 
63.4+4.8 
65.3+4.8 
34.5+4.3 
30 8+3.6 
63.342.0 


66.0+3.3 
64.243.5 
34.24+2.3 
30.0+3.0 
61.4+3.6 
74.84+5.4 
82.6+4.0 
68.6+5.7 
66.8+4.6 


71.0+7.0 
62.0+2.0 
33.443.5 
28.6+4.4 
61.342.4 
77.6+6.3 
82.5+6.2 
70.2+5.6 


67.4+5.0 68.0+3.7 


(p,2p) and (p,2m) reactions 


37.4+4.6 
15.243.2 
47.642.7 
44.9444 


40.4+3.2 
14.4+4.2 
54.343.8 
43.8+3.9 


37.842.4 
13.943.7 
50.9+4.8 
43.44+4.8 
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the disagreement with the results of Ladenbauer seems 
obscure and awaits further experimentation. The dis- 
crepancies in the results reported here with other data 
could of course arise from many sources and it would be 
difficult to assess the trouble. One source of these dis- 
crepancies, however, can probably be traced to lack of 
uniformity among various authors in the values used 
for the Al(p,3pn) monitor cross section, Differences in 
reported cross sections by as much as 15% at various 
energies could be realized by using the Na™ cross-section 
data reported by Hintz and Ramsey,” Hicks ef al.," 
and Prokoshkin e/ al.** It is difficult to decide if these 
different values used for the Na*™ cross section can be 
responsible for part of the discrepancies found in this 
work as compared with other authors, because fre- 
quently no clear statement as to which value was chosen 
for the Na™ cross section could be found in the literature. 

The Ce'(p,pn)Ce™! reaction has a cross section of 
(71+1) mb at 250 Mev which agrees with the data of 
Ware and Wiig”® for the same reaction at 240 Mev. 
Also, the value of 82 mb at 440 Mev reported here com- 
pares well with the value of 86 mb at the same energy as 
reported by Caretto and Friedlander.® 


DISCUSSION 
(p,pn) Reactions 


Two general considerations should be made in dis- 
cussing (p,pm) reactions in the energy interval 200 to 
450 Mev. 

(1) The gross features of the majority of (p,pm) ex- 
citation functions are essentially energy independent in 
this region. A number of minor exceptions may be 
noted. The arsenic and cerium excitation functions 
show gradual increases by about 20% between 250 Mev 
and 440 Mev. The iodine cross sections reported here 
show an increase of about 30%, while the zirconium 
(p,pn) reaction exhibits a decrease of about 12% in 
the same energy interval. 

(2) The cross section for the (p,pm) reaction at a 
given energy plotted as a function of the target mass is 
illustrated in Fig. 3. Any theory concerning the mecha- 
nism of (p,pm) reactions should be able to explain the 
dependence of the (p,pm) reaction cross section on 
target mass number. Figure 3 illustrates the present 
experimental situation®7*:.57!.2.2426 with regard to 
this dependence for various (p,pm) reactions at 400 Mev. 


TABLE III. Ratios of various (p,2 particle) reactions. 





Proton energy (Mev) 


300 


400 440 





Br®! (p,pn) Br®" /Br®! (p, pn) Bre 
Zr**( p, pn) Zr®®/Zr**( p,2p) Y** 
Ce! (p,pn)Ce™ /Ce!(p,2p)Ce™! 





1.130.03 
1.880.08 
2.40+0.01 
1.60+0.04 


1.16+0.05 
1.62+0.03 
1.62+0.08 
1.62+0.03 


.14+0.04 
.56+0.04 
.52+0.03 
.56+0.04 


1.12+0.04 
1.530.50 
1.76+0.01 
1.53+0.50 





W"** (p, pn) W285/W!88(p,29) Tass 


*3.N. M. Hintz and N. F. Ramsey, Phys. Rev. 88, 19 (1952). 
* Tu. D. Prokoshkin and A. A. Tiapkin, Soviet Phys.—JETP 5, 148 (1957). 
25 W. Ware and E. O. Wiig (private communication). 

26 M. L. Lindner and R. N. Osborne, Phys. Rev. 103, 378 (1956). 
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Fic. 3. Cross sections for (p,pn) 
reactions at 400 Mev versus target 
mass number. Points are desig- 
nated by target nucleus and refer- 
ence: (a) C%,3 (b) N47 (c) F897 
(d) Fe™,7 (e) Ni®*,? (f) Zn™,? (g) 
Cu®, (h) As?® (reference 21 and 
this work), (i) Br*® (this work), 
(j) Mo™,’ includes contribution of 
(p,2p) reaction, (k) I'*? (references 
8 and 22 and this work), (1) Ce! 
(reference 6 and this work), (m) 
Ta'®!,? only the Ta! upper state 
was measured, (n) W'* (this 
work), (o) Re!’ (this work), (p) 
Th (q) [238 26 
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In view of the rather large errors quoted for (p,pn) re- 
action cross sections, and the frequent large differences 
between cross sections quoted for the same reaction 
measured in different laboratories, it does not appear 
justifiable at this time to search for trends or find struc- 


ture in the data illustrated here. 

Before discussing these results further, it is useful to 
consider the possible mechanisms available to the (p,pn) 
reaction in this energy interval. It does not appear 
likely that compound nucleus mechanisms can play a 
significant role at energies above 100 Mev. The results 
of the Monte Carlo cascade calculations? indicate that 
the fraction of all events leading to compound nucleus 
formation decreases with increasing energy and in- 
creases with atomic weight. Thus, those authors report 
that, for 100-Mev incident protons compound nucleus 
formation occurs in 6% of the total inelastic inter- 
actions for copper and in 30% of all inelastic inter- 
actions for uranium. At 200 Mev, however, the fraction 
of all inelastic events leading to compound nucleus has 
decreased to less than 1% for copper and about 8% 
for uranium. 

Other mechanisms available for the (p,pm) reaction 
are: 

(a) The pure knock-on process involves the collision 
of the incident particle with a neutron in which both 
collision partners are knocked out of the nucleus and in 
which the nucleus is left with insufficient residual ex- 
citation energy to allow any nucleon evaporation. This 
latter restriction implies that the “hole” left by the 
removal of a neutron must not be sufficiently deep in 
the nuclear potential well so that nucleon evaporation 
will ensue. 

The knock-on process may also take place wherein 
the incident particle engages in a scattering collision 


60 100 120 140 160 180 200 


TARGET MASS NUMBER (A) 


with a nucleon with which it shares a large fraction of 
its energy. This can lead to a small cascade after which 
both collision partners leave the nucleus carrying with 
them almost all the incident excitation energy. This 
process is again restricted to those cases in which the 
residual excitation energy is less than 10 Mev. This 
nonideal knock-on mechanism is probably not a very 
likely process. 

(b) Another process would be one in which the in- 
cident proton makes an elastic collision with a nucleon 
in such a way that one collision partner is scattered out 
of the nucleus with almost all the incident excitation 
energy. Sufficient excitation is imparted to the struck 
nucleon so that after many internal collisions, an addi- 
tional nucleon is finally evaporated. This process can 
take place either by a proton being knocked out fol- 
lowed by neutron evaporation, or less likely, a neutron 
being knocked out followed by proton evaporation. In 
either case, the initial collision must deposit about 10-20 
Mev in the nucleus. 

(c) The (p,pm) reaction product could be produced 
by a reaction path involving the emission of deuterons, 
i.e., the (p,d) reaction. These so-called pickup processes 
are well known at low energies”’ but are not considered 
too important here. They have been shown to be un- 
important at 300 Mev.** Heidmann” theoretically pre- 
dicts an E~* dependence of the pickup process with 
energy. 

(d) Reaction paths involving mesons may take place 
at incident energies above pion-production thresholds. 
Reactions such as (p,2pm-) and (p,pnzx") are possible. 
It is not considered likely however that these mecha- 

27 W. Selove, Phys. Rev. 101, 231 (1956). 

28 W. Hess and B. Moyer, Phys. Rev. 101, 337 (1956) 

*? J. Heidmann, Phys. Rev. 80, 171 (1950) 
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nisms can play a very important role in the energy 
region up to 440 Mev where the incident energy is only 
about twice the threshold for meson production. This is 
substantiated by comparison with the results of the 
Monte Carlo calculations® in which “(p,pm)” reactions 
involving pions were found to be negligible at 0.46 Bev 
but contribute about half at 1.84 Bev. 

Therefore, the mechanisms remaining to be discussed 
in connection with the results reported here are those 
listed as (a) and (b). A study of Cu® recoils from Cu® 
in this energy region, to be reported in a subsequent 
paper,” indicates that at least two different reaction 
mechanisms must be operative. This is somewhat sur- 
prising in view of the nearly energy-independent shape 
of this excitation function.”’*' The reaction path prob- 
ably involves mechanisms (a) and (b) in varying 
amounts. This fact should be kept in mind when ‘con- 
sidering the mechanisms of (p,pm) reactions. Ultimately 
one would expect both knock-on mechanisms and the 
mechanism involving (p,p’) events followed by nucleon 
evaporation [mechanism (b) ] to lead to smaller cross 
sections with increasing energies in this energy region. 
However, this would be expected to be a slow variation 
with energy related to the increasing mean free path 
in nuclear matter of the incident particle. In the small 
energy region between 250 Mev and 440 Mev one might 
expect increasing, decreasing, and constant valued ex- 
citation functions depending on the relative contribu- 
tions of mechanisms (a) and (b) as a function of energy. 

It has been suggested?-*:? that low-energy-deposi- 
tion reactions such as the (p,pm) may take place pre- 
dominantly in the nuclear surface. Another suggestion, 
made by Markowitz’ and expanded by Grover” and 
Benioff,® is that nuclear shell structure plays an im- 
portant role in knock-on reactions. Unfortunately, as 
was previously mentioned, it is difficult to ascertain the 
reasonableness of these suggestions with the available 
data. The data reported here are part of a continuing 
programa of such studies in this laboratory. It is felt 
that once a large number of (p,pm) cross sections are 
measured, as accurately as possible, one should be able 
to ascertain the role that nuclear structure plays in 
these reactions. 

Yule and Turkevich” report a comparison of their 
experimentally determined Cu (p,pn)Cu™ reaction 
with the theoretically determined number of events 
from Monte Carlo calculations of Metropolis et al.2 and 
evaporation calculations of the residual excited nuclei. 
Their calculations indicate that the knock-on process 
increases with energy for both Cu® and Au'’ while 
mechanism (b) [(p,p’) followed by evaporation ] de- 
creases with increasing energy. The results reported 
here indicate that (p,pn) excitation functions on dif- 


® E. Merz and A. A. Caretto, Jr. (to be published). 

1D. W. Barr, Atomic Energy Commission Document, UCRL 
3793, Berkeley, California, 1957 (unpublished). 

#® J. R. Grover (private communication). 


%P, A, Benioff, Phys. Rev. 119, 324 (1960). 


A. 


ferent targets may increase slightly, decrease slightly, 
or remain essentially energy independent. If these 
effects are indeed correct then this implies varying 
contributions of reaction mechanisms (a) and (b) for 
different mass targets. The calculations of Yule” on 
Cu® and Au’ do not indicate relative changes in the 
contributions from the various possible mechanisms. It 
may be, however, that the Monte Carlo calculations are 
insensitive to such effects. Also, the number of cascades 
that were calculated to lead to the (p,pn) product by 
the various reaction paths were statistically small. 
Thus, one would not expect these Monte Carlo calcula- 
tions to be of sufficient indicate these 
trends. 

One failure of the Monte Carlo calculations of 
Metropolis e/ al.?* as well as by those of Rudstam!'* and 
Meadows* is that the cross-section values predicted for 
the (p,pn) reaction product are factors of 2 or 3 lower 
than the experimental values. It has been suggested!:” 
that this discrepancy arises from the use of a sharp 
nuclear boundary in these calculations thus giving an 
incorrect number of low-energy depositions. However, 
it is not clear that making use of a diffuse nuclear 
boundary will lead to varying contributions of different 
reaction mechanisms with energy. 


accuracy to 


(p,2p) Reactions 


The same mechanisms that apply to the (p,pm) re- 
action can apply to the (p,2p) reaction. In the case of 


mechanism (b) one would expect a preference for 
neutron evaporation due to the coulomb barrier against 
proton emission. 

It is of interest to compare the (p,pm) to (p,2p) cross- 
section ratios for the three nuclides studied in this work. 
Table III lists these values. It can be noted that for 
Zr this ratio has a value of 1.95 at 250 Mev and de- 
creases regularly to a value of 1.62 at 440 Mev. For 
Ce!” the ratio has a value of 3.15 at 250 Mev and a 
value of 1.62 at 440 Mev. However, for A= 186, the 
W'*°(p,pn)W"* to W!°(p,2p)Ta!® reaction cross-section 
ratio is constant with a value of 1.58+-0.05 throughout 
this energy region. It is interesting to note that the gp, pn 
to op,2p ratio for the three targets measured is 1.62 
+0.09 at 440 Mev. It is believed that the constancy of 
the (p,pm) to (p,2p) cross-section ratio for W'** with 
increasing energy is strong evidence for the knock-on 
mechanism. The knock-on mechanism is the only 
mechanism of those considered which would predict 
that the ratio of a5,» tO o»,2» should be essentially 
energy-independent in this energy region. If the (p,pn) 
and (p,2p) reactions took place by mechanism (b) one 
would expect, that as the spectrum of residual excitation 
energy changed with increasing incident energy, the 
probability of evaporation of a neutron versus a proton 
would not remain constant. It is thus concluded that 
the knock-on mechanism predominates for the (p,pm) 
and (p,2p) reactions on W'** between 200 to 440 Mev. 


"4 J. W. Meadows, Phys. Rev. 91, 885 (1953), 





EXCITATION 


(p,2n) Reaction 


The only (p,2m) reaction measured in this work is 
the Zr**(p,2n)Nb® reaction. It can be noticed that the 
(p,2n) reaction is smaller than the (p,pm) by a factor of 
at least 3.5 at all energies and smaller than the (p,29) 
by a factor of 1.5 to 2 over the energy interval. This is 
not surprising if one considers that both the (p,p) and 
(p,2p) reactions can take place in one step via the 
knock-on process. The (p,2”) reaction on the other 
hand must involve a two-step process in which a 
neutron is evaporated. However, as was suggested by 
Winsberg,* one would expect about an order of magni- 
tude difference between so called one-step and two-step 
processes. It is surprising that the cross section for this 
reaction is so close to that of the (p,2p) and (p,pn) 
cross sections. Possibly this is evidence that there is a 
high probability for the (p,pn) reaction in this energy 
region to take place by a two-step process such as 
mechanism (b). 
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APPENDIX 


In this Appendix all the chemical procedures that 
were used are briefly discussed. These are modifications 
of standard methods.'*“* Also, that fraction of the dis- 
integrations that were detected by beta radiation for 
each nuclide is designated. 


Arsenic 


The arsenic target was dissolved in aqua regia with 
the addition of carriers for the elements Se down to Cu. 
Se was removed by evaporating the solution to dryness 
and converting the solution to 1.V in HCl and the addi- 
tion of NHsOH-HCI. Addition of 1V KI removed the 
remainder of the Se and I,. The supernate solution was 
then made 3 in HCI and As,S; precipitated with HS. 
As and Ge were dissolved in dilute KOH, leaving CuS 
insoluble. Ge was removed by distillation from 6.V HCl 
in a slow stream of chlorine. As2S3 was precipitated 
from the remaining solution and mounted for counting. 
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The 17.5-day As’® was detected by counting beta par- 


ticles, assumed to be in 62% abundance. 


Bromine 


The NaBr target was dissolved in distilled water and 
the volume made up to 100 ml. A known aliquot was 
removed for subsequent chemistry and counting. Hold 
back carriers of Se, As, Zn, Cu, Ni, and Fe were added. 
AgBr was precipitated by addition of AgNO; solution, 
dissolved, reprecipitated, washed, and mounted for 
counting. The 4.4-hour Br®" and the 17.6-min Br™ 
were detected by counting beta particles. The abun- 
dance of beta particles was assumed to be 95% in all 
Br® samples and for Br®” in which Br® was present in 
equilibrium. 


Zirconium 


It was necessary to achieve a fast separation of 
niobium, zirconium, and yttrium from the target. The 
zirconium target was dissolved in concentrated HF with 
the addition of hold back carriers of Sr, Br, Na, Se, As, 
Ge, Zn, Cu, Ni, and carriers for niobium and yttrium. 
YF; was immediately removed from solution. BaCl, 
solution was added and BaZrF¢ was precipitated and 
washed with water twice. Niobium was removed by 
passing the solution through a Dowex-2 ion exchange 
column. The Nb was washed from the column with 
3N HCl. The niobium was purified and precipitated by 
adding the column eluate to a solution of concentrated 
HC! with NH,OH and tartaric acid. One percent cup- 
ferron solution was added and the solution filtered, 
washed with 10% HCl, and finally washed with water. 

The zirconium was purified by solution of the BaZrF¢ 
in concentrated HNO;-H;BO; solution. Zr(OH), was 
then precipitated by addition of NH,OH. The pre- 
cipitation cycle was repeated twice and the zirconium 
converted to BaZrFs5. This was redissolved, Zr(OH), 
reprecipitated and ignited to ZrO, and mounted for 
counting. 

The YF; was dissolved in HNO; and saturated 
H;BO;, and Zr carrier was added. HF was added to 
precipitate YF. This was saved for the determination of 
the yttrium chemical yield. La carrier was added to the 
solution and LaF; precipitated twice. The solution was 
made basic with NH,OH to precipitate Zr(OH),4. The 
Zr from yttrium was then converted to ZrO, and 
mounted for counting. 

The 10.5-minute Y** was determined by counting its 
65-day Zr®® daughter. This latter nuclide was assumed 
to be associated with beta particles in 100% of the 
disintegrations. The 35-day Nb* was also assumed to 
decay by beta particles in 100% of the disintegrations. 


Iodine 


The KI target was dissolved in water and distilled 
by the addition of concentrated H,SO, collecting the 
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distillate in 1NV NaOH. The distillate was made acid 
with H.SO, and the iodine oxidized with NaNOs. I, 
was extracted with CCl, and back extracted with NaOH 
solution. The extraction was repeated 3 times. Finally 
I, was reduced with SO, in acid solution. The SOs was 
removed from the solution by blowing air through it 
and then AgI was precipitated by the addition of 
AgNO. The 13.3-day I'** was determined by assuming 
that 45.3% of the disintegrations involved beta particles. 


Cerium 


The CeO, target was dissolved in concentrated HCl 
with the addition of several crystals of KI to aid the 
dissolution. The I, produced was reduced with 30% 
H.O.. Ten milligrams of La carrier were added, the 
solution made to a known volume, and a known aliquot 
was reserved for the cerium determination by standard 
analytical methods. The cerium and lanthanum were 
precipitated by addition of HF, dissolved in boric and 
nitric acids, and reprecipitated as hydroxides. Solution 
of the hydroxides in 8 HNO; was followed by oxida- 
tion of the cerium with BrO;- and extraction of the Ce 
in the plus-four state in methyl isobutyl ketone accord- 
ing to the procedure outlined by Glendenin ¢ a/.** The 
3.7-hour La™' was allowed to completely decay to the 
33.1-day Ce'' daughter. The latter activity was chemi- 
cally isolated from the lanthanum fraction and the Ce™ 
counted. The Ce"! was assumed to be associated with 
beta particles in 100% of its disintegrations. 


Tungsten 


he WO; target was dissolved in 2 NaOH and di- 
luted to a known volume. A 50% aliquot was taken for 
the tantalum chemistry, the remaining portion re- 


3°. E. Glendenin, E. P. Steinberg, K. 


F. Flynn, and R. F. 
Buchanan, Ann. Chem. 27, 59 (1955). 


served for tungsten. The tantalum procedure is as 
follows: Tantalum, rare earth, and zirconium carriers 
were added and the rare earth fluorides were precipi- 
tated by addition of HF. The solution was scavenged 
with a rare earth precipitation two more times. The 
tantalum was then extracted into methyl isobutyl 
ketone from a nitric acid, HF solution. The organic 
layer was washed two times with 6V HNO; and HF. 
The tantalum back extracted with saturated 
H;BO; solution. Tungsten carrier was added and then 
the solution was made strongly acid with HNO; to 
precipitate WO;. This was mounted for counting the 
75.8-day W'* daughter of 50-minute Ta’. 

The tungsten fraction was purified by adding Zr, 
rare earth, and Ta carriers and then scavenging with a 
Fe(OH); precipitation. The Fe(OH); precipitation was 
repeated twice. The solution was made strongly acid 
with HNO; and heated in a water bath. WO; precipi- 
tated and was dissolved in 2 NaOH. The acid pre- 
cipitation of WO; and dissolution in NaOH was 
repeated two times. The final precipitate was washed 
with water and mounted for counting. The 0.430-Mev 
beta particles of 75.8-day W'*® were 
present in 100% of the disintegrations. 


was 


assumed to be 


Rhenium 


The rhenium targets were dissolved in HNO; to- 
gether with hold back carriers of Ta, W, rare earths, 
and Zr. Re2S; is precipitated by passing H.S through 
the boiling solution for 15 minutes. The Re.S; was dis- 
solved in 1 M NaOH and one drop of 30% H.,Oe. An 
Fe(OH); scavenge was then carried out twice. Re.S; 
was then reprecipitated from 12 HC! solution and the 
precipitate was washed with CS, and water. The pre- 
cipitate was mounted for counting. The 88.9-hour Re'*® 
was assumed to be associated with beta particles in 
92% of the disintegrations. 
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A 5-in. freon bubble chamber was used to search for the following decay modes of the n* meson: 
(1) wt > et +7, 
(2) wt > e+e +e", 
(3) pt > et +°+P+y, 
(4) wt met +Y4+P+et+e. 
Two exposures were made at the Carnegie Institute of Technology synchrocyclotron. A total of 200 000 
pictures were taken yielding 3.3105 u* meson decays. 
A total of 310° uw* decays were examined for mode (1). No decays consistent with this mode were 
found, The upper limit on the branching ratio R,.q was found to be 
Rraa= (u* — et +y)/ (ut > et +°+ P) <2.5K 10° 
A total of 3.3105 w* decays were scanned for mode (2) and no such decays were observed. The limit 
on the branching ratio R;, was found to be 
Rse= (u* — et +e> +") / (ut > e* +°4+P) <4X 10° 
The internal bremsstrahlung rate (mode 3) was measured for two values of /,9 (the minimum photon 
energy detected). The results were ; 
Rip= (ut — e*+Y+P+y7)/(ut — e*+Y+P), 
Rip= (1.4+0.4)K10%, E,o=10 Mev, 
Rip= (3.341.3) X10, E,o=20 Mev. 


The rate of internal conversion of internal bremsstrahlung [mode (4) ] was found to be 
Ric= (ut > et +Y4+P+et+e-)/(ut — et ++4+P) = (2.241.5)X10-5, Eo=10 Mev, 


where £o is the minimum energy of the internally converted y ray. 
A summary is given of previous experiments on these decay modes and results are discussed with special 
reference to the intermediate boson scheme of weak four-fermion interactions 


I. INTRODUCTION neutral state, then decays involving neutral currents 
such as 


A. Intermediate Bosons and p+ — e*+¥ , . 

ut— e+e +e," 

T has been suggested! that the muon decay may take K+ — xt+e-+et, 
place through an intermediate boson which is 
coupled weakly to the lepton fields. If the intermediate 
boson is taken to be a charged spin-one boson, then it 
can be used to explain the V-A form of weak decay 
interactions.” Such a theory would require that dia- 
grams of the form of Fig. 1(a), where fi, fe, fs, fs, are 
fermions, be replaced by diagrams of the form of Fig. 
1(b), where VW is the intermediate boson. If W has no 


K+ — wt+yt+p 


will be forbidden. If muon decay does take place 
through an intermediate charged vector boson, then 
the decay mode w*+*— e*+y might be expected to 
occur. Using the assumptions of a charged intermediate 
vector boson, the two-component neutrino, and lepton 
conservation, the branching ratio 


* Supported in part by the U. S. Atomic Energy Commission Ryaa= (ut > et +7)/ (ut et ++ 7) 
and in part by the Research Committee of the University of 


Wisconsin with funds provided by the Wisconsin Alumni Research has been calculated by several people.’ The result is 
Foundation. - 


t This work has been submitted by R. R. Crittenden to the ambiguous, however, mince it depends upon the mass 
University of Wisconsin in partial fulfillment of the requirements and magnetic moment of the vector boson. If the mass 
f > decree *hilos: , . R ‘ 
for the degree of Doctor of Philosophy. . of the boson is taken to be approximately that of the 

t Present address: Brookhaven National Laboratory, Upton, : : ; ? 
Nie. Stacks. K meson or if the anomalous magnetic moment of the 

§ Supported in part by the National Science Foundation. 

'H. Yukawa, Revs. Modern Phys. 21, 474 (1949). 3G. Feinberg, Phys. Rev. 110, 1482 (1958); M. Ebel and F. 

2R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 Ernst (to be published); P. Meyer and G. Salzman (to be pub- 
(1958); J. Schwinger, Ann. Phys. 2, 407 (1957). lished). 
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(b) 


Fic. 1, Feynman diagrams for the four-fermion interaction. 


boson is taken to be 1, then one obtains a branching 
ratio Rr.a=8X10-*. However, for other values of 
mass and magnetic moment the branching ratio may 
be small. In particular Ebel and Ernst have shown 
that for an anomalous moment of 0.7 the branching 
ratio would be less than 10-6 for a wide variation of 
masses. 

The calculation of R,.q has also been made under the 
assumption of a charged scalar intermediate boson.‘ 
This gives 

Riaa~a/24r 


10-4. 


This result, unlike that for the vector boson, is both 
convergent and unambiguous. It is also very much in 
disagreement with experimental results. One may forbid 
both u+— e*++e-+e* and up*— e*+y7 by retaining 
the intermediate boson and assigning different lepton 
numbers to w* and e*.® This requires a 4-component 
neutrino theory to give the correct u-decay spectrum. 


B. Previous Experiments 


A number of experiments have been carried out in an 
attempt to detect wt—et+y and wt—et+e+et. 
Table I gives a summary of the experiments on y* — 


TaBLe I. Summary of experimental results for the branching 
ratio Rraa= (ut — et +y)/ (ut — et +Y+4+P). 


Reference Read 
<2xX10 
<1X10 
<2 10-6 
<2X10 
<4x10 


Technique 


Electronics 
Electronics 
Electronics 
Electronics 
Freon bubble 
chamber 
Electronics 


Lokanathan and Steinberger* 
Davis, Roberts, and Zipf> 
Berley, Lee, and Bardon‘ 
O’Keefe® 

Krestnikov® 


Ashkin, Fazzini, Fidecaro, Lipman, 
Merrison, and Paul! 

Frankel, Hagopian, Halpern, and 
Whetstone 


<1.3K 10 


<1.2«10 


Electronics 


*S. Lokanathan and J 

>H. F. 
(1959). 

¢ D. Berley, J. Lee, and M. Bardon, Phys. Rev. Letters 2, 357 (1959). 

4T. O'Keefe, M. Rigby, and J. Wormald, Proc. Phys. Soc. (London) 
73, 951 (1959). 

¢ Y. Krestnikov, Ninth Annual International Conference on High-Energy 
Physics, Kiev, 1959 (unpublished) 

J. Ashkin, T. Fazzini, G. Fidecaro, N. H. 
and H. Paul (to be published). 

«S. Frankel, V. Hagopian, J. Halpern, and A. L. Whetstone, Phys. Rev. 
118, 589 (1960). 


Rev. 98, 240(A) (1955). 
Zipf, Phys. Rev. Letters 2, 211 


Steinberger, Phys 
Davis, A. Roberts, and T. F 


Lipman, A. W. Merrison, 


*C. Fronsdal and S. L. Glashow, Phys. Rev. Letters 3, 570 
(1959). 

5 E. J. Mahmoud and H. M. Konopinski, Phys. Rev. 92, 1045 
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TaBLe II. Summary of experimental results for the branching 
ratio Rie= (ut — et +e-+e*)/ (ut > et +¥°+P). 


Reference 


Lee and Samios* 
Gurevich» 
Krestnikov® 


Technique 


Read 


Hz bubble chamber <1x10-5 
Emulsion <2xX 10-5 
Freon bubble chamber <1x10~5 


* J. Lee and N. P. Samios, Phys. Rev. Letters 3, 55 (1959) 

>I. Gurevich et al., Ninth Annual International Conference on High- 
Energy Physics, Kiev, 1959 (unpublished) 

e Y. Krestnikov, see footnote b 


e++y and Table II summarizes the experiments on 


pt —ette +e. 


C. Intermediate Boson and wt — e*++v°+¥"°+y7 
Decay 


Another method of detecting the existence of an 
intermediate boson in the muon decay process has been 
proposed by Eckstein and Pratt. They examine the 
effect of such a meson on the internal bremsstrahlung 
process. The branching ratio Rip=(u*+— et+r°+?P 
+7)/(ut— et+r°+) for this process is of course 
infrared divergent and therefore depends upon the 
lower limit of the energy of the detected y rays. Several 
authors’? have made the calculation for Rig assuming 
no intermediate boson. The branching ratio was found 
to be 


a oe | 1 
R= — (in ) 6 In 
3r M,. 12 Yo 
+3[L(1)—L (yo) ]—3[6+ (1— yo)* ](1— yo) In(1— yo) 
1 


+—(1— yo) (125 +45 yo— 33 yo2-+7y0?) | 
_ 


¢ 


-6(1=y9)= =) 


where® 


Lia)= f l 'In 1—i dt, Yo= 2E M ,. 


Eo is the minimum photon energy, M, is the mass of 

the muon, and M, is the electron mass. For Ey=10 

Mev this gives Rig=1.3X10~ and for Ey=20 Mev, 

Rip=4.4X10"*. The spectral distribution of photons is 

dN a | a, |} 6 

—=N,—(1—y)}} 2 In +In(1—y) 

dy 3 M 6 

3 1 

Xi - —2(1—y)?— —(1—y)(22—13y) ; 
y 12 

Pratt and Eckstein found that on the basis of the 

intermediate charged vector boson theory the branching 


®S. G. Eckstein and R. H. Pratt, Ann. Phys. (to be published). 

7 T. Kinoshita and A. Sirlin, Phys. Rev. Letters 2, 177 (1959); 
S. G. Eckstein and R. H. Pratt, Ann. Phys. (to be published) ; 
C. Fronsdal and H. Uberall, Phys. Rev. 113, 654 (1959). 

§ For a tabulation of this function see K. Mitchell, Phil. Mag. 
40, 351 (1949). 
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ratio contains additional terms with coefficients in 
powers of M,/M,. They considered the first order term 
and found that for an intermediate boson with mass 
about equal to that of the K meson the branching 
ratio Ryp is changed by a few percent. This of course 
is a very small effect to be detected by present experi- 
mental techniques. It is of interest, however, since it is 
independent of whether the neutrino associated with 
the muon is the same as the neutrino associated with 
the electron. 

The method of Kroll and Wada® was used by Pratt 
and Eckstein to find also the branching ratio 


Ric= (ut — et ++-Y4+-P+et+e)/ (ut pet+ Y+-P). 


The result depends upon the lower limit Eo of the total 
energy of the internally converted photon. For Eo=10 
Mev they found Rig~4X 10-°. 


Il. PROCEDURE 
A. Exposures 


The 5-in. freon (CF;Br) bubble chamber, which is 
described by Crittenden” was used to search for the 
following decay modes of the muon: 


(1) ut et+7, 

(2) pt et+e-+e, 

(3) ut et+Y+P+y, 

(4) pt et+-Y4+P+et+e. 


Two exposures were made with this chamber at the 
Carnegie Institute of Technology synchrocyclotron. 
The first of these was made in August, 1958 and 
yielded a total of 60 000 pictures. The second exposure 
was made in February, 1959 and produced 140000 
pictures. The chamber was operated at 48°C at a 
repetition rate of one expansion per second. The x* 
mesons produced by the internal proton beam were 
analyzed by passing them through a bending magnet. 
The resulting beam was moderated by copper absorber 
until the pions were stopped near the center of the 
chamber. These ++ mesons then served as a source of 
ut mesons. The range in freon of the muon from 
at — pt+y is about 1 mm. 

Figure 2 is a schematic drawing of the experimental 
arrangement. 


B. Scanning 


The stereo views of the chamber were photographed 
adjacently on the same film. Both views were projected 
adjacently at a magnification of twice life size and 
scanning was carried out on the two views at the same 
time. The film was first scanned for all interesting 
events and the frame number of such events was 


9N. Kroll and W. W. Wada, Phys. Rev. 98, 1355 (1955). 
1” R. R. Crittenden, Ph.D. thesis, University of Wisconsin, 
1960 (unpublished). . 
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Fic. 2. The experimental arrangement at the Carnegie 
Institute of Technology synchrocyclotron. 


recorded. At a later time the pictures were reprojected 
and measurements of projected angles and coordinates 
were made. These data were then punched in IBM 
cards. An IBM 650 was programmed to reconstruct 
the events in bubble chamber space. Details of the 
geometry are given in reference 10. The running time 
on the IBM 650 for one event was about 23 seconds. 

All events which survived the scanning criteria 
(described in III) were then re-examined. Multiple 
scattering measurements were made on the pair elec- 
trons and estimates were made of their total range. 
Both of these methods of energy measurements are, 
of course, quite crude for electrons because of the high 
probability for large energy losses to a single photon 
through bremsstrahlung. The critical energy E, (the 
energy at which the rates of energy loss by radiation 
and ionization are equal) is given by" 


E.=1600M .c2/Z, 


where M, is the mass of the electron and Z is the 
charge number of the absorber. For freon (CF;Br), E, 
is about 60 Mev. The ratio of radiative loss to collision 
loss is 


(dE, ‘dx) rad EoZ 


(dE/dx)oon 1600M a? 


Thus the rate of energy loss by a 5-Mev electron in 


11 H. A. Bethe and W. Heitler, Proc. Roy. Soc. (London) A146, 
83 (1934). 
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freon due to radiation is about 7% of the rate due to 
ionization. At 10 Mev the radiation loss rate is about 
13% of the ionization loss rate. Therefore, it should be 
possible to make use of multiple scattering and range 
in establishing a lower limit for the energies of electron 
pairs providing the limit is well below £,. 

Multiple scattering measurements were made using 
a modified microscope stage in conjunction with the 
regular scanning projector. The cell size was chosen to 
give a signal to noise ratio of 2 at an electron energy 
of 15 Mev. The noise was determined by means of 
measurements on 25 of the cosmic rays which passed 
through the chamber during the course of the experi- 
ment. This resulted in the use of 3-mm cells on the 
projected image which corresponds to approximately 
1.5 mm in real space. The constant cell size method 
was used instead of the constant-sagitta method, 
because the primary objective was the establishment 
of a lower energy limit and not the actual determination 
of energies. 

The root-mean-square second differences were then 
used to solve for 8 in the equation 


(D2)'= E,X¥/ pBLo', 


where X is the cell size (3 mm), Lo is the radiation 
length (25 cm in projection space) and &, is a constant 
(21 Mev). 

Multiple scattering was attempted only on those 
tracks for which it was possible to obtain 6 or more 
second differences. 

A comparison of the multiple scattering and range 
measurements is shown in Fig. 3. A point on this plot 
represents ap electron whose energy as determined by 
multiple scattering is given by the abscissa and whose 
energy as obtained by range is given by the ordinate. 
The points should of course fall along a straight line, 
which has a slope of one and which passes through the 
origin, if the two methods are accurate. Because of the 








Fic. 3. The correlation between the energies of 107 electrons as 


measured by multiple scattering, Eas, and range, Er. 
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effects of bremsstrahlung, the multiple scattering 
measurements should be more accurate than range 
measurements at higher energies, with range measure- 
ments giving an energy which is too low. The plot is in 
qualitative agreement with this. When it was possible, 
both methods were used to determine the energy of an 
electron and the results were averaged with equal 
weights. 


Ill. RESULTS 
A. wt 


Since the muons decayed at rest and this is a two- 
body decay process, a muon decaying by this mode 
would produce an electron and a y ray of equal and 
opposite momenta and total energy equal to the rest 
mass of the muon. The pictures were therefore scanned 
for high-energy pairs which appeared to originate from 
a muon ending and which made an angle of 180° with 
respect to a high-energy decay electron. 

The possible sources of background for this decay 
mode were the following: 


-er+y 


(1) A flux of y rays in the beam direction which 
originated in the absorber or in the beam port. Since 
these 7 rays had momenta roughly parallel to the axis 
of symmetry of the stereo system, discrimination 
against them was difficult. For this reason only those 
events in which both the decay electron and the y ray 
made an angle of more than 10° to the front and back 
beam direction were accepted. This resulted in a ten 
percent loss in counting rate, but virtually eliminated 
all the random background pairs for this process. 

(2) High-energy y rays emitted in the backward 
direction, i.e., opposite the electron, from yt —> e*+r° 
++. Both theoretical results’? and experimental 
data on pt > e+ +7°+ 7+ indicated that this source 
of background was negligible in this experiment 


A total of 310° w+ endings were scanned for the 
ut+—et+y decay mode. No decays consistent with 
ut — e+-+-+ were found. 

In order to estimate the detection efficiency, it is 
necessary to know what was the mean path available 
to a y ray for conversion into an electron pair. The 
illuminated volume of the chamber was essentially that 
of a cylinder of radius Rp and height H. Let us assume 
that the u*+ decayed at the center of this volume. The 
mean radius will then be given by 


x/2 Ro 
4x(r)= 2f |—2. sno | 
tan-(H/2R») Lsin@ 


tan-(H/2Ro) H : 
+2f ——2r, sino fo, 
0 2 cosé 


—R tan7—. 


2Ro 


4R,? 
#2 C. Fronsdal and H. Uberall, Phys. Rev. 113, 654 (1959). 


T H (=~) H 


(r)=—Ro+— In 
2 2 
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This result is approximately correct even if the decay 
point is not at the center. For the bubble chamber used 
in this experiment R=5 cm and H=9 cm. However, 
in order for a pair to be identified it must be formed at 
least 1.5 cm from the wall. Therefore, for the purpose 
of this calculation H=6 cm, R=3.5 cm. Thus (r)=4.6 
cm. 

The probability for pair production by a 50-Mev y 
ray is’U.43 per radiation length Ly. The radiation 
length is given by" 


Lo=[4a(N/A)Z(Z+1)r, In(183/Z!) , 


where a is the fine structure constant, NV is Avogadro’s 
number, A is the atomic weight of the absorber, Z is 
the atomic number of the absorber, and r, is the 
classical radius of the electron. For CF;Br this gives 
Lo=12.5 cm. Thus the probability for producing a- 
visible pair was P= (0.43) (4.6/12.5)=0.16. The scan- 
ning efficiency was estimated on the basis of results on 
ut+— et+Y+~P+y7 to be about 85%. Therefore, the 
total detection efficiency for uw+— et+y was 13.5%. 
Thus it was found that 


Rraa<1/(0.135)(3X 10°), Rraa<2.5X 10-5, 


B. wt — et+e-+e? 


A total of 3.3X10° w+ decays were scanned for the 
three-electron decay mode. The principal test for this 
mode was momentum balance. Since it is a decay into 
three visible charged particles from a particle at rest, 
it would have to produce three coplanar electrons whose 
total energy was 106 Mev. 

The background for this process came from the 
following: 


(1) The decay mode pt — et+r°+P+et+e-. In 
this case the electrons would in general be noncoplanar 
and would have a total energy of less than 106 Mev. 

(2) ut— et+/+P+y7 where pair production by 
the y ray took place near the wt ending. The same 
arguments apply here as in (1). 

(3) A y ray entering with the beam or coming from 
the walls of the chamber and accidentally producing a 
pair near a w* ending. The density p, of pairs per y* 
per cm® was 4.5X10-*(1/u* cm*). In order to be con- 
fused with w+ — 2et-+e~ the vertex of the pair would 
have to be within a radius of about 1.5 mm of the u* 
decay point. Thus the number of such accidents would 
be given by 

N=$rr'p,N , 
= $1(0.15)*(4.5X 10) N, 
=6.4X10-8N,,. 


This of course is only an upper limit since in addition 
the accident would have to occur in such a way as to 
indicate momentum and energy conservation. 

No examples were found of u* decays consistent with 
ut—et+e-+et in a total of 3X 10° stopped ut. The 
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scanning efficiency was estimated to be at least 85%. 
Thus the upper limit on the branching ratio 


Rae= (ut > ete tet)/ (ut > +P +P) 
was found to be 


Rse<1/(0.85)(3.3X10°), Rse<4 10-6. 


fc vu — et+y9+F+y7 


The y rays from this decay mode have a continuous 
spectrum of energies from 0 to 52 Mev. Just as in the 
case of ordinary bremsstrahlung, the most probable 
angle of emission is near zero degrees.” 

The background for this mode of decay came from 
the following sources: 

(1) Random ¥ rays which entered with the beam or 
were produced in the walls of the chamber and acci- 
dentally correlated with a wt ending. As mentioned 
above the flux of y rays in the beam direction was 
quite high and since the line of symmetry for the stereo 
cameras was also in that direction, discrimination 
against this background was difficult. For these reasons 
only those events in which both the decay electron and 
the correlated pair made a projected angle of more 
than 30° with respect to the front and back beam 
direction were accepted. This resulted in a 36% loss of 
counting rate, but eliminated virtually all of the back- 
ground from this source. The remaining random back- 
ground was estimated as follows: Let the mean density 
of u* endings per unit volume per picture be p,, the 
total number random pairs per u* be V,, the opening 
angle between electrons in a pair be ¢, the distance 
from a ut ending to a correlated pair vertex be R, and 
the number of u*’s be N,. Then 


dN ,-/dR=np,N ,R’¢*N,. 
Experimentally it was found that p,=4.5X 10-*y*/cm’, 


g=0.1 rad. 


N,=0.1 (1/p*) 


/ 
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Fic. 4. The spectral distribution of ~ rays from external and 
internal bremsstrahlung. The quantity d*N,2/dEdR is the 
differential probability per radiation length, per Mev that a 
photon of energy £ will be produced by bremsstrahlung of a 
u-decay electron and dN ,;/dE is the differential probability per 
Mev that a photon of energy £ will be produced by yt — et 


+P4P+, 
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Fic. 5. The differential probability »(£,£’) per radiation 
length, per Mev that an electron of energy E’ will produce a 
photon of energy E [B. Rossi, High-Energy Particles (Prentice 
Hall, Inc., Englewood Cliffs, New Jersey, 1952), Chap. 2]. 


This gives 
dN »-/dR=1.4X10-°N,R?. 


For small values of R this background was small 
compared to internal and external bremsstrahlung. 

(2) External bremsstrahlung by normal y*-decay 
electrons. 

From Fig. 4 it can be seen that the spectral distri- 
butions of y rays from the internal and external 
bremsstrahlung processes are approximately of the 
same form. The angular dependence is also very similar. 
The spatial distribution of pairs formed from the two 
bremsstrahlung processes is different, however. If we 
let Nz be the number of y rays from internal brems- 
strahlung, Vz be the number of y rays from external 
bremsstrahlung, Vyr be the total number of y rays 
from both internal and external bremsstrahlung, V, be 
the number of electrons from ut decay, R be the 
distance from a w* ending to an electron pair vertex, 
A» be the mean distance for bremsstrahlung of an 
electron and ), be the mean distance for pair production 
by a y ray, then 


dR dR 


dNyr dNyx dNy1 
=——+ 


1 1 
—N, it —N, T; 


—N,— 
b Pp P 
N (0) (1/As) 


Nyr=>—@ [2 0— BI] +-N 1 (0) e-? 2, 


1/Ao—1/An 
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if RKAw~A,, then 
Nyr= (1/A,) NV .(0)R+N,1(0). 


The tota: number of pairs N,7 originating in an 
interval dR at R will then be 


adNypr 1 1 
=—WN,(0)R+—N,1(0). 
dR A pAb Ap 


At the energies concerned, both , and \, are energy 
dependent. Furthermore, a ygair will not be recognized 
as such unless both the electron and positron have 
energy greater than some minimum value, say enough 
to produce five bubbles. This effect of energy sharing 
is energy dependent also. This may be expressed by 
writing 


Nye=Lo/n(E,E’), Ap=Lo/e(E,Em), 
where JL is the radiation length, n(£,E’) is the proba- 
bility per radiation length that an electron of energy 
E’ will produce a photon of energy E and ¢(E,E,,) is 
the probability per radiation length that a photon of 
energy £ will produce a pair in which both the electron 
and the positron have energies greater than E,,. The 
functions 7 and ¢ are shown in Fig. 5 and Fig. 6. 

The energy spectrum of electrons from normal u 
decay is" 


dN ,/dE=16F2/M,4(3M,—4E). 


The spectral distribution of y rays from p+— e++y/ 
++ as given by Kinoshita and Sirlin’ is given in 
Sec. I. 

The total number of pairs originating in dR at R 
with total energy greater than Ey and with both electron 








Ey MEV 


Fic. 6. The differential probability ¢(£,£m) per radiation 
length, per Mev that a photon of energy E will produce an 
electron pair in which both electrons have energy greater than Em 
(Rossi, see Fig. 5 caption). In this case EZ, =2 Mev. 


1 Assuming the Michel parameter [L. Michel, Proc. Phys. 
Soc. (London) A63, 514 and 1371 (1950) ] to be equal to 3. 
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and positron having energy greater than E,, is then 


aN pr we aaa 
E dE 


dR 0 Lo 


— -—_—— 


Mel? dN — ,£) 
+R f . r ula, 


The spectral distribution of pairs from internal and 
external bremsstrahlung, i.e., 


o(E,Em) dN y1(E) 
Lo 


o(E,Em) 


Mul2 dN (E’) n(E’ oe 


dE’ Io 


Lo E 


are shown in Fig. 7 
The integration was done numerically and gave the 
following : 


aN or 
——-=2.510-*- 
dR pt cm 


+12X10~ 
pt 


E,=10 a 
= 2 Mev 


pT 
——= 14x10 
dR ut cm 


= 20 Mev | aN 


2 Mev 


R 
+6.7 X10. 
pt cm? 


Of course the coefficient of R in the above expression 
is only an upper limit since, if an electron scatters 
before it radiates, any resulting pair will not correlate 
with the ut decay. 
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Fic. 7. The spectral distribution of electron pairs from external 
and internal bremsstrahlung. The function d*N,z/dEdR? is the 
differential probability per Mev, per radiation length squared, 
that an electron from mu decay will produce a photon which then 
creates an electron pair of totai energy E in which both electrons 
have energy greater than 2 Mev. The function dN ,;/dEdR is 
the differential probability per radiation length, per Mev, that a 
photon from u* > e++r°+-¥+- will produce an electron pair of 
energy £ in which both electrons have energy greater than 2 Mev. 
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1G. 8. An example of the decay u* — e++°+P+y7. 

A total of 1.8 10° w+ endings were scanned for pairs 
from pt—-et+y+~Pr+y. The following scanning 
criteria were used: 


(1) The momentum vector of both the y ray and the 
decay electron, when projected on the plane of the front 
window, made an angle of more than 30° with respect 
to the front and back beam direction. 

(2) The distance from the ut ending to the pair 
vertex was less than 2 cm. 

(3) Both electron and positron in an electron pair 
had an energy greater than 2 Mev. 


Figure 8 shows an example of a possible y+ — e++rY° 
++7¥ decay. 

In Fig. 9 the experimentally determined energy 
distribution of 313 pairs correlated with u* decays is 
plotted. The energy of a pair was determined from 
range and multiple scattering. Multiple-scattering 
measurements were made on electrons for which it was 
possible to obtain at least six second differences and 
range measurements were made whenever the electron 
stopped in the illuminated volume of the chamber. 
When possible, both methods were applied in deter- 
mining the energy and the results were averaged with 
equal weights. The curve shown represents the expected 
spectral distribution. It was obtained by taking the 
theoretical energy distribution for both internal and 
external bremsstrahlung and folding into it the energy- 
dependent detection efficiency. The curve is normalized 
to 313. 
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Fic. 9. The experimentally determined energy distribution of 
313 electron pairs which were correlated with u decay. The curve 
through the data is the estimated spectral distribution normalized 
to 313. 


Figure 10 shows the number of correlated pairs with 
energy greater than 10 Mev plotted as a function of the 
distance from the yu*-decay point to the pair vertex. 
The straight line was obtained by applying the maxi- 
mum likelihood method to the data. A discussion of 
the maximum likelihood method is given in reference 
10.“ In Fig. 11 the likelihood function is plotted as 
ordinate and the intercept as abscissa. Figure 12 and 
Fig. 13 show the results for Ey=20 Mev. 
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Fic. 10. The spatial distribution dNpr/dR of 313 electron pairs 
with energy greater than 10 Mev which were correlated with 
u decay. The intercept at R=0 is proportional to the branching 
ratio Rr= (ut — e++Y+P+y)/(u* > et ++), E,>10 Mev. 


“For more general discussions see: M. Annis, W. Cheston, 
and H. Primakoff, Revs. Modern Phys. 25, 818 (1953); H. 
Cramer, Mathematical Methods of Statistics (Princeton University 
Press, Princeton, New Jersey, 1946). 
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The most probable values obtained were 


aN or 1 
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Fic. 11. The likelihood function 


7 9 2) 


N 
L=II (A+Bx,), 
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for electron pairs with E,>10 Mev plotted as a function of A. 
The branching ratio R;= (u* — e*++P+y)/ut  e*F++P, 
E,>10 Mev, is proportional to A. 


Repeated scanning of several rolls of film indicated 
that the upper limit on the scanning efficiency was 
about 85%. 

Since the estimated value for the constant term, i.e., 
the internal bremsstrahlung, was 2.5X10~, this gives, 
assuming that the spectral distribution given by 
Kinoshita and Sirlin is correct, 


Ris= (ut —et+)+ 7" +7) / (ut »>et+py+ ?) 
= (1.3 10-*) (2.3 10) / (2.5 10-*) (0.85) 
= (1.4+0.4)K10, E,=10 Mev, 
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and 


Rin= (4.4 10-*) (0.9% 10) / (1.4 10-4) (0.85) 
= (3.341.3)X10-*, Ey=20 Mev. 


This is in very good agreement with the theoretical 
results of Kinoshita and Sirlin, who found 


Rin=1.3X10 .. 
Rip=4.4X 10 


E y= 10 Mev, 
Eo= 20 Mev, 


The errors were estimated as follows: The accuracy 
in determining the energy of an electron pair was 
probably no better than 30%. For Eo>=10 Mev this 
introduced an uncertainty about 16% in the detection 
efficiency and therefore in the branching ratio Rip. The 
uncertainty in the intercept of dN ,7r/dR, according to 
the likelihood fit of the data shown in Figs. 10 and 11 
introduced an error of 20% in the branching ratio. If 
these two errors were independent, then the error in 
Rip was about 26%. The same procedure was followed 
for Eo=20 Mev and the error in Rrp(Eo= 20 Mev) was 
estimated to be about 40%. 


D. ut — et +v"+9"+et++e- 


This decay mode would produce three visible elec- 
trons whose total energy was between 0 and 106 Mev. 
In general the momentum of the visible particles would 
not balance. In fact this process may be looked on as 
an internal conversion of the y ray in the process 
ut— et++y°+P+-¥. The photon direction in the later 
process is correlated closely with the electron direction. 
Therefore, one would expect that in the decay process 
ut—et+/+P+et+e, the three electrons would 
tend to come out in the same direction. 

Just as in the case of internal bremsstrahlung the 
branching ratio depends upon the lower limit Eo of the 
energy of the detected electrons. 

The possible sources of background for this process 
were the following: 


(1) The decay p+ — e++++7 where the y ray 
was externally converted within 2 mm of the muon 
vertex. The magnitude of this background was esti- 
mated by integrating the experimentally determined 
spatial distribution of internal and external brems- 
strahlung pairs from yw*, as shown in Fig. 10, over the 
interval R=0 to R=1.5 mm. This gives for Fo>= 10 Mev 
a background of 3.5<X10~-°N,. 

(2) A y ray entering with the beam or coming from 
the chamber walls and accidentally producing a pair 
near a ut ending. This effect has been estimated in 
Sec. B of this chapter and was found to be 6.4 10-*/,. 

The scanning efficiency for this process was taken to 
be the same as that for internal bremsstrahlung, 85%. 

A total of 3.3 10® ut decays were scanned for this 
process. Of these 21 were consistent with 


pt et+/+P+e+e. 
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Fic. 12. The spatial distribution of 159 electron pairs having 
energy greater than 20 Mev which were correlated with wu decay. 
The intercept at R=0 is proportional to the branching ratio 
R,= (u* > e§ +Y4+P+7)/ (ut — ef +Y+P), E,>20 Mev. 


Thus 


Ric= (ut > et + Y+P+et+e)/ (ut > &+P+P) 
=[21—(0.64+3.5) (3.3) ]/ (0.85) (3.3% 105) 


= (2,241.5) 10-5. 
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Fic. 13. The likelihood function 


N 
L=II (A+Bzx,), 
i-1 
for 159 electron pairs which had energy greater than 20 Mev 
which were associated with » decay. The branching ratio Ry, 
= (ut > et ++-Y+P+-7)/(ut > e+ ++), E,>20 Mev, is pro- 
portional to A. 
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Fic. 14. An example of a u* decay which can be interpreted as 
p’ > e'+r-+ YP+et+e-. 


Figure 14 shows an example of a u* decay which can 
be interpreted to be w+ — e+ +-°+P+et+e. 


CONCLUSIONS 


Although previous experiments (Table I) using 
electronic techniques have shown the branching ratio 
Rraa= (ut — et +-7)/ (ut — e+ ++) to be less than 
2X10-* it is felt that the result of Rrsq less than 
2.5X 10-5 found in this experiment is valuable because 
of the clearness of visual methods. The results on the 
internal bremsstrahlung would seem to indicate that 
the w+ — e*++¥ mode couid easily have been detected 
by this experiment, if the rate were as high as a few 
time 10~ as predicted by several intermediate-particle 
theories. 

As a result of the low branching ratios for w+ — e+++¥ 
and w* — e++e-+e*, one of the following conclusions 
seems to be indicated: 


(1) Lepton conservation holds with e~ and p~ having 
the same lepton number and both of these leptons are 
coupled to a neutrino having the same chirality. The 
absence of ut — e++e-+e* then indicates that the » 
decays through a charged intermediate boson and the 
absence of w+ — e++-7 indicates that 

(a) The boson is not scalar. 

(b) The boson, if vector, is either very massive or 
has an anomalous magnetic moment near 0.7. 
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(2) The muon decays through an intermediate boson 
either vector or scalar and lepton conservation holds, 
but e&~ and yw have opposite lepton numbers and are 
coupled to neutrinos of opposite chiralities. 

(3) The muon decay is direct, but the coupling to 
three electrons is small. 


If the second of these theories is correct, then the 
decay mode pt — et+r°+%+7 would be a possible 
means of detecting the intermediate boson. The effect 
on this branching ratio of a charged intermediate boson 
with mass near that of the K meson has been estimated 
to be a few percent. Unfortunately the experiment 
reported in this paper was not sensitive enough to 
detect such an effect. The primary difficulties in such 
an experiment are the measurement of y-ray energies 
and discrimination against the high background of ¥ 
rays from external bremsstrahlung. 

If the muon decay is a direct interaction, then the 
limit on the branching ratio for 3-electron decay can be 
used to estimate the upper limit on the coupling of the 
p to three electrons. Since the electron mass is small 
compared to that of the muon, the phase space available 
in three-electron decay is approximately the same as in 
the normal decay into an electron and two neutrinos. 
One would expect the matrix element to be the same 
also. Thus the couplings should be related by 

g?/g=Rze= (ut — et +e-+ *)/ (ut — e*§ +Y°4+P), 
where g is the weak interaction coupling constant and 
g’ isa measure of the coupling of the yu to three electrons. 
If we total all of the results on the measurement of 
ut — e++e-+ et", including those reported in this paper 
and those found by other experimenters as tabulated 
in Table II we find 

g’ <1.2X10-%g. 
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The classical equations of motion of a charged point-particle with intrinsic spin under the influence of an 
external electromagnetic field are restated and compared with the Heisenberg equations of motion derived 
from the Dirac theory. The partition of angular momentum between particle and field in the classical theorv 
is contrasted to the Dirac theory of electron spin. The analogy between the Dirac equation and the theory 
of parametric amplification is pointed out. 

A free spinning point particle moving according to the laws of classical relativistic point-particle mechanics 
may move along a helix. The sum of the intrinsic spin @ and the angular momentum of the helical motion in 
this classical analog of zitterbewegung is an effective spin vector S which is a constant of the motion. Because 
of this internal motion, the effective mass M of the particle differs from the mass m which is ascribed to it 
in the equations of motion. Solutions are found in which § is parallel or antiparallel to the momentum, and 
the sign of M is determined by the helicity. When placed in a uniform electromagnetic field, the particle 
behaves as if it had a rest mass M and a magnetic moment eg@/Mc, in addition to any explicit magnetic 


moment that may be ascribed to it. 





I. INTRODUCTION 


ECAUSE spin and quantum mechanics were dis- 

covered within a year of each other, these discov- 
eries being quickly followed by that of the Dirac 
equation, the classical relativistic theory of spinning 
particles interacting with an electromagnetic field has 
not been widely used although the nonrelativistic 
theory is applied extensively. Indeed it was not until 
1941 that the relativistic classical theory of charged 
spinning particles, including self-interaction, was de- 
veloped.'! In this theory, equations of motion were 
derived both for the spin and for the motion as a whole 
including not only the usual radiation damping arising 
from the acceleration of the charge but also the very 
complicated set of terms describing the radiation from 
this precessing accelerated magnet. The particle was 
described by a set of six parameters which referred to 
its mass, charge, rest magnetic moment, rest electric 
moment and moments of inertia along the directions 
of these moments, but the equations were also special- 
ized to the case in which the particle had zero electric 
moment in its rest system. 

Measurements of the magnetic moment of a particle 
are often made under conditions in which we have 
every reason to believe that relativistic classical theory 
is applicable. It is therefore of interest to examine the 
classical equations of motion which we might expect 
would be satisfied by a meson or baryon moving in a 
magnetic field and ask how measurements made on 
such a particle could be interpreted in terms of the 
intrinsic properties which could be described by a 
future quantum-mechanical theory of these particles. 
It is also of interest to note how the classical theory 
reflects the properties of the Dirac equation when 
applied to the electron or yw-meson. Although this 
question was discussed in reference 1, an unusual 
Heisenberg representation of the Dirac equation, 


1H. J. Bhabha and H. C. Corben, Proc. Roy. Soc. (London) 
A178, 273 (1941). 


developed in this paper, makes the relation more clear. 
In particular, we note that in classical theory the 
magnitude of the spin of a particle has its rest value 
only when the velocity and spin are parallel, whereas 
in the Dirac theory the magnitude of the spin is a 
constant of the motion under all conditions. Classically 
also the magnetic moment of a particle increases with 
velocity if the spin and velocity are not parallel, but 
on the other hand the rate of precession of the spin in 
a given uniform magnetic field decreases as the velocity 
increases. For a charged particle with spin moving in 
a Coulomb field, the sum of the orbital and spin angular 
momenta is not a constant of the motion, it being 
necessary to add also the angular momentum resident 
in the field. It is shown how this is consistent with the 
Dirac theory provided that the “spin of the electron” 
according to the latter is also taken to include the 
extra angular momentum that is due to the presence of 
the particle in the external field. 


II. CLASSICAL THEORY 


If we neglect all radiation damping effects, we may 
write the classical relativistic equation for the spin 
motion of a particle which has zero electric moment in 
its rest system in the form? [reference 1, Eq. (103), 
with K=0, IcS;; replaced by oi, go/I by g/c] 


, _8 
Gig t+Sis=—(finons—oinfes), 
c 


§ 
dii= (mte—oint) ( tm—“foats (1) 
c 


o;;0;=0. (2) 


(Sign differences with reference 1 are due to the fact 
that here x4=ict). The dot denotes differentiation along 


2See V. Bargmann, L. Michel, and V. L. Telegdi, Phys. Rev. 
Letters 2, 435 (1959). 
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the space-time path of the particle, »;=%;, so that 


dx; dx; , 
0°0,=—-- —= —1, (3) 
ds ds 


and the magnetic moment tensor y;; has been assumed 
to be proportional to the spin tensor o;;: 


Hij = 8Cij- (4) 


In vector notation, Eq. (2) is then e=vXwp/c, where 
£©=1(1441,442,é¢43) is the electric moment which then 
vanishes for v=dx/di=0. 

From (1) and (2) it follows that 


g 5 
C4j0j= ~ein( t= Insts) +-(—cinfejr;), 
; c 


C 


d 
— (o;;0;) = 0, 


ds 


so that (2) is consistent with the equation of spin 
motion, and the electric moment in the rest system 
remains zero throughout the motion. 

For the special case in which g=e/mc and the 
equation of motion is given sufficiently accurately by 
the Lorentz force equation 


€ - . 
Un = ~j mkU ky (5) 
mec 


it follows that S;;=0 and 


¢i;=- (fixonj— in fey), 


mec" 


e 
(oXB++<XE), 


me 


(—oXE++xXB), 


mc 
where 
2=(v/c)Xe. 


The rate of spin precession in a uniform magnetic field 
is then given by 


dee 
—=—(1-#*)!exB, 
dt mc 


i.e., although the magnetic moment may increase with 
velocity, the resonant frequency decreases as the 
velocity of the particle increases. If, however, g¥%e/mc 
or the motion of the particle departs for any reason 
‘from that given by the Lorentz force equation (5), Sj; 
will not vanish and extra terms must be added to (6). 
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From (1) and (2) it also follows that 


o— r?=o0?——(vXe)?=0,?= const. 
e 


Hence, if v||e, o?=0,? or the magnitude of the spin is 
independent of the velocity, whereas if v1@ we have 
of=~y'oe. [y= (1—6*)-*]. This result is in contrast to 
that of quantum theory according to which the magni- 
tude of the spin is constant under all conditions. 
However, a simple example shows where this disparity 
arises. If we consider a transversely polarized particle 
of charge e, magnetogyric ratio e/mc, and rest mass m, 
projected from infinity in a straight line directly at a 
fixed charge Ze, the initial spin of the particle would 
be yooo, where yo= (1—8,")~?, Bo=v0/c, vo being the 
initial velocity. Such a particle would come to rest 
instantaneously at a distance r from the fixed charge, 
where 

Zro 

yoUl1t+— (n=2 
rT 


At this point its spin is oo, but the extra angular mo- 
mentum in the electromagnetic field due to the presence 
of the transverse magnet of moment w= (e/mc)oo at a 
distance r from Ze is Zeu/cr=(Zro/r)oo. Hence by the 
above energy integral, the angular momentum yoo» 
stays constant throughout the motion, but as the 
particle approaches the fixed charge this angular 
momentum becomes divided between the spin of the 
particle and the angular momentum in the field. For 
the equivalent motion of a longitudinally polarized 
particle, however, the spin of the particle stays constant 
and no angular momentum appears in the field. 

Thus, classically, the change in the magnitude of the 
spin of a particle is intimately connected to the angular 
momentum put into the ei nagnetic field by the 
motion of the particle ir external field which is 
acting upon it. In quant” sory, the constant magni- 
tude of the spin m" tore be interpreted to mean 
the constant magnitude of the intrinsic spin plus the 
angular momentum in the field. In the Dirac theory, 
the magnitude of one component of this quantity is 
constrained to be always #/2 and this automatically 
means that a-fast particle is polarized longitudinally. 
In order to have a theory in which free fast particles 
can be polarized transversely, it is necessary that the 
magnitude of the spin should be free to vary with 
momentum. 

The classical relativistic equation for the motion of 
the particle as a whole, again neglecting radiation 
damping and setting K=0, IcSij=oi;, g2./Il=g/c, 
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g:=e/c in Eq. (101) of reference 1, is 


d 1 g g 
—| mv;—-64j93-——*o i fir— — ois f ine 
ds c 2c? ce 


e g 
= — finde +—on0i fit. 
Ce 2¢? 


Thus on multiplying Eq. (8) by 2; we have 


lgd g g 
~ ho —(onrfer) be i (ois finde) - —ortfri; 
2c ds c ds 2c? 


Cif cr= 20504; f jxVee 


This last equation follows from Eqs. (1) and (2) for 
the spin motion, so that Eq. (8) is consistent with the 
condition (3) that 0,,;=—1. 

However, although the above classical equations of 
motion are self-consistent, and appear to lead to the 
correct nonrelativistic limit if we set g=e/smc, it is 
important to realize that, as pointed out in reference 1, 
these equations do not give the correct cross section 
for the scattering of light by an electron, and that in 
order to describe the interaction of the electron with 
an electromagnetic field it is necessary to put g=0. A 
value of g different from zero gives the classical limit 
of the Dirac theory to which Pauli terms have been 
added. 

According to Eq. (8), a free sp’nning point-particle 
is not restricted to motion in a straight line, but may 
move along a circle or a helix. It is this orbital motion 
which gives the particle a magnetic moment which is 
the classical analog of the magnetic moment of the 
Dirac theory. Before discussing this motion in Sec. IV 
we rewrite the Dirac theory in a form suitable for 
comparisen with the classical theory. 


III. DIRAC THEORY 


The relations between the classical equations of 
motion of the last section and those obtained from the 
Heisenberg representation of the Dirac equation may 
be seen most easily by defining the operator 


d v4 d 


ie Cc dt 
where 
dX X 14 
—=—-—~—(XH-HX), 
dt a oh 


and H is the Dirac Hamiltonian: 


H=eo+ca: P+ pyme’, 


(P=p-— (e, cA, (Y1:Y2,Y3) = p2g, Y4= 23). 


AND 


QUANTUM THEORY 


Fic. 1. Mnemonic for the 
operators X;, £;. 


It then follows that 


dx; 
— = Vy is 
ds 


dy: dx, 2 
——= 2x—-—-—P,, 


ds ds h 
dP; e dx; 
: a 


, 


ds c ¥ ds 


(i, 7=1--+-4, x=mc/h). 
If we define® (see Fig. 1) 


: h 
X;=4%:— &, ( =—7 i 


it follows from (10) that 


dx; é 
mc—- = P;=):-- Aj, 


ds c 


d®x; 


dx; é 


: dx, h 


(11) 


— ik - 
ds* mc ds _ 2ime ds* 
The above equations are relations between operators 
acting on a solution of the Dirac equation, which may 
be written 
dx, dX; 
—— ==, (12) 
ds ds 
or, using (10), 


dx; dx; ih dx; dx; 


— ——_-=-1 


(12’) 


ds ds 2mce ds ds? 


In the limit #—>0, (11) becomes the Lorentz force 


3Similar coordinate operators for a Dirac field have been 
introduced in discussing the center of mass and localized states 
of the field and the passage to the nonrelativistic, extreme rela- 
tivistic and classical limits, see M. H. L. Pryce, Proc. Roy. Soc. 
(London) A150, 166 (1935); 195, 62 (1948). L. L. Foldy and S. A. 
Wouthuysen, Phys. Rev. 78, 29 (1950). T. A. Newton and E. P. 
Wigner, Revs. Modern Phys. 21, 400 (1949). F. Bopp, Z. angew. 
Phys. 1, 387 (1949). H. Hénl, Ergeb. exakt. Naturw. 26, 291 
(1952). H. Hénl and A. Papapetrou, Z. Physik 116, 153 (1940). 
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equation (5), and (12) reduces formally to (3). Because 
of (10), however, 


dx; dx; 
ds ds 
dx; ax; 


—= — 6ik, 
ds ds? 


Tit —4, 
so that 


(13) 


which tends to infinity rather than zero in the classical 
limit. On the other hand, from (12) 


—|\— i@X; 1 dX; 
= fo 


‘. -- 1, (12’’) 
dst ds 2x ds? 4? ds 


which reduces to 
dx; ax; 


a 3 
ds ds 


in the classical limit. 
In terms of the internal coordinates £;, Eq. 
becomes 


(11) 


Pe; dt; 2ie 
— gt Ee rece 
ds? ds 


(11’) 


di; 3 
b= 
ds 2 


The natural oscillations of the £; thus become forced 
by an external field which in general couples their 
normal modes. Equation (11’) may also be written in 
either of the forms 


as; 2i dé; 2iec 
——(H—e¢)—+— fistj=0, 
df? h dt oh 


2i dé; 
ee 


(11”) 
ot. 


= igi 
d? er J 


2 fisés) =0. 


For an external magnetic field B,, Eq. (11’) becomes 


@Z dZ 2 
ix—+—B,Z=0, 


(14) 
ds? ds he 


where Z=£;+if, and £3, & are unaffected by the 
presence of the field. Thus in the classical limit of an 
electron at rest, cd/ds is to be interpreted as a time 
derivative, and a periodic magnetic field 


B= Bo cos, 


leads to a Mathieu equation to describe the motion of 
the internal coordinate 


(15) 


dy 
—-+(a+q cos2w)y=0, 
dus? 
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with 
y= (&: +12) exp(—imet/h), 


w=$0, a=(2mc?/hQ)*, g=S8ecBo/hQ?. 


Standard plots of the a-q¢ diagram for Eq. (15) show 
the values of these parameters for which the motion is 
stable and in particular show that for small g, i.e., 
small Bo, the motion is unstable for a=? (n integer) or 


nhQ= 2mc (16) 


These instabilities in the internal motion therefore 
occur at just those frequencies of the driving field for 
which m quanta provide enough energy for pair pro- 
duction. From this point of view pair production bears 
a close analogy with parametric amplification, the 
natural frequency of a resonant circuit being replaced by 
the natural frequency of the electron’s zitterbewegung. 

There is no indication in (11) of the interaction of the 
magnetic and electric moments of the electron with the 
field fix, but this appears if we use the equation itself 
to eliminate the third derivative in terms of the fourth. 
Introducing the spin operator 


h h 


o5=—(yei- 8.) =—(i—- V9); (17) 
21 4t 


(023,031,012) = the, 


ae a 
(014,024,034) = shipo, 


7H Ses 
mic 


ieh d’x, ihe d‘x; 

TT fut on a =| (18) 
2m*c* ds? 2e ds‘ 

In this form the equation of motion shows in the second 

term on the right-hand side the force due to the inter- 

action of its magnetic moment 


e 
hijg=—O7ij 
mc 


(19) 


with the inhomogeneous electromagnetic field. The 
four vector j;= 0xfix is the source of this field. 

It is easily verified that the spin operator o;; satisfies 
the conditions 


dX; h dé; 
; ds ~ Oi ds’ 
ha 3h dx; 


Ci; = 3mcé;. 
on 3 ds 


io 


We now compare the classical equations (4), (2), (8) 
with the Dirac equations (19), (20), and (18), respec- 
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tively. Equation (19) gives the correct value of the 
magnetic moment, apart from radiative corrections, 
while in (4) g appears as an arbitrary parameter. 
Clearly in taking the classical limit by letting #— 0 
all spin properties disappear and the equation of motion 
(11) reduces to the Lorentz force equation without 
spin. However, if we take the classical limit but keep 
the spin finite by setting #=0 in (18), the extra term 
that remains on the right-hand side of (18) is identical 
with the extra term on the right-hand side of (8), with 
g=e/mce. This is a source of confusion, for the classical 
limit of the Dirac equation is obtained by setting g=0 
in the classical equation (8). It is shown below that the 
extra term on the left-hand side of (8) gives rise auto- 
matically to the correct gyromagnetic ratio (apart from 
radiative corrections). 

In addition to the spin operator (17) we may consider 
the following angular momentum tensors: 


Ly=M gtF 4, 


Lij=xXiPi— iP, 

a 

M;; _ me aan ee | 
ds ds 


P 
F,;=-[%,Aj;—1;Ai]. 
2 


It then follows from the equations of motion that 


'd @X; @PX; 
—[Mi;+0;; |= me —— “| 
ds ds? ds* 


dx k 


e — 
=-[xifje—xjfix/—, 
Cc ds 


—A;—-—A; 


d ef dx; dx; 

‘ratade4| 

ds cl ds ds 
dx; 

+—(x,0;— x;0;)A ‘} 
d 


S 


For the space components these equations may be 


written 


d 1 dr 
—(M+o)=erX (E+- —xB), 
dl c dl 


d 1 dr A dr 
~(L+0)=4-—xAtrxv(—-—-o)] 
dt c dt c dl 


The first of these equates the rate of change of the 
spin plus mechanical angular momentum to the torque 
about the origin. The second equation reduces to the 
first for A=0. 


AND 


QUANTUM THEORY 
IV MOTION OF A CLASSICAL FREE 
SPINNING PARTICLE 


The equations of motion (1), (8) may be written in 
the form 

ee , 

— (fixonj— infers) — (vipj—0;Pi), (1 ) 


C 


¢ 
[mt (8’) 


ds Cc 


i e€ g 
cape fixtet+ : — 19: f kt, 
- Ce 2c? 
where 
g g 
m!' =m——o ri fi=m——(e-B++-E), 
7,2 2 


2C c 


Pi=eixV5, (2ipi=0) 
7 
Y ;=0;——f ave. 


c 
In vector notation, these equations are 


de g 
—=-[¢XB+<XE]—(vxXp), 
dt ¥Y 


ds g 1 
=—-[—oXE+-<XB] 


dt ¥ ( : 
V'p) 
1dfoneiet) 
Ce 


(1”) 


dl Cc 


d vXB\ ¢ 
—(m'vy +p)=e( E+ ~)+5[v(e-B++-B)} 


(8”’) 
dq g 
~(m'y2-+v-p)=ev- E— 
dl 
with 
pi=p (i=1,2,3), pr=(i/Ov-p, 
wep Yr vXE\1 
p-- =x] “ [E+“9x(B-—)]| 


e dt ¥ c c 


The ten equations (1) (8) are six independent 
equations for the spin motion and the motion as a 
whole. In a uniform magnetic field they become 


d e 
—(m'vy+p)=-(vXB), 
dl c 
de g 
=—oXB—vxXp, 
dt Y 
m' = m— (g/c*)o-B, 
m'yc?+-v-p=const, 


7 dv g 
p= —*ox(- -——vXB }. 
C dt ¥ 
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The extra terms, which include Thomas precession 
effects, have the important consequence that in a 
uniform magnetic field #-B is not necessarily a constant 
of the motion, even in this approximation in which 
radiation damping is neglected ; 


dv? dv 
“(e B)=" |e B)—(v- -)(B —)|. 
dt dt 


The extra terms also lead to the interesting result 
that a free spinning particle does not necessarily move 
in a straight line, but that classically such a particle 
can move on a helical path which is the classical analog 
of the Dirac zitterbewegung.‘ In such a motion the 
spin and orbital angular momenta are in general not 
separately constants of the motion. To see this we note 
that in the absence of any external field at all, Eqs. (1) 
and (8) give 

a —- 
mcv;+-0;;0;= P;, (23) 
Oij= (P;—P ,), 
where P; is a constant four vector such that »;P;= — me. 
Thus, 0,= P;/mc, ¢;;=0 is a solution, but it is not the 
only solution. Writing P,= (P,iW/c) we have 
y dv 
myvV——oX—=F, 
é dt 


9 


/ dy 
mey——v-oX—= 
o dt 


de/di= (PXv), 
with 
y¥(W—v-P)=me. 
Thus for P=0, we have o=const, and 


¥ dv mc 
v=—eX—, W=—. 
mc = dl OY 


This equation is satisfied by a particle moving in a 
circle normal to @, and of radius (o¢/mc)(y?—1)}. 

v=QXr, Q=(—mc/yo")e. (25) 
For PO, the equations are also satisfied for arbitrary 
constant J by 


o=J—rxP, 


‘P—J-Pe}, (26) 
ad vP) -[y’o0 a 


See D. Bohm, P. Hillion, T. Takabayasi, and J. P. Vigier, 
Progr. Theoret. Phys. (Kyoto) 23, 496 (1960), C. Maller, Ann. 
inst. Henri Poincaré 11-12, 251 (1949). 


SORBEN 


where ap is the spin of the particle in its rest system: 


(27) 


and y=(1—6*)-'=const. Other constants of the 
motion are o?, o- P=J-P, v-p, v-e, but v and @ are not 
constant in direction: 


de/di=QXe, 
v=const+QxXr, 


— mc? 
Q=-——P 
yJ-P 


28) 


The position of the particle at 
written 


any time may be 


(29) 


et 
(= Pto() +R, 


where 
doe/di=QXo, (30) 
Ry= =PxJ/ P?=const, 
= P???4+- M4 


M= mo oP/J . fl 


(31) 


y= mW /M?*? 
From (29) the velocity may be written 
vV=VtQXo, 
where 1=c?P/W is the forward velocity on which is 


superposed the motion in a circle. On squaring Eq. (34) 
and using (33), we find the radius pp of the circle: 


oo f/m ; 
Sey 
Mc\M? 
Hence M<m, so that since W> Mc’, 
y=>1 as required. We then have 


(35) 


it follows that 


P=Myo, W=Mcyo, 


where yo= (1—1,2/c?)—4, so that M is the effective mass 
of the particle. 

The effective spin S of the particle may be defined 
as the sum of its intrinsic spin @ and the angular 
momentum due to the helical motion: 


S=o+oe xP. (36) 
From (26) and (31) it follows that 
P.J 
S=—P 
Pp 
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Thus in the motion described by (29), S is directed 
parallel or antiparallel to P according to the sign of 
J-P, which by (33) also determines the sign of the 
effective mass M. Hence, S-P has the sign of M, and 
the magnitude of S is S=mo./M. Since. M<m, it 
follows that S>oo. The magnitude of the angular 
velocity of rotation is M*c*/W'S, and its sense is opposite 
to that of S. 

From (26) and (31) we note that J may be broken 
into two parts which are separately constants of the 
motion for a free particle: 


J=L+4S, 
where 


L= RyoX ?, 


and Rois the vector drawn from the origin perpendicular 
to the axis of the helix (see Fig. 2). The radius pp (Eq. 
35) may then be written 


po= (S?—a¢?)4/Me. (38) 


It was pointed out in reference 1 that the classical 
limit of the Dirac equation is obtained by setting g=0 
in the above theory. In this limit, Eqs. (1’) and (8’) 
become 

Gij= — (4,P;—2;P,), 


dP;,/ds= (e, 6) find 


where P; is defined by (23) but is now no longer a 
constant four-vector. As in the Dirac theory, the 
classical theory in this form does not exhibit an explicit 
interaction between the spin and the external field. 
The first of Eqs. (39) may be written in the form 


(39) 


d e 
5, Maton) =—~(xifje— 5 fin)e, 
5 : 


c 


where 


M,;= (%:P;—x,P3). 


This is of the same form as (22), and the second of 
Eqs. (39) is of the same form as (10). Similarly it 
follows that even if an electromagnetic field is present, 


v,Ps= — me, 


which is to be compared with (12). 
Finally we note that for g=0, 


PP i= (e/c) fixdxoisd;, 


Gufi= 2 finda r;0j, 


AND 
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R, = Pxd 


oo. p’ 


Fic. 2. Classical motion of a free spinning particle. 


so that 


d é é 
a PP i—-onsix = —-o infix. 
ds Cc Cc 


Thus in a uniform and static field, 
PP ;— (e/clouxfix= —M*C 


is a constant of the motion. We may write this in the 
form 


W?=2P?+ M%c!— 2ec(o-B+ <-E), 
or, nonrelativistically 


2 


. 
W=Me2+——-—(e-B++<-E), 
2M Mc 


where P=p—(e/c)A, W=E-—eg, p, E being the 
canonical momentum and total energy, respectively. 
Thus in this limit the particle behaves as if it had a 
rest mass M, magnetic moment eo/Mc, and electric 
moment er/Mc. However M is not the bare mass m 
assumed for the particle, and in time- or space-varying 
fields M is not necessarily a constant of the motion. 
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It is shown that scattering amplitudes and form factors have two-particle branch lines which connect two 
Riemann sheets. For partial wave amplitudes and form factors the dispersive parts and, except for square 
root factors, the absorptive parts are regular functions in the cut energy plane except for isolated poles, 
physical inelastic cuts and left-hand branch lines. In order to show this it is assumed that, for particles 
without composite structure, the amplitudes have only such singularities in the physical sheet which corre- 
spond to absorptive processes. The analytic properties of absorptive parts are used for a general discussion 
of structure singularities (anomalous thresholds). It is shown that these structure cuts are extensions of left- 
hand branch lines in the second Riemann sheet. An example is given of a dispersion relation on the Riemann 
surface in which the integral over the two-particle branch line is eliminated. 





I, INTRODUCTION 


ECENTLY, several authors'* have considered the 
continuation of propagators and other amplitudes 
into second Riemann sheets, mainly with the aim to 
explore the connection between unstable particles and 
the isolated poles appearing in these sheets.* In this note 
we discuss the continuation of amplitudes through 
branch lines corresponding to two-particle intermediate 
states. We are interested in the character of these branch 
lines and in the analytic properties of the corresponding 
dispersive and absorptive parts. We explore the use of 
these analytic properties for the description of reso- 
nances, and we discuss their application to the treat- 
ment of structure singularities* (anomalous thresholds)® 
of form factors and production amplitudes. 
In Sec. II we consider the partial wave projections of 
a scattering amplitude. We assume analyticity in the 
cut plane of the physical sheet :and find, as a simple 
consequence of the unitarity condition, that the two 
particle branch line connects just two Riemann sheets. 
The amplitudes can be written in the form 


z—4y?\! 
F(@)=d(e)+i( ~) a(z), 


- 
2 


(1.1) 


* Work supported in part by the U. S. Atomic Energy Com- 
mission. 

¢ This work was completed during the summer of 1960 when 
the author was at the Brookhaven National Laboratory, Upton, 
New York. 

1M. Lévy, Nuovo cimento 13, 115 (1959). This paper contains 
further references. 

2 J. Gunson and J. G. Taylor, Phys. Rev. 119, 1121 (1960). 

3R. E. Peierls, Proceedings of the Glasgow Conference on Nuclear 
and Meson Physics (Pergamon Press, New York, 1954), p. 296. 

4R. Oehme, Nuovo cimento 13, 778 (1959). This paper contains 
further references. 

5 Y. Nambu, Nuovo cimento 9, 1187 (1958); R. Karplus, C. M. 
Sommerfield, and E. H. Wichmann, Phys. Rev. 111, 1187 (1958); 
R. Oehme, Phys. Rev. 111, 1430 (1958). 

6 After this work was completed the author was informed that 
W. Zimmermann has obtained results similar to those described in 
Sec. II. Zimmermann’s work is within the framework of the 
axiomatic approach and deals mainly with the analytic properties 
of F(s, poo the second sheet. We would like to thank Professor 
H.. Lehmann and Professor K. Symanzik for informing us about 
Zimmermann’s work. See also K. Symanzik, J. Math. Phys. 1, 249 
(1960). 


where d(z) and a(z) are regular functions except for cuts 
z=s with s<0, s>s; [s;>4y* is the threshold for 
inelastic processes | and isolated poles due to zeros of 


the S matrix 
z—4y? ; 
1+2i( ) F(z). 


In the region 4u?< s<s; on the real axis the function d(s) 
coincides with the dispersive part and a(s)[(s—4y*)/s }! 
with the absorptive part of the amplitude the F(s+0). 
We use these properties of the amplitudes in Sec. III, 
where we give an example of a dispersion formula on the 
Riemann surface of (z—4y?)!. In this relation the ex- 
plicite integral over the elastic region 4u°<s<s; has 
been eliminated in favor of the contributions from poles 
and branch lines in the second sheet. 

Production amplitudes are discussed in Sec. IV along 
the same lines as the scattering amplitudes in Sec. IT. At 
first we consider only particles which are sufficiently 
compact to have no composite structure. Then we use 
the analytic properties of the absorptive part as a func- 
tion of the energy variable in order to study the appear- 
ance of structure singularities in the physical sheet. 
These results are used in Sec. V, where we consider form 
factors of particles without and with composite struc- 
ture. The analytic continuation of a form factor through 
the two-particle branch line makes it possible to give a 
clear description of the structure cut as an extension of 
the left-hand branch line in the second Riemann sheet. 


(1.2) 


II. ELASTIC SCATTERING AMPLITUDES 


We consider the scattering of neutral pions as an 
example. The generalization to cases with spin and 
isotopic spins, or with unequal masses, is straight- 
forward. Let us denote by M(s,/) the covariant, causal 
amplitude, which has the Fourier representation 


M(s,t)=2(popo’)'i f d*x exp -3i(h+-#)-2] 


X0(xo)(p’ | [7 («/2), 7(—x/2)]| p) 


+polynomial. (2.1) 
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CONTINUATION THROUGH 
Here k+p=hk'+ p’, s= —(k+p)? and t= — (k—k’)? are 
the usual variables, and the transition amplitude in the 
barycentric system is given by 


1 
s-§1M(s,t), 


Sir 


T.. m. (s, cos) = 


with cos? = 1+ 2t/(s—4y*). It is convenient to use the 
function 


1 
F(s, cos?) =——M (s,t) 


167 


and its partial-wave projection 


1 +1 
F,(s)=- f d(cos?)P;(cosd)F(s, cos?). (2.3) 
2 1 


In the physical region s>4y?, and below the first 
threshold s;= 16y? for inelastic processes, we may write 


s } 
Fis)=( ) sind;(s)e!* 
s—4y? 


with real phases 6;(s) and positive root. 

The partial wave amplitude F;(s) is the boundary 
value of an analytic function F;(z), which is regular at 
least in some limited region R around the cut z=s> 4y?. 
It is sensible and convenient to assume that F;(z) is 
actually regular in the complex z plane except for the 
absorptive branch lines (z= s> 4y? and s<0in our model), 
although analyticity in the domain R would in principle 
be sufficient for the continuation into the second sheet. 

It follows from the well known reality properties of 
the covariant amplitude M(s,t) that the partial wave 
amplitude F;(z) satisfies the condition 


F(*(2*)=F,(2). 


(2.4) 


(2.5) 


Furthermore, along the “elastic” 
the unitarity relation 


cut 4u?<s<s; we have 


ImF }(s+1i0) = [(s—4y?/s) ]*| Fi(s+10) |2. 


(2.6) 
Let us now consider the analytic function 
F ?(z) 


a,(z)= noes 
1+-2if (c—4y2)/2 F(z) 


(2.7) 


Here and in the following we define the roots (z—4,y*)! 
and iz! such that their imaginary parts are nonnegative 
in cut planes with the branch lines z=s>4y? and 
z=s<0, ‘desiaiaiad If we then introduce the ab- 


breviation 
s—4y? 
oi (—) 


p*(z*) = — p(z) 


(2.8) 


we have 
(2.9) 


TWO- 
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and 


s—4y?\? 
p(o+in)=+(—) 20 (2.10) 


s 
for s>4y?. 

It follows from Eqs. (2.7) and (2.9) that a;(z) is a real 
analytic function which is regular in the cut plane except 
for the isolated poles due to possible zeros of the de- 
nominator. We note that this denominator cannot 
vanish for z=s with 4y?<s<s;, because this would 
require 

ImF ;“!(s+70) = 


+ 2p(s+i0), (2.11) 


whereas the unitarity condition implies 
ImF ;“!(s+70) = ¥ p(s+70). (2.12) 


On the basis of Eq. (2.6), the function a;(z) has been 
constructed such that 


a,(s-+i0) = (2.13) 


for 4u2<s<s,;. Hence a;(z) is a regular function along 
this section of the real axis, and its right-hand cut starts 
at s=s,. It follows from Eqs. (2.6) and (2.13) that the 
absorptive part of F;(s+i0) is the boundary value of the 
analytic function 


a;(s—i0) = | F,(s+i0) |? 


A;(z)=p(z)ai(z), (2.14) 


since A;(s+10)=ImF;(s+i0) for 4u?<s<s;. We may 
use the function A;(z) in order to continue the partial 
wave amplitude through the elastic cut into the second 
Riemann sheet. Writing? 


F(z) 
F fH (z)= Fi(z 3) — 21 A 1(z) =- - (2.15 
1+42ip(2 \Fi(z)’ 


Fe (z) 


we find 
F f'*(¢*)= (2.16) 
and 
F'(s+10)= 


F,(s¥i0) (2.17) 


for 4¢°<s<s; We see that the elastic branch cut 
connects just two Riemann sheets. This feature may be 
exhibited by writing F;(z) in the form 


2—4p?\} 
F(a) =d(a)+i( ~ -) ay(z), 


— (2.18) 
where the root is given by p(z) in the first sheet and by 
p11(2)= — p(z) in the second sheet. The function @;(z) in 
Eq. (2.18) is defined by Eq. (2.7), and d;(z) is also a real 
analytic function which is regular except for the cuts 
s<0, s>s; and the isolated poles due to zeros of the 
S matrix. We find 


2 dy(2)= Fr" (2)[1+ip(2)Fi(z)], (2.19) 


7 Note added in proof. We note that Eq. (2.15) may be written 
in the form S(g)=F(g)/F(—q), where g=q(z) = (2/4—,?)? is the 
c.m. momentum. For potential scattering this relation is similar 
to the familiar expression of S(g) in terms of Jost or but 
it is not the same [see, for instance, R. Blankenbecler, M. L. 
Goldberger, N. N. Khuri and S. B. Treiman, Ann. Phys. 10, 62 
(1960), Eq. (5.14) ]. We would like to thank Professor R. Karplus 
for bringing these points to our attention. 
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and in the region 4y?<s<s; we have 

d,(s+i0)=d;(s—i0)= ReF;,(s+10) ; 
d;(z) is the analytic continuation of the dispersive part 
of the partial wave amplitude. In the same way we can 
construct the function 


Ci(z)=d)(2)/ar(z)=[1+ip(z)Fi(z) Fi (zs); (2.21) 
it has no cut in the elastic scattering region, where it 
coincides with the familiar expression 

Ci(s+i0)= p(s+70) cotgé,(s). 


In the following sections we shall generally omit the 
subscript J. 


(2.20) 


(2.22) 


Ill. REPRESENTATIONS ON THE 
RIEMANN SURFACE 
The analytic continuation of F(z) through the elastic 
branch line can be used in order to write dispersion 
formulas involving both sheets.* For instance, we may 
consider the contour integrals 


(3.1) 


dei age — 4p?) is’ —s, }@'—z ) 


on the Riemann surface with two sheets, which are ana- 
lytically connected along the cut z=s with 4’?<s<s5j. 
Ignoring subtractions, we obtain from Eqs. (3.1) and 
(3.2) the following relations by deforming the contours 
on the Riemann surface: 


F'(z)+F" (2) 


1 0 ~ ImF'(s+i0)+ImF!!(s+i0) 
ie permmerors 
TiJd_, s—zZ 


and 


{F1(z)—F"(2)}[(e—4u*) (s—s,) Jr 


ImF*(s+#0)— ImF"™(s+70) 


{ff +f fe [(s—4y*)(s—s,) h¥(s—2) 


—b,, 
ic la. 
m U[ (2n.—4u?) (Sn—5i) ]r*(tn—2) 


—bn" 


"Te. —4y? \(in *—s;) ]i#(s,.*—s) 


§ For similar considerations in Schrédinger theory with zero 
range potentials see: R. E. Peierls, Proc. Soc. (London) 253, 16 
(1959). 

® This is, of course, a special choice. For instance, we could also 
use the expression [(s—4,*)/z ]* instead of the root in the de- 
nominator of Eq. (3.2). 








(3.4) 
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Here the root [(z—4y*)(z—s;) }' is defined in a plane 
with the cut z=s, 4u?<s<s,, and in the sheet indicated 
by the index I it is negative for s<4y*. We can solve 
Egs. (3.3) and (3.4) for F! and F™, and in this way we 
obtain a representation of F(z) on the Riemann surface. 
It may be written in the form 


ro=-|f +f | 


P,(z,s) ImF*(: s+i0)+ P_(z,s) ImF"™( 
Silene | 


s+70) 


S—Z 


ail b, 
+2) 7 (2,2n)- 


+P_(z 


where the projection functions P, are defined by 


| }| 
+ —— : 
o’—4y)(2z’—s,) J) 


They satisfy the reality condition 


1 


2,2 - 5 | 


(3.6) 


P,*(s*,2'*) = P,(z,2’). (3.7) 


In cases where stable one-particle states are possible, 
the corresponding poles appear only in the first 
(physical) sheet for 0<s<4y’. 

We note that in the dispersion formula (3.5) the 
integral over the elastic cut 4u2<s<s; has been elimi- 
nated in favor of the sum of the contributions from all 
singularities in the second sheet. These consist of the 
meromorphic parts due to the zeros of the S matrix in 
the denominator of Eq. (2.13) and the integrals over the 
inelastic cut as well as the left-hand branch line. The 
weight functions along these cuts in the second sheet 
are not determined by ImF'(s+0) alone, but they 
involve also ReF!(s). For s<0 and for s>s,;, we have the 
relation 


ImF"(s+70) 
ImF!(s+10) —2(s+i0) | F'(s+10)|? 





~ 14-4p(s-+40){ p(s-+40) | F¥(s-+40)| 2—TmF'!(s s+i0)} 
(3.8) 


A dispersion formula like Eq. (3.5) could be useful for 
systems where the low-energy region is dominated by a 
pole term in the second sheet representing a resonance. 
In a first approximation it may then be possible to 
neglect the contribution from the cuts and to retain only 
the resonance term. The Breit-Wigner type formula 
obtained in this way could be used in connection with 
the crossing relations in order to compute correction 
terms. 

In the N/D formulation of elastic x-x scattering,” the 


10 0G. F. Chew and S. Mandelstam, Phys. Rev. 119, 467 (1960). 
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Fic. 1. Amplitude for the reaction u*+y? — x+~. 


explicit integral over the two particle branch line has 
also been removed by use of the unitarity condition. 
We have, for instance in the case of p-wave scattering, 
the integral equation 


z—4y? 7° 
D,(z)=1+- f ds(s—4y?)“ 


T <a 


X K(s,z) ImF\(s+70)D;(s), 


where 
1 
mK (s,2)=——{ (s—4y”*) f(s) — (s—4*) f(2)}, 
S—z 
with 


-4u°)}) s—s 
4u?—22+2[2(z— 4u°) |? 


-In a ae 


[z yi 4y? 


1 1 


Hem far 
1 


In the physical sheet (I), f(z) has only the branch line 
s>4y?, which connects just two Riemann sheets. In all 
other sheets there is in addition a left-hand cut for 
s<0, which also connects two sheets only. We obtain 
the complete surface by continuing alternatively 
through right- and left-hand branch lines. The Riemann 
surface of 
F ,(z)=N1(z)/D,(z) 


does not in general have the simple structure described 
above. In the first sheet there is a left-hand branch 
line for s<0, and the character of the left-hand cut 
in the second sheet depends upon the properties of 
ImF;'(s+i0) for s<0. Only in the pole approximation 
do we have a structure corresponding to that of f(z). 
We note that the poles for z=s,<0 are present only in 
the first sheet. 


IV. PRODUCTION AMPLITUDES 


_ Let us discuss the partial wave projection G(s) of a 
_ production amplitude G(s,t) corresponding to the graph 
in Fig. 1. It is reasonable to assume that G(s) is the 
boundary value of an ana’ tic function G(z), which is 
regular except for cuts along the real axis. From the 
reality properties of G(s,/) we find then that G*(z*) 
=G(z). As long as the mass variable x is sufficiently 
small* [~<(M?+ y*) for the amplitude described in 
Figs. 1 and 2), the corresponding particle has no 
composite structure, and we have only the branch lines 
due to absorptive processes, namely for 2=s>4y? and 
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Fic. 2. The amplitude u?+-x«— w*+x. We assume that the 
particles with masses M and «x are baryons. As an example one 
may identify them with A and & particles. 


for z=s<g(x). The function g(x) is determined by the 
lowest mass intermediate state of the scattering process 
w+x— w+« (we indicate particles by their mass 
variables) ; it is given by‘! 


1 


g(x)=— (4.1) 


Note that g(x) attains its maximum value of 4y? at 
«= M?+-p2. The next branch point on the left-hand side 
is at s=g,(x), where 


£1 (xx) =— {x— (M+-2,)? Iix- M?}. (4.2) 


(M-+n)? 


On the right-hand side we have an unphysical region 
4u2<s<4x, where the absorptive part is due to inter- 
mediate u?-particle states. We are mainly interested in 
the interval 4u?<s<s, of the two-particle branch line. 
For «<M?+,2 and x2 M?+ ,? we have s;=16y?; for 
larger values of x there will appear structure singularities 
associated with the inelastic threshold at 16y?, and 
hence s;<16y?. In this paper we shall not consider these 
higher order structure effects. At least for x<M?+p?, 
we assume that the absorptive part of G(z) is given in 
this region by the unitarity relation” 


ImG(s+i0)= p(s+70)G(s+70)F(s—10), (4.3) 


where F(s) is a scattering amplitude of the type we have 
discussed in Sec. II and p(z) is given by Eq. (2.8). It 
follows from Eqs. (4.3) and (2.13) that 


G(s+i0)F (s—i0) =G(s—i0)F (s+10), 


for 4y2<s<s; This relation assures the reality of 
ImG(s+720). Furthermore, we find, on the basis of these 
relations, that G(z) may be written in the form 


G(z)=de(z)+i[ (s—4y?/z) tag(s), (4.4) 


where a¢(z) and dg¢(z) are real analytic functions which 
are regular except for the cuts z=s<g(x), z=s>5s,, and 
poles at points where the S matrix, 


S(z)= 1+ 2ip(z)F(z), 
vanishes. The functions ag and dg may be expressed in 


11S. Mandelstam, Phys. Rev. Letters 4, 84 (1960). 

2 A proof would require analytic continuation of the amplitude 
G in the mass variable x from x<,? toward larger values. This can 
be done at present only for some simple cases within the framework 
of perturbation theory.*" 
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terms of the amplitudes G and F. We find 
GG@)F() 
“1+ 2ip(2)F (2) 
(2)[1+ie(2)F@)] 
dg(z)=— - 
1+ 2ip(2)F (2) 


(4.5) 


(4.6) 


and in the interval 4u?<s<s; on the real axis we have 


ag(s)=p-'(s+i0) ImG(s+10), 


é‘ (4.7) 
dg (s) =ReG (5). 
The continuation of G(z) through the two-particle 
branch line into the second Riemann sheet may be 
written in the form 
G(z) 
GM) =— nein 
1+-2ip(z)F(z ) 


(4.8) 


So far we have assumed that x< (M*+u 7), but now 
we want to consider larger values of x in order to see how 
the structure singularities (anomalous thresholds) 
emerge. Ignoring subtractions, which may be required, 
we represent G(z) for x<(M*+uy’) by the dispersion 
formula 


1c? ImG(s+i0) 1 7%  p(s+i0)ag(s) 
eee 1s 
T s—3 To 4? 


2 a 


ImG ( — 
ds———_———._ (4.9) 


—: 
Similarly the function a¢(z) may be expressed in the 
form 


1 7’ Imag(st+i0) 1 ¢* Imag(s+i0) 
ag(z)=- f ds—— —}— i) ds- —— 
T 5s avs s—2 


_— 8% 


* 


+E{— +, 


| I (4.10) 
Since F™(s) is real for 0<s<4y?, we have in this 
interval 


Imag(s+70) = ImG(s+i0)F"™(s), (4.11) 
except for 6-function contributions due to possible 
poles of F'(s). The resulting real poles in Eq. (4.10) 
are represented explicitly by the last term. In the 
interval gi(x)<s<g(x), the absorptive. part of G(s) is 
given by the partial wave projection of the one-particle 
terms in G(s,t). If these terms are of the form 


Tt? 
G(s,t)=———-+——_-+ : :-, 


(8=2p?-+2x—s—2), 
M*—t M?—8 
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we find, for instance for the s-wave amplitude," 


ImG(s+70) = A 0(s) = 2xT?(x)/[ (s—4y?) (s—4x) }'. 
(4.12) 


The root in Eq. (4.12) is defined such that it is negative 
for s<4y? and has a cut for 4u?<s< 4x. 

Let us now continue Eq. (4.9) in the mass variable x 
from x<(M?+y*) to x>(M?+y?) [but x<(M+y)?]. 
We assume that this continuation is possible and 
straightforward for the integrals from s; to © and from 
— © tog: (x). Note that g; (x) <4? because of the stability 
condition x< (M+ ,)*. In order to continue the remain- 
ing integrals in Eqs. (4.10) and (4.9) we take the 
mass variable slightly off the real axis. Then we have 


g(x+iy)=[¢(x)+y°/M?] 


—21(y/M?)(x—M?—p?), (4.13) 


and g(x) describes a curve in the complex z plane which 
encircles the point z= 4y? as x passes through «= M?+-z’. 
The relevant portion of the first integral in Eq. (4.9) is 


(4.14) 


where A(z) is given by Eq. (4.12). As g(x+iy) moves 
around the point z=4,y? the path of integration in 
Eq. (4.14) dives into the second sheet of the root in 
the denominator of A(z). We finally obtain for 
x> (M?+-y?) the contributions 


2 


1 A(s) 1 pete) AM(s) 
f ds + f ds . 
WH gi(2) §—s WH 4,7 ae 


Bu 


(4.15) 


where g(x)<4y? and A'l(s)=—A 
analogous way the integral 


1 pe) A(2’)FM(2’) 
WT #9i(2) pe 


ma 2 


(s). In a completely 


(4.16) 


in the representation (4.10) for ag(z) gives rise to the 
expression 


1 4 A(s)F™(s ». 1 o(z) All(s)F(s) | 
~ fa — +- f e————-= 4:87) 
WT #91(2) g—$ wT ~4,? §=—3 


» 


for x> (M?+ 2’). 

Finally we consider the second integral in Eq. (4.9). 
The function a¢(s) in the integrand is given by Eq. 
(4.10), and it is regular in the neighborhood of the point 
s=4y? as long as x< (M?+?). There could, of course, 
be isolated poles due to resonances or virtual states, but 
these can always be avoided in the following deforma- 


It can be proven that the vertex function I'( 
analytic function which is regular for §£< (M+ z)?, if we have on 
the mass shell x=m?<M?. Such a proof can be given using the 
methods of R. Oehme, Nuovo cimento 4, 1316 (1956); see K. 
Symanzik, Phys. Rev. 105, 743 (1957), also A. M. Bincer, Phys. 
Rev. 118, '855 (1960). 


£) is a real 





CONTINUATION THROUGH 
tion of integration paths. Note that the psition of these 
poles is independent of the mass variable x. With 
increasing x the point g(x+iy) circles the point s=4y? 
and then moves back on the opposite side of the real 
axis. In order to avoid the branch line ending in g(x+y) 
we have to deform the contour of the integral in Eq. 
(4.9), and, in the limit as y— 0, we find the expression 





as 


1 iE seehshorey rie 2) 


s—2 


1 si 
-+ J Ps 
T 4p? 

AN(S)F(s) 


1 g(2) 
ws)=- f 1s— 
WH 4,? s—s 


Ww“ 9(2) 


p(s+i0)aa(s) 


(4.18) 
where 

ONE 
and hence 


h(s+i0)—h(s—i0)=—2iA™(s)F(s) (4.19) 
for g(x) <s<4y?. The two sign combinations in the first 
integral of Eq. (4.18) correspond to the choice y<0 or 
y>0, respectively [see Eq. (4.13) ]. We note that for 
y<0O the deformed path of the integral in Eq. (4.9) 
remains in the first sheet of the root (s—4y*)!, whereas 
for y>0 the contour is dragged into the second sheet 
through the branch line s>4y?. The deformation of the 
contour is possible because of the analytic properties of 
the function ag(z), which have been exhibited in Eqs. 
(4.10) and (4.17). 

Taking all pieces together we have for x> (M?+ ,°), 
instead of Eq. (4.9), the dispersion formula“ 


1 ce) ImG(s+i0) 1 ¢ A(s) 
Ga)=- f ds +- f ds—— 
TV _~ g--§Z g1(2) g= 3 


- f *  — AM(s)[1+4 2ip(s)F(s)] 





ds-— 


Ww  9(2) 5-2 


p(s+i0)G(s+i0)F™ (s+-i0) 


1 pt 
age 
WS 4,7 s—3 


° ImG(s+i0) 
f ———————, (420) 


sq s—2 





where A (s) is given by Eq. (4.12) for the case of s-wave 
amplitudes."® The limits g(x) and g,(x) have been 
defined earlier. We see that the absorptive part of G(z) 
for 4y?<s<s; is again given by 


ImG(s+i0) = p(s+720)ae(s), 


“Tf only two-particle singularities are retained and if 
ImG(s+i0) is replaced by A(s) [as given in Eq. (4.12)] for 
s<gi(x), then Eq. (4.20) agrees with the result of Mandelstam 
(reference 9). See also R. Blankenbecler and Y. Nambu, Nuovo 
cimento (to be published); R. E. Cutkosky, J. Math. Phys. 1, 429 
(1960); Phys. Rev. Letters 4, 532 (1960). 

15 For higher partial waves the relevant features of A (s) are the 
same as for s waves. 
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1G. 3. Vertex for yu? particles (mesons), 


where 


ag( 


= G(z)F"™(z) 


is regular along this stretch of the real axis. 
It is of interest to compare Eq. (4.20) with the corre- 
sponding relation for G''(z). We may write 


){1—2ip(z 


and, for «<(M*+ 4’), we have a representation corre- 
sponding to Eq. (4.9) with G replaced by G" and ag¢(s) 
in the second integral by —ag¢(s). The continuation to 
«> (M?+ *) is analogous to the one leading to Eq. 
(4.20). We find 


1 7% ImG"(s (s+i0) 
T s—z 


=< 


+ ia 
g1\*) 
“S4 


o(z) us a? 


1 ¢” ImG"(s+i0) 
+- f ds 
T 8 g~§ 


” 


G"(z)=G(z) (z)F™(z)}, (4.21) 


A(s) [1—2ip(s)F "(s)] 


eae 


Pe 1 
a 


in iP St Meals) 


s—Z 
+pole terms. (4.22) 


In the interval g(«)<s<4y? the production amplitude 
G has the absorptive part 


A(s)—A™(s)[1+2ip(s)F(s) ] (4.23) 


in the first sheet [for x>(M?+u?) ], whereas in the 

second sheet we find from Eq. (4.22) for the corre- 

sponding interval 
—A'"(s)+A(s)[1—2ip(s)F™(s) ]. 


(4.24) is just 
through the branch cut 


(4.24) 


Note that, except for a change in sign, Eq. 
the continuation of Eq. (4.23) 
s>4y? of the root (s—4y?)! 


V. VERTEX FUNCTIONS 


The vertex function or form factor of a yp? particle 
(see Fig. 3) satisfies a dispersion relation of the form 


vidat4= fa 


ImV filer) 
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Fic. 4. Vertex for x particles (baryons). 


Along the two-particle cut the absorptive part is given 
by 

ImV (s+70) = p(s+70)ay(s), (5.2) 
where 


2)= V (2) F"(z) 
is again regular for 4u?<s<s,. The continuation of V (z) 
into the second Riemann sheet is 
V (z) 
VU(z)=— ; 
1+2ip(z)F(z) 
dy (z)= V™(z)[1+ip(z)F(z) ], 5) 


we can write 


2—4y?\ 
V(2)=dv(9)+i( - ) arte) 


We may use these properties of the vertex V(s) in 
order to discuss the form factor of x particles (see 
Fig. 4): 


(5.3) 


ay ( 


(5.4) 


and, with 


(5.6) 


W (s)=2(popo’)*(p’| J (0) | p), (5.7) 
where J is a “scalar” photon current operator and 
p?= p= —x, (p’— p= —s. 

We take first «< (M*+y?) and assume that W(s) is 
the boundary value of an analytic function, which, 
except for subtractions, may be represented in the form 


1 ¢”* ImW(s+i0) 
if aes 
wT 4," §-~% 


ub ~ 


W (z)= (5.8) 


where 


ImW (s+70)= p(s+720)G(s+720)V(s—7i0) = (5.9) 


for 4?<s<s,;. Using Eq. 
analytic function 


(5.4) we construct the real 


aw(z (z)V II(g 5), (5.10) 


which is easily seen to satisfy the relation 


aw(s+70) = aw(s—i0)=G(s+70)V (s—10) 


=G(s—i0)V(s+70). (5.11) 


As before, the two-particle cut connects two Riemann 


sheets. The continuation into the second sheet is here 


W"! (z)= W (z)—2ip(z)G(z)V""(z), (5.12) 


and we see that W''(z) has a left-hand branch line for 
s<g(x), where g(x) is given by Eq. (4.1). Let us now 


write Eq. (5.8) in the form 


1 ss p(s +10) aw (s :) 
W(2)=- f PN 
w4 


2 


° ImW (s+70) 
+ -f ds—— —- 


Tes ys 


yu 


(5.13) 


? 


where we can express the function aw(z) by the dis- 
persion formula 


1 ce? Imaw(st+i0) 1 ¢* Imaw(s+i0) 
aw(e)=~ f ds a +-f ds — - 


7. s—2Z ra Z 


os 


According to Eqs. (5.10) and (5.4) we have, except for 
6 functions, 


Imaw(s+70) = ImG(s+20)V"(s) (5.15) 


for 0<s<4y?, and from me IV we know that for 
g1(x)<s<g(x) ImG(s+i0)=A(s); for s-waves A(s) is 
given by Eq. (4.12). With the bel of Eqs. (4.18), (4.13) 
etc. the first integral in Eq. (5.13) may now be continued 
to values of x above M?+ 2, but below (M+ )*.!* The 
situation is completely analogous to the one encountered 
in Sec. IV. We obtain the relation 

1 7 
f ds 
z) 


a( 


—2ip(s)A'(s)V (s) 


g=" 


(s+i0) 


io 


1 si p(s+i0)G(s+i0)V""( 
+ f 
we 4? S——-Z 


(5.16) 


1 * [mW (s+i0) 
+ -f ds— 
ws s—2 


and @w(z) is now given by a relation corresponding to 
Eq. (5.14) with the first integral replaced by 


1 peu Imaw (s+10) 
- f ds + fa 
2 a s—2 
— “AN (S) VG 
fe 


” 


(s)V II ( 


s—2Z 


(5.17) 


16 Tn an earlier paper (see reference 4) we have performed this 
continuation explicitly in the approximation Imaw(s) = Ao(s). We 
found there that the correct continuation leads to a function 
aw(s)[(s—4yu2)(s—4x)]}* which is regular along the branch cut 
s>4,? and which does not vanish for s — 4y?+- if «> (M?+ 7). 
Another branch of this function, which vanishes at s=4,?, 
has a jump at s=2(x—M*+ ,*), and in the interval 4y?<s 
<2(x—M?+ 7) it is displaced by a constant term from the 
regular branch. The constant is, of course, given by the value of 
the regular branch for s — 4u2+. See also Blankenbecler and 
Nambu, reference 14. These authors consider the form factor in 
the approximation Imayw (s) = Ao(s)V™(s) for s<0. 





CONTINUATION THROUGH TWO-PARTICLE BRANCH LINES 


It is of interest to see how the branch line g(x)<s<4y?, 
which appears for «> (M?+-y?) in the physical sheet of 
the form factor W(z), continues into the left-hand 
branch line for s<4y? in the second sheet of the root 
(s—4u?)#. We consider the function W1(z) given by 
Eq. (5.12), which, for «<(M?+ 4"), may be written in 
the form 


Wi (2) =- 


rJ_. -% 


1 ce"? ImW"!(s+10) 
f ds- - 


1 pe) —2ip(s)A(s)V™(s) 
4-— ds - i 


Ww HY 9i(2) §—3 


1 ai — p(s+i0)aw(s) 
+- f ds-————— 3 
4 


. c—? 


TY 4, s—2 


(5.18) 


° 


1 ¢* ImW"(s+i0) 
+ - f ds : —-+pole terms. 
TMs; S™= 


If we now increase « above +=M?+ yp’, the second 
integral is replaced by an integral over the same 
expression but with the limits g:(«) and 4y*, plus the 
term 


_ as ane ~- som 


(5.19) 


+ i —2ip(s)A™(s)V(s) 


‘—Z 


Ww g(z) . ~ 


The continuation of the third integral in Eq. (5.18) has 
been discussed before [see Eqs. (5.13) and (5.16) ]; it 
produces an additional expression which is just the 
opposite of Eq. (5.19) and hence cancels this term. 

So we are left, for «>(M?+y*?) [but «<(M+ ,)*], 
with an expression for W'!(z) which is the same as the 
one given in Eq. (5.18), but with g(x) replaced by 4,’. 
We see that the branch line associated with the com- 
posite structure of the x particle extends from g(x) in 
the physical sheet to 4y’, there it dives into the second 
sheet and extends from 4u?2 to — ©. The “anomalous” 
portion of the cut in the first sheet appears just as an 
extension of the left-hand cut in the second sheet, which, 
at least for s>0, is due to the left-hand branch line of 
the production amplitude G(s). We note that the 
appearance of the structure cut in the physical sheet 
for s<4y? does not change the analyticity of aw(s) in 
the neighborhood of the internal 4u?<s<s;, where we 
always have the relation aw(z)=G(z)V"'(z). 


VI. CONCLUDING REMARKS 


In the preceding sections we have seen that partial 
wave amplitudes and form factors have two-particle 
branch lines which are simply described by the square 
roots corresponding to the related c.m. momenta. The 
same properties may be inferred for the complete 
amplitudes using partial wave expansions. So we have, 
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for instance, for the production amplitude G(z, cos#) 


2—4y* 
G(z, cosd)=dg(z, cosd)+i( . 


~ 


5 
) aq(z, cos?), (6.1) 


where 


aq(z, cost) =>" ,(2/4+-1)G,(z)F 2 "(z)Pi(cos#) (6.2) 


in the region of convergence. 

The considerations of this note may also be general- 
ized to more complicated amplitudes. We may consider 
reactions with two incoming and an arbitrary number 
of outgoing particles. If one is willing to make assump- 
tions about the relevant analytic properties of these 
many-particle Green’s functions in the physical sheet of 
the energy variable, then one can obtain properties of 
the two-particle branch lines which are analogous to 
those discussed in this paper for scattering amplitudes. 

Let us finally add some remarks concerning the 
physical and mathematical aspects of structure singu- 
larities, which we have already discussed in an earlier 
publication.t We have seen in Sec. IV and Sec. V that 
the structure cuts are extensions of the left-hand branch 
lines of the amplitudes and their continuations into the 
second Riemann sheet of (z—4y?)!. So we find in the 
case of production amplitudes that the structure 
branch line with the weight 


— A'l(s)[1+ 2ip(s)F(s) ] (6.3) 


for g(x)<s<4,? in sheet I is an extension of the line 
with weight 


A(s)[1—2ip(s)F™(s) ] (6.4) 


for s>g,(x) in sheet IT. In the same way the branch line 
with weight —A''(s) in sheet II is an extension of the 
cut with weight A(s) in sheet I. The continuous tran- 
sition of branch lines from one sheet into the other may 
be seen more explicitly if we map both Riemann sheets 
onto the complex plane of g(z) = 4(zs—4y?)! [see Fig. 5]. 


| 
q-plane (q(z)=4 (2-4yu")2) 


Aaa eeeesaea: 
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Fic. 5. Singularities of the production amplitude in the complex 
q plane. There can also be poles in the lower half plane. The 
‘anomalous threshold” appears simply as the endpoint of the cut 
along the imaginary axis from —i» to +g[g(x) ]. 
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On the real axis we have the inelastic cuts for g>q(s;) 
and g<—gq(s;). The first branch line discussed above 
maps into the cut from +g[g(x) ] to —i on the imagi- 
nary axis [denoted by a in Fig. 5], and the second 
branch line [8] extends from —g[g(x)] to +i. Both 
lines overlap in the interval —g[g(x) ]<q<+[g(x) ] 
provided «> (M*+ y*). For «< (M*+*) we have a gap 
in this interval. Note that there can also be poles in the 
lower half q plane. 

For the baryon form factor W(z) the situation is 
somewhat simpler because there is no left-hand cut in 
the physical sheet. The “anomalous” branch line in 
sheet I of the z plane is just an extension of the left-hand 
cut in sheet II. In the g plane we have only a cut 
corresponding to a in Fig. 5, the usual inelastic branch 
lines and the poles for Imqg<0. 

It is true that the appearance of a structure cut for 
x> (M*+-z°) in the physical sheet of the z plane produces 
an explicit extension of the maximal range of the charge 
or moment distribution. However, as we have already 
mentioned in reference 4, for x< (M?+ 2?) the left-hand 
cut in the second sheet starts near s=4y?, and it 
can have an essential influence on the outer parts 
of the charge distribution via the absorptive part 
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p(s+i0)aw(s). This may be seen from the dispersion 
representation of the analytic function a@w(z), which is 
of the form [see Sec. V ] 


1 7’ Imaw(s+i0) 
fone 


aw(z)=- 
T 


5S—Z 


po) 
1 ¢” Imawp(s+i0) 
+ J a +pole terms, (6.5) 
T 84 


s—3 


for «<_M?*+ ?. There may also be resonance poles near 
the physical region z=s>4y?, which then could domi- 
nate @w(s). In practical calculations of the nuclear form 
factors it is just the first integral in Eq. (6.5) [with 
g(m?)=4y?(1—y?/4m") ] which is evaluated approxi- 
mately ; a m-m resonance would give rise to a pole term 
in this equation. 
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It is shown that an instant form of relativistic particle dynamics can be constructed which displays the 
symmetry properties inherently present in the point form. In this new instant form, interaction terms are 
introduced in the energy momentum four-vector of the system; physically this is more justifiable than the 
more customary method of having interaction terms appear in the energy and the three generators of the 
Lorentz group which give the three infinitesimal displacements in velocity. 


INTRODUCTION 


N nonrelativistic mechanics, the transition from 

classical to quantum mechanics of point particles is 
most readily performed within the framework of the 
Hamiltonian formalism. In order to achieve the same 
in relativistic mechanics, one first needs to develop a 
Hamiltonian formalism for a system of relativistic 
particles. This is done by considering the coordinates, 
momenta, and spins of the individual particles as basic 
variables and constructing from them ten functions 
which act as generators of infinitesimal canonical 
transformations. These transformations correspond to 
the ten displacements involved in the inhomogeneous 
Lorentz Group. Using the notation of I and II,! the 
ten functions are the energy of the system H, the 
components of linear momentum X, Y, Z, those of 
angular momentum L, M, N, and three other functions 
U, V, W which correspond to ordinary Lorentz trans- 
formations for velocities in the x, y, s directions, respec- 
tively. The customary constructions of these functions 
is in terms of basic variables given at a common time. 
Dirac calls this the instant form.2 He shows however, 
that other forms are also possible. For instance, in his 
point form the basic variables are defined on the positive 
branch of a spacelike hyperboloid rather than being 
given on an instant plane. When we compare the 
relative merits of these two forms we find that the 
point form is more symmetrical since it makes a clean 
separation between the translational and the rotational 
parts, in space-time, of the inhomogeneous Lorentz 
group. The hyperboloid is invariant under rotations 
(i.e., the homogeneous Lorentz transformations) but 
not so under translations. For this reason, one prefers 
to introduce interaction terms only in the generators 
H, X, Y, Z of translational displacements in order not 
to disturb the trivial invariance already present under 
rotational displacements. In the instant form the 
interaction terms are introduced in H, U, V, W which 
do not form an interesting subgroup of the Lorentz 


* Supported in part by the U. S. Atomic Energy Commission. 

1 This paper should be considered as a continuation of two 
preceding papers: L. H. Thomas, Phys. Rev. 85, 868 (1952) and 
B. Bakamjian and L. H. Thomas, Phys. Rev. 92, 1300 (1953) 
hereafter called I and II, respectively. 

2 The terminology is Dirac’s: P. A. M. Dirac, Revs. Modern 
Phys. 21, 392 (1949). 


group. Yet, the instant form is more popular because 
of its familiarity. We therefore raise the question: 
Can one form a dynamics in the instant form which 
displays the same symmetry as that naturally present 
in the point form? We propose to show, in the next 
section, that this is indeed possible. 


SYMMETRICAL INSTANT FORM 


We adopt the point of view used in II. There, a 
contact transformation was performed on the basic 
variables comprising the position coordinates %u, Yu, u 
forming the vector r,, their conjugate momenta X,, Vu, 
Z., forming the vector R,, and the components of spin 
forming a vector w,, all defined on an instant plane and 
referring to the wth particle. The transformation 
yielded a new set of variables comprising the coordinates 
of the center of mass x, y, 2 forming vector r, their 
conjugate momenta X, Y, Z representing the three 
components of the total linear momentum R of the 
system, new spin variables forming vector ,, and 
finally a set of internal variables giving relative positions 
and relative conjugate momenta of the particles. It was 
then shown how arbitrary interaction terms could be 
introduced in an invariant manner by making the 
mass m (= H?— R?) of the system an arbitrary function 
of scalar products of the internal variables. Since the 
ten generator functions are given by 


R=R, H= (m?+ R?)}, 


: (yx R) (1) 
V=rH— ———, 
m+H 


R= DuRu, m= L(m2+S,’)}, 
n= ul 8uXSul+m, 


one notes that interaction terms enter only in H, U, 
V, W in which m occurs. 

.We wish to show that a further contact transfor- 
mation in the instant plane, removes m from U, V, W 
only to make it reappear in X, Y, Z. As a result inter- 
action terms, still introduced through m as before, now 
affect only H, X, Y, Z thus resembling the point form?* 
of dynamics. We shall use the transformation 


R=mU and r=(1/m)u, (2) 


3 See I of reference 1. 


Q=(rX R)+, 


where 


1849 





1850 B. BAK 
defining new variables U and u. This is clearly a 
contact transformation m has zero Poisson 
brackets with all of the basic variables. Substituting 
in Eq. (1) we get: 


R=mU, 


since 


H=m(1+U2)}, 
xU 
u(1+U?)— _tex@] 


v= ; 
i+(1+U?)! 


Q=[ux U)]+n, 
where 


(w2U2|=1; [u.U,]=0, 


and our purpose has been achieved: m appears only in 
H, X, Y, Z. 


etc., 


MODIFIED RELATIVE COORDINATES 


In II we had shown detailed calculations leading to 
the evaluation of the relative coordinates and mo- 
menta. The same procedure would yield in our present 
case a different set of relative coordinates. Instead of 
repeating equivalent calc’ tions, we shall rewrite some 
results obtained in II a..'! show how they are modified 
under the transformation given by Eq. (2). The contact 
transformation in II was of the form given by Eq. 
(4.5) of that reference: 


a r,:dR,+)>..0,- dz, 
=r-dR+D.,, s.:dS,—Siuyud0,, (4) 


where S, are relative momenta satisfying the constraint 
equation >> S,=0, and s, are relative coordinates. The 
introduction of a Lagrange multiplier had led us to 
Eq. (4) of Appendix II which we reproduce here: 


S.(m+H)+RK,, 


m(m+H)K,, 

S. [wou XR} 

—> (r,- R)H,———_-+ -—— 
v mHK,, 


[eux S.](H—m) 


Sutr=r.t+(r.- R) 


m(m,+H,,) 
(wu [S.XR))S. 


i‘ : = 
m(m,+K,)(m,+H,) mK,,(m,+H,)(m,+K,) 
2(w,- R)(S,X R) 
m(m+H)(m,+K.)(m,+H,) 
_ (o -[S.XR}) S, 
+> a, 
t m,+H, mHK,, 


5) 


It was further shown in II that to obtain the transfor- 


mation from r, to s, and r, one could replace our 
Eq. (4) by Eq. (4.7) of II: 


a r,:dR,=r-dR+>, 8,°dS,— (du .‘d¢@,), 


where 


(6) 


_ de=dzx— dd. 
Now Eq. (2) suggests that we replace Eq. (6) by 


Dut. dR,=u-dU+>s,’-dS,'—(Snu-de,), (6a) 
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where the primes indicate possible modified values of 
the relative coordinates and momenta. Since Eq. (2) 
does not specify how the S, transform, we can set 
S,’=5S,, and thus assume that only s, is affected by 
the transformation. Note that the third term in (6) is 
unaffected by the transformation. Now 


R 1 
u-dU=u-d(—) - (o-- dR—R ) 
m ™m 


Therefore Eq. (6a) becomes 


dm 
¥ r,-dR,=r-dR—(r- R)N— 


m 


dm 


m? 
dm 
r-dR— (r- R)- - 


m 


+3°(s,’-dS,.)—(& nu-de,). (7) 


Comparing Eqs. (6a) and (7), we find 


dm 
> su’-dS.= >. s,-dS,,+(r- R)- 
mM 
and remembering that 


S. dS, 


=> 
dm=), : 
bad Be 
we now see that when s,,’+2 is evaluated as before, 
it contains the extra term 


ee Noe 
| > (re R) i 
v H 


(w,- [Rx R, }) S. 


S. 
(r-R)——= eae amy 
H(m,+4H,) lmK, 


mK, 


+2 
which just cancels the summed terms in Eq. (5) thus 
giving a simpler expression for s,,’. Thus 
S.(m+H) +RK, - [ou R) 
m(m+H)K,, | m(m,.+H,) 
[ouXS.](H—m (wo. [S.XR))S. 
m(m.,+K,)(m,+H.) mK. (m.+H.)(mu+K«) 
| 2(@,: R)CS.X R] 
phat DAK Net 8D 


s,/+=r,+(r.° R)| 


In particular, for two particles, the relative coordinate 
evaluated to order v?/c? as before is 


o’ = (8)’+2)— (so’ +A) = 8:/— sor — rp 


R 
+(ri—fe: as" “to (r,:—r2- R)- 


m mM MMe 


= 
2m? 


P 1 1 @1 We 
+(r-R)— —+—)+|= ——xX 


MM, Me my, me 
where we have used the approximate relation 


r= (mir; + mor) / (m1+mz). 
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Using this expression for relative ne 4 the 
author has succeeded in showing that Darwin‘’s and 
Breit’s approximately relativistic equations can be 
considered as expansions to order v?/c? of our theory. 
The procedure is the same as that used in IT. 


DISCUSSION 


In a paper where Dirac‘ generalizes the Hamiltonian 
dynamics to include cases when the momenta are not 
independent functions of the velocities, one finds that 
either in the instant form or the point form of relativ- 
istic dynamics one needs four Hamiltonians. In the 


customary constructions of dynamics in the instant 
form,® the role of Hamiltonian is played by the functions 


*P. A. M. Dirac, Can. J. Math. 2, 129 (1950). 
5 See reference 2 and II of reference 1. 
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H, U, V, W; whereas in the point form,® the same role 
is played by the functions H, XY, Y, Z. Our study has 
shown that in the instant form a suitable choice of 
coordinates on the instant plane transfers the role 
played by H, U, V, W to the four functions H, X, Y, Z. 
Thus we oblain an instant form of dynamics which 
displays the symmetrical form of the point form. Physi- 
cally this choice can be justified on the grounds that, 
in relativity, the energy H and the momentum R 
[=(X,Y,Z) ] are components of the same four-vector 
and must be treated symmetrically; an interaction 
term introduced in H would call for similar terms in 
X, Y, Z. Besides, in relativity, when one introduces an 
energy of interaction between the particles of a system, 
one essentially increases its effective rest mass. This 
increase in mass will in turn contribute to increasing 
the total momentum of the system. 


® See reference 2 and I of reference 1. 
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Relativistic Model Field Theory with Finite Self-Masses 


F. ZACHARIASEN 
California Institute of Technology, Pasadena, California 
(Received October 10, 1960) 


A model field theory is invented in the following way: Dispersion relations in the energy are assumed to 
hold for all amplitudes. Unitarity gives the absorptive parts in the “physical” regions. If it is assumed that 
the absorptive parts are otherwise zero (in violation of crossing symmetry and the Mandelstam representa- 
tion), then the dispersion relations and unitarity form an infinite set of coupled integral equations for all 
amplitudes. An exact solution (at least for the simplest amplitudes) to this set of equations can be found, in 
which all self-masses, etc., are finite. The solution is equivalent to summing a certain class of Feynman 
graphs, computed in the usual way. For a wide range of coupling constants, there are no “ghost” difficulties. 


I 


HERE are two quite distinct properties which 
must certainly be demanded of any acceptable 
physical theory. First of all, its consequences must agree 
with experimental observation, and secondly, the theory 
must be mathematically self-consistent. 

One method of learning about the second property for 
quantum field theory, without facing up to its full diffi- 
culties, is to construct models, which violate enough of 
the assumptions of the complete field theory to be solu- 
ble, but (hopefully) few enough so that they are reason- 
able analogies. 

A number of model field theories have been produced 
in the last few years.' Of these, several! have given a 
negative answer to the consistency question in that they 
contain for all values of the coupling constants un- 
physical singularities (ghosts) in scattering amplitudes, 

1T. D. Lee, Phys. Rev. 95, 1329 (1954); R. E. Norton and W. 
K. R. Watson, Phys. Rev. 116, 1597 (1959). 


2 W. Thirring, Ann. Phys. 9, 91 (1958); Nuovo cimento 9, 1007 
(1958). 


which correspond to the existence of states having im- 
aginary energy and various associated and equally 
undesirable properties. 

Whether or not the undesirable properties of these 
models occur in the complete field theory is of course a 
question, a question which is only safely answered by 
solving the real theory. Nevertheless, it may be of value 
to construct different kinds of models, violating different 
aspects of the actual theory, and see whether or not 
difficulties such as ghosts exist. 

We should like to do this here. We shall construct a 
model field theory which is perhaps unusual in that it is 
not defined in terms of a Lagrangian or Hamiltonian ; 
indeed we do not know if these functions even exist. 
Instead we shall assume the existence of a complete set 
of dispersion relations, which, together with unitarity, 
form a set of coupled integral equations for the transi- 
tion amplitudes of the theory. These equations will be 
distorted by violating crossing symmetry; it is in this 
that our model deviates from full-scale field theory. We 
shall then obtain an exact solution to the distorted set of 
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equations ; this solution is our model theory. It will then 
be shown that the solution has a perturbation expan- 
sion, which may conveniently be expressed as a well- 
defined set of Feynman diagrams computed by the usual 
rules. Finally, we shall see that the model has finite 
mass and wave function renormalizations, and, for a 
wide range of values of the coupling constant, has no 
ghosts. 

In Sec. II we construct the theory and explain the 
assumptions involved, in Sec. III solve it, in Sec. IV 
discuss its perturbation expansion, and in Sec. V sketch 
alternative ways of looking at it and mention various 
modifications. 


II 


We shall concern ourselves with a world which con- 
tains two kinds of particles, labeled A and B. Both shall 
be spinless bosons, and A is to be its own antiparticle 
while B, the antiparticle to B, is distinct from B. The 
A particle is scalar, so that the reaction B+B-— A is 
allowed with the BB pair in a relative S state. A and B 
have experimentally observed mass » and M, respec- 
tively, with 2M>un. 

The first question which confronts us is how to con- 
struct a field theory of the interactions of A and B. 
Conventionally, field theories are defined by specifying 
a Lagrangian density, and from this obtaining field 
equations, perturbation expansions, and so on. It has 
been suggested,’ however, that field theories can equally 
well be defined by writing down a set of dispersion rela- 
tions which, when combined with unitarity, provide an 
infinite set of coupled integral equations from which all 
the transition amplitudes of the theory may be de- 
termined. This second approach has the virtue of not 
involving any unobservable quantities, such as bare 
masses or coupling constants, at any stage of the de- 
velopment. It has the fault, if it is a fault, that the con- 
nection with the Lagrangian formalism is quite obscure ; 
for example, it is not known if the existence of the set of 
dispersion relations follows from the existence of a 
Lagrangian, or vice versa, or both. 

We choose to define our theory of the A and B 
particles by writing down a set of dispersion relations, 
and we shall not concern ourselves about the existence 
or nonexistence of a Lagrangian. 

To be specific, then, we shall assume an S matrix, and 
define 

Ti; 


S5j=6,,—1(2r)'54(P;— P;) > 
NW; 


(1) 


where P;, P; are the total 4-momenta of the states i and 
j, and where NV; and N; are the usual normalization 


factors: 
N= II 


particles in i 


(2B). 


3M. Gell-Mann, Proceedings of the Sixth Annual Rochester Con- 
ference on High-Energy Nuclear Physics (Interscience Publishers, 
New York, 1956). 
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T ,; is then a function of whatever independent variables 
can be constructed from the momenta in the states i and 
j; in particular, it is a function of the total energy 
squared in the c.m. system, which we will call s. We then 


assume* 
* Im7;;;(s’,---) 
T i;(s,-+-+)= -f - ds’. 


, . 
T Vx gore 


Here the dots indicate that whatever other variables T;; 
depends on are the same on both sides of Eq. (2). It is 
presumably true that Eq. (2) is not valid for an arbitrary 
choice of variables other than s; we assume that there 
exists a choice so that Eq. (2) holds; this choice is then 
supposed to be represented by the dots in the argu- 
ment 7;;;. : 

The set of dispersion relations, Eq. (2), are not com- 
plete until we specify the Im7;,’s, since only then do 
they become a system of coupled equations for the 
various T’s. The requirement that S be unitary gives us 
the relation (for P;=P;)° 


1 
i(T;;— T 3;*) = ie Pale T jn* (23) *64(P — P.). (3) 


This equation must hold for s in the physical region, 
that is for 
s>max(M ?,M 7), 


where M;,; is the total mass of state i or j. It says 
nothing about other values of s. 

In order to find an expression for Im7;;(s,---+) for 
unphysical values of s, an additional property is needed. 
In real field theory this is provided by crossing sym- 
metry—or perhaps more precisely by the Mandelstam 
representation.* This asserts that a single function de- 
scribes a number of related physical processes, each 
process being given by the function in certain ranges of 
its variables. Thus 7;;(s,---) for certain unphysical 
values of s represents some other reaction in its physical 
region; application of unitarity to this reaction then 
allows the evaluation of Im7;;(s,---) for these un- 
physical values of s. 

It is, of course, too much to hope that we will be able 
to find any exact solutions to the set of dispersion rela- 
tions for a real field theory, so some minimal mutilation 
of the equations is undoubtedly necessary. It is at this 


* Note that we assume the dispersion relations in the unsub- 
tracted form. It should also be remarked that as yet dispersion 
relations have not been written down in practice for more than 
four particle processes (two in and two out, for example). However, 
in view of the assumptions we shall make here, an explicit form for 
multiparticle processes is unnecessary, and the form of Eq. (2) 
suffices. 

§ An additional comment should be inserted here. On occasion 
we will also be interested in amplitudes involving virtual particles, 
specifically form factors and propagators. We assume that such 
amplitudes also satisfy dispersion relations of the type (2), where 
s is the four-momentum squared of the virtual particle, and that 
the unitarity condition (3) may be extended to obtain the ab- 
sorptive parts of these virtual processes. 

®S. Mandelstam, Pliys. Rev. 112, 1344 (1958). 
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point that the mutilation will be made, and at which we 
will part company with real field theory. For we 
shall assume, in violation of crossing symmetry, that 
ImT;;(s,---)=0 except as specified by Eq. (3). This 
leaves us with an infinite set of coupled integral equa- 
tions for the 7;;’s, which are the same as those of a 
correct field theory except for the presence of integrals 
over negative values of s. No further distortion of the 
theory will be necessary ; we will be able to find an exact 
nontrivial solution of the dispersion relations as they 
now stand. 

Before we proceed to the construction of this solution, 
however, a few comments may be pertinent. We have 
chosen to use as the assumptions defining our field 
theory an infinite set of coupled integral equations 
rather than the existence of the usual Lagrangian. While 
there is nothing wrong with this, it is certainly un- 
aesthetic to have such a complicated set of assumptions. 
In the real field theory a simple set of axioms has been 
formulated’ from which it is hoped that the Mandelstam 
representation follows and, therefore, from which the 
infinite set of coupled dispersion relations also (hope- 
fully) follows. Since in the real field theory the disper- 
sion relations include the crossing terms, and since we 
have discarded the crossing terms, it is clear that our 
mutilated theory must violate one (or more) of these 
basic axioms. A little thought makes it clear (this will 
become obvious later) that the axiom which is violated 
is the statement that two field operators must commute 
at spacelike separations. This is the axiom which is 
usually associated with causality. However, since in our 
mutilated theory all amplitudes still satisfy dispersion 
relations, and, therefore, have no singularities in the 
upper half-energy plane, our theory is still causal at 
least in some sense. The commutability of two field 
operators for spacelike separations, then, seems to be a 
stronger statement than causality, and includes crossing 
symmetry as a consequence as well. 

Equations (2) and (3), together with the statement 
that 


Im7T;;(s,---)=0 if s<max(M?,M 7), 


define the theory; or rather, they partially define the 
theory. Equations (2) and (3) provide an infinite set of 
coupled integral equations for all amplitudes; however, 
there is no guarantee that the solution of these equa- 
tions is unique. In fact, all analyses which have been 
made of finite systems of such equations (either one or 
two in practice) have shown there are many solutions.* 
We may consequently expect that Eqs. (2) and (3) still 
actually encompass a number of different theories. 
What we shall do is try to guess a solution of these 
dispersion relations. We should like our guess to be 
nontrivial—for example, one solution is all 7;;=0, but 


7H. Lehmann, K. Symanzik, and W. Zimmermann, Nuovo 
cimento 1, 1425 (1955). 

8 F. J. Dyson, R. H. Dalitz, and L. Castillejo, Phys. Rev. 101, 
453 (1956); M. Baker and F. Zachariasen, Phys. Rev. 119, 438 
(1960). 
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this is uninteresting—and still be sufficiently simple so 
that we can actually evaluate at least some of the T;; 
exactly. 

Therefore, we make the following guess: we look for a 
solution which is such that all 7;;=0 except those for 
which the states i and } differ only in that any number 
of A particles in i have been replaced by BB pairs in j 
and vice versa, and for which both i and 7 contain at 
least one A or one BB pair. It is evident that this guess 
is consistent with the unitarity relation (3). The nonzero 
amplitudes are now to be determined from the system 
of coupled integral equations which the dispersion rela- 
tions become after we impose this guess, and, as we 
shall see below, this system of integral equations can in 
fact be solved. 

To make it clear where we stand at this point let us 
write down the first few equations. 

(1) BB scattering : 

The relevant amplitude is Ty5,»5 where p’ and p 
stand for the final and initial B particle four-momenta, 
and j’ and j are the corresponding B momenta. We may 
write 


Ty». pp=T (5,1); (4) 
where s= (p+)? and ‘= (’— p)*. From Eq. (3) we have 
ImT‘(s,!) 

1 d*g 1 
=—— { Py .T yp. c*(2n) (QPP) 


2J (2m)? Qw, 





1 a Pr 1 1 
25 (2n)?J (2m)? 2Ey 2E5” 
XT ppp pT ppp p'* (2)'8'(p" +p" — p—Dp). (S) 


Here we have used the fact that T,,,,5=0 unless m= A or 
n= BB: also q denotes the 4-momentum of an A 
particle. 

Equation (5) may be simplified directly : We note that 
Tps.q 1S just a number; there are no independent 
variables to be formed from p, jp, and g due to the 
restrictions g’=y’, p?=p?=M?*. Thus, we may define 

T 5.¢= 


Ty 5 a= 8- (6) 


Anticipating slightly, we note that 7(s,t) clearly need 
not depend on #, so that we get from (5) 


1 /s—4M*\! 
ImT (s) = — g°6(s—p*) — —(——) |T(s)|*%. (7) 
1 


Tv s 


Inserting this into Eq. (2) gives the integral equation, 


* 7s'—4M?\?3 |T(s’)|? 
f ( ) ds’. (8) 
16m? J ay? s’ s’—s—ite 


We shall not now solve this equation; suffice it to say 
that it is clearly soluble, so that T(s) can be determined 





sS—p 
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from it. For this process, notice, there is no coupling of 
amplitudes—Eq. (8) is an equation involving 7(s), i.e., 
BB scattering, alone. 

(2) BB and BB scattering: 

Both these processes are zero according to our guessed 
solution ; evidently this is consistent with Eq. (3). 

(3) AB scattering: 

Here the relevant amplitude is Tpq’,»¢. We shall use 
the notation 


U(s,t)= (9) 


iy a’ Pa 


where s= (p+q)*, ‘= (p—p’)*. From the unitarity con- 
dition (3) only states n= AB or n= BBB contribute in 
the sum, and we have 


ImU (s,t) 
P d*q” 1 


(2m)? 2E» 


(2n)3 
XU (s,t')U (s,t")* (29)84(p" +9" — p—@) 


f & pal pe et 
2 On)? J (Qe)? QE yr 2E yr 2E ge 


an * 
XT y vp’ v” 


sa She 


a*p” 


(29x) 


pr pap’ p'’’p’’ 


X (23) 454(p" + p'"+p""—p—q). (10) 
Using this in the dispersion relation for U (s,t) thus leads 
to an integral equation coupling AB scattering to itself 
and the process A+B — B+B+B. Similarly, the dis- 
persion relation for AB — BBB will involve AB — AB, 
AB — BBB and BBB — BBB. Thus the AB scattering 
process does nol lead to a single uncoupled equation, but 
is one of three coupled equations for the three ampli- 
tudes describing the processes 


A+BrA+B, _ 
A +B bd B+B+B, 
B+B+B< B+B+B. 


For our purposes the solutions to these equations are not 
necessary, so we shall not attempt to obtain them 
explicitly. 

In general we can see that the set of dispersion rela- 
tions breaks up into finite sets of coupled equations for 
finite subgroups of the amplitudes 7;;. In practice, of 
course, it may be difficult to solve some of these sets of 
integral equations once we get to sufficiently many 
particles going in and coming out ; however, the simpler 
T;;’s can be evaluated. 

There are some further types of amplitudes which will 
be of interest, the first of which is the form factor for an 
A particle. This is the continuation of the ABB vertex 
off the mass shell for the A particle—symbolically, 
:=F(s), so F(y*)=g. (11) 


T pp.¢\ q 
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From Eq. (3), then, we immediately have 
d*p’ 


1 
fz (2)* Sonne 


XT 93.0’ Bp’ *(s)*(2x )%6 “ +p’ — 4) 


s—4M2\! 1 
= —T(s)F(s) | ( ) 4 
Ss 167% 


Thus the dispersion relation for /'(s) 


1 ImF(s’) 
: f ae 
ax/ s'—s—ie 


-f 
fe . 


4M 


ImF (s) = 


is, as usual,® 
F(s)= 


sind(s’ )e 


5(s’) F(s5") 


, : 
s’—s—ie 
where we write 


K) ; 
T(s)=- 16"(— -) sind(s)e%3¢* 
s—4M? 


Hence, once the equation for 7 
know F(s) by solving Eq. (13). 

We are also interested in the propagator for an A 
particle. Its dispersion relation is'® 


(14) 


s) is solved, we will 


o(s’) 


(15) 


; 
ds’, 


’ 1 
A(s)=—— +f 
s— 


s’—s—ie 
where 


p(s)= 2 n(2m)%*(P.) (s— uw?) *0(E,? 


so that it again involves the continuation of processes 
of the form A — » off the mass shell of the initial A. By 
our rule, only n= BB appears in the sum, since T,,4=0 
except if n= BB. From this, it is easy to deduce that 


—$)|Tn.g|7q%ms, (16) 


1 1 27s—4M?\3 
p= 1F) + : ) ( -). 
167? s— Ss 


The virtue of the propagator is that the self-mass and 
the A-particle wave-function renormalization may be 
obtained from it,'® if we happen to be interested in these 
quantities. It is only in order to discuss the renormal- 
izations that it is necessary to concern ourselves with 
objects such as F(s) and A(s) which do not actually 
represent physical processes. 

Let us summarize where we are. We have formulated 
a theory of the A and B particles which satisfies rela- 
tivity, unitarity, and causality (in the limited sense that 
ordinary dispersion relations hold). It has the correct 
spectrum of eigenstates of the energy-momentum oper- 
ator. It is soluble exactly (at least partially ; that is, the 
simpler amplitudes can be evaluated in practice), and 


(17) 


®P. Federbush, M. L 
Rev. 112, 642 (1958). 
1H. Lehmann, Nuovo cimento 11, 


Goldberger, and S. B. Treiman, Phys. 


342 (1954). 
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the solution is nontrivial (i.e., there exists scattering, 
etc.) The theory violates crossing (it seems that it has 
to violate something if it is to be soluble) and therefore 
the Mandelstam representation and the usual commuta- 
tion rules. 

We have formulated the theory by giving a rule for 
writing down the infinite set of coupled dispersion rela- 
tions for it ; however, we are unable to find a Lagrangian 
explicitly. Whether or not one éxists we do not know. 

In the following we shall show that the theory is in 
fact not even yet unique, and that some of the theories 
encompassed have finite mass and wave function re- 
normalizations. We shall also relate the model to its 
Feynman graphs—i.e., its perturbation expansion, and 
observe that summing the perturbation series gives the 
correct expression for all physically observable quanti- 
ties, but that the perturbation expansion does not exist 
for unobservable quantities, such as the self-mass, which 
are infinite in perturbation theory. 


Il 


As derived in Sec. IT, the equation determining BB 
scattering is 


g@ 1 f® 7s'—4M2\3 |T(s’)|? 
—-— f ( —) ah Lala 
s—p 169? Sg y92 sg s’—s—ie 


A solution of this equation is readily obtained: Define 


(g°/s—p?) 

D(s)=————_; (19) 
T(s) 

then the analytic properties of T'(s) which follow from 

Eq. (18), together with the assumption that T(s) has no 

zeros, allow us to deduce analytic properties of D(s) 

from which we may immediately infer that"! 


s— © 7s'—4M?\3 
D(s)=1+-—~¢ [ ( : ) 
167° 4M? s’ 


(s’—y2)? (s’—s— ie) 


ds’ 
(20) 


This result for D(s) clearly has no poles, so that the 
assumption that 7(s) had no zeros is consistent. It is 
also worth noting that ass—> +, 


g° = 7s'—4M? 3 ds’ 
D(s) — 1-—— (— —} 
167 4M? s’ 
Thus if g® is too large, D(s) will have a zero for some 
s<p?, which implies a pole of T(s) which was not 
present in the original integral equation. Equations (19) 
and (20) therefore constitute a solution to Eq. (18) only 
for sufficiently small values of g’. 
11 This method for solving equations such as (18) is well known. 
For details see for example G. F. Chew and F. E. Low, Phys. Rev 
101, 1570 (1956). 
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It is easy to construct more solutions to Eq. (18) : Let 
us define a new D by 


A+ (g?/s—y*) 
eh eee Sf a (21) 
T(s) 


instead of by Eq. (18). At the moment, d is to be con- 
sidered to be an arbitrary number; its range will be 
restricted later. Again we may derive analytic proper- 
ties of D(s) [still on the assumption that 7(s) has no 
zeros, except possibly at the point so=y?—g’/A where 
the numerator of Eq. (21) vanishes; a zero of T here 
does not imply a pole in D ], from which, in analogy to 
Eq. (20), we find 


s—u? f* /s'—4M?y! 
D(s) 1+—— | (- "i =) 
16x? Jae\ ss’ 


2” ds’ 
vies Deine 
s'— pS (s’—y?) (s’—s— ie) 


This is an explicit form for D(s); reversing the roles of 
D and T in Eq. (21) thus constitutes a more general 
solution of Eq. (18), from which the earlier case is ob- 
tained by setting A=0. More precisely, Eq. (22) is a 
solution of Eq. (18) for such values of \ that D(s) has no 
zeros, and hence so that 7(s) has no poles not allowed 
by Eq. (18). This requirement restricts the range of X. 

D(s), as given by (22), has no poles, so T(s) has no 
zeros, except possibly at so. It is easily seen from Eq. 
(18) that the only place where a zero could occur in T 
is on the real axis above u?. Therefore, if so is to be a zero 
of 7, we must have 


(22) 


So=pw?—g?/rA> p’, (23) 
from which we conclude 

<0. (24) 
If 7(so)¥0, on the other hand, then we must have 
D(so)=0. It is easily found from Eq. (22) by straight- 
forward algebra that if D(so)=0, then 


1 » 75'—4M?\3 ds’ 
c-—f (—_)— —® 
167? J 47" s’ (s’—p?)? 


\ may be related to the expansion of T(s) around the 
point s=p?, as follows: From (21) and (22), it is clear 


that near s=p’, 
&° f (—) 
2 au? s’ 


2 ds’ 
x(t) —+0(s—x’). 
s—p Ts (s'— yp’)? 





1856 F. 


By also expanding Eq. (18) around the point s=y*, we 
find 


9 


£ 2 73'—4M? Z ds’ 
“aro ) O+55) 
=o S s'—pJ (s’— 


(AYES 


Note that \<0, and A>}. The range of therefore 
cannot be outside the interval \ to 0. 

We have already noted that for A=0 this solution 
reduces to that expressed by Eqs. (19) and (20). There 
we found D(s)— const as s— «©. However, if \+0, 
Eq. (22) shows us that ass— «, 


D(s) — —(A/162") In|s]|. 





San on 





From (21), then, we see T(s) + —169*/In|s| ass —> ~, 
independent of the sign or value of A. This, it may be 
noted, is a sufficient degree of convergence to guarantee 
the existence of the unsubtracted dispersion rela- 
tion (18). 

It was stated above that it is necessary to restrict 
to values stich that D(s) has no zeros. This is necessary 
in order that (21) and (22) be a solution of (18), since T 
as defined by (18) has no poles except at yp’. Incidentally, 
if we had allowed the existence of bound states of the 
BB system, there would be additional poles in Eq. (18) 
at the square energies of these states; in such an event, 
of course, we would have to require that D did have 
zeros at these points. Under no circumstances, though, 
could we tolerate zeros of D for negative s; their exist- 
ence would correspond to bound states of imaginary 
energies, which are commonly called ghosts. 

Inspection of Eq. (22) shows that the A term in D is 
positive (remember \ <0) for s<y?, while the g* term is 
negative. For sufficiently large negative s, the \ term 
dominates ; however, if g? is too large, there could be an 
intermediate region of s where D becomes negative. A 
restriction on the size of g® relative to \ is therefore 
necessary to ensure that D will have no zeros. The pre- 
cise limits on \ and g*, and the question of zeros of D in 
general will be discussed in detail in Sec. IV and we shall 
consequently drop the subject for the present. 

We have obtained a solution of the dispersion relation 
for BB acanteeng, which depends on two coupling con- 
stants, A and g*, which is valid for certain ranges of 
values of A and g*. Let us now use this information to 
evaluate further properties of the model. 

It will first be convenient to define the phase shift for 
BB scattering—note that only S-wave scattering exists, 
so only the s-wave phase shift need be discussed. T he 
fact that we have only one nonzero phase shift is a 
reflection of the lack of crossing symmetry. Define 


Ss ; 
) sind(s)e*“, (28) 
M2 


s—4l 


T(s)=— 16r( 
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Note that, for s>4M? 


1 /s—4M? 

ImD()=—(~ —) (A+g?/s—y*). (29) 
167 $ 

[ImD(s)=0, of course, for s<4M?.] Thus, from Eq. 

(24), we get the result 


ImD(s) 
sind (s)e* = ———_—_— 


(30) 
D(s) 


as is implied by the notation; therefore, D(s) is the 
conventional determinental function” for S-wave BB 
scattering. This interpretation will be very useful in 
Sec. IV. 

Equatior. (30) may be rephrased as 


ImD(s)= —tané(s) ReD(s), (31) 


which, coupled with the analyticity properties of D, 
yields the integral equation 


s—p? e® ReD(s’) tanéi(s’) 
D(s)=1-—— —ds’, (32) 
162? J 4172 (s’ ~~ s—ta) 


to which the solution is'* 


s—y 5(s’) 
D(s)=exp| —----- — —— ds’}. (33) 
T am? (s’—p?)(s’—s—ie) 

We found in Sec. II that the form factor for the A 
particle—which is basically the continuation of the 
amplitude 73,4 off the mass shell of the A particle 
satisfied in our model the equation 


1 f¢* ImF(s’) 
pied fo ay 
T 4m? S’ —S—te 


ImF ( 


(34) 

with 

s)=F(s)* 
ReF ( 


sins (s)e%®( 


s) tané(s). (35) 


Comparing this with Eqs. (30) and (31), 
shown that" 


it is easily 


F(s)=g/D(s), (36) 
where we have used the statement that F(u?)=g. Note 
that F(s) — 0 like (Ins) when s > ~, and ImF(s) 0 
like (Ins)~*. The unsubtracted form of the dispersion 
relation for F, namely Eq. (34), therefore in fact exists. 
In spite of this, the equation 


° ImF(s’) 
mE gst 
a? Se 


12M. Baker, Ann. Phys. 4, 271 (1958). 

WR. Omnes, Nuovo cimento 8, 316 (1958). 

“This is a special case of a generally true statement in the 
complete field theory. See for example J. D. Bjorken, Phys. Rev. 
Letters 4, 473 (1960). 


(37) 
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does not put any restrictions on the value of g, but is 
merely an identity. This is of course obvious since Eqs. 
(34) and (35) are a homogeneous integral equation for 
F’, and only determine F up to a multiplicative constant. 

Next let us turn to the propagator for the A particle. 
This was given by 


fk (—=) 
2 Sau? s’ 


|F(s’)|? ds’ 


. (38) 
(s’—?)? s’—s—ie 


Here it is not necessary to solve an integral equation to 
obtain A; all we have to do is evaluate an integral over 
the known function F. The wave function and mass 
renormalizations of the A particle are obtained from the 
propagator by the usual relations! 


1 ” 74s'—4M"\17|F(s’)|* 
Zr'=14+— f (- —) (— )as, (39) 
162? 5 ap? s’ (s’—p?)? 

1 oo 
16m? SJ agg? 


s’—4M2\ 17 | F(s’) 
x(— ~) ( as. (40) 
s’ (s’—y?)? 


(We use the notation Z; for the wave function re- 
normalization of the A particle ; Z; will be used for that 
of the B particle.) Equivalently, then, we can say 


A(s) > Z;7/(s—pe’), (41) 


ass-—>@, 


A(s) may be evaluated as follows: Notice that 


1 1 ss—4M2\3 g af 
TEE eg EEN 
Dis) 168\ 5 s—p?/ |D(s)| 


Furthermore, 1/D(y?)=1, and since D has no zeros, 
[D(s) }* has no poles. Hence 


s—w? f® ss’—4M?\4 1 |? 
D(s)?*=1- f (— ) 
16m? J 4x72 s’ D(s’) 


Z ds’ 
x(t) —. (43) 
s’—p?/ (s’—p?)(s’—s—ie) 
From this a certain amount of algebraic manipulation 
results in 


g° (=>) . ds’ 

tom Jaws) |D)| =u s— 0) 
1 1 
s—w? 1+(s—p*)d/¢ 


(42) 








1 r 
1———-——(Z;7-1)(s—y*) |. (44 
x| bo are “| (44) 
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If this is inserted into Eq. (38), and Eq. (36) is recalled, 
we obtain an explicit expression for the propagator: 
1 1 1 
A(s)}=——-—— —___ 
s—p? s—p? 1+ (A/g")(s—p?) 


1 » 
x[1- ae ——(254—1)(s—0)] (45) 
Ds) ¢ 

By allowing s to go to infinity in this equation we can 
find the self-mass 

(46) 


This same expression can also be obtained directly from 
Eq. (40) by performing manipulations analogous to 
those used in deriving the expression (45) for the 
propagator. The bare mass is seen to be larger than the 
physical mass, since \ is negative, as is to be expected.’ 

It is most interesting that the self-mass is finite [Z; is 
obviously finite as well since certainly the integral in 
(39) converges if that in (40) does }; this results from the 
fact that F(s) > 0 as s > ~, which in turn comes from 
the fact that D(s)—> © like Ins. If \=0, then D(s) > 
const and 6p? is logarithmically infinite. 

The renormalizations associated with the B particle 
are all trivial; due to the simplicity of our solution of the 
infinite set of dispersion relations, there is no amplitude 
of the form 7,2 for any n. Therefore the propagator for 
the B particle is given exactly by the free-particle 
result : 


5u2= pu? — py? = g2/d. 


s(s)=1/(s—M?). (47) 


The corresponding renormalizations are then 


5M?=0, (48) 
and 


Z.= (49) 


Finally, we may mention the vertex renormalization 
(which we call Z,). There is no rigorously known ex- 
pression for Z, in usual field theory [analogous to Eq. 
(39) for Z3, for example ] which may be used as a defini- 
tion of Z,. It has been conjectured"® that the relation 


limF (s)=gZ1/Z3 (50) 


is rigorously true, but no proof exists. If Eq. (50) is 
accepted as provable in Lagrangian field theory, and 
therefore used as a definition in the dispersion approach, 
then we find Z,;=0, and this must in fact be the case in 
any theory with finite mass renormalization. 

There are additional processes which may be evalu- 
ated exactly; however, these are not of any particular 
interest in themselves and they are not relevant to any 
of the more fundamental properties, such as renormali- 
zations. We shall therefore content ourselves with the 
solutions we have already obtained, and turn our atten- 
tion to the perturbation theory associated with the 
model. 


16K. Symanzik, Nuovo cimento 11, 269 (1959). 
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IV 


It was observed in Sec. III that the object D(s) 
defined in Eq. (24), and written explicitly in Eq. (25), 
is just the determinental function” for BB scattering. 
From Eq. (29) it is seen that ImD(s) is essentially just 
the two Feynman graphs of Fig. 1, computed by the 


(a) (b) 


Fic. 1. Feynman graphs for BB scattering due (a) to the 
coupling between two B and two_B particles, and (b) to the g 
vertex coupling an A, a B, and a B particle. 


usual Feynman rules. It is therefore to be expected that 
the entire scattering T(s) is equivalent to the set of 
Feynman graphs formed by all chains built up out of the 
basic graphs of Fig. 1. The first few of these are shown in 
Fig. 2. 

That this is in fact true may be verified directly. Let 
us compute the BB scattering produced by the sum of all 
the chain diagrams of Fig. 2, where the usual Feynman 
rules are used to compute each graph. From what has 
been said before, it is not surprising that the de- 
terminental method” is the most convenient way to 
evaluate the sum of all these graphs. 

In lowest order, the scattering amplitude is produced 
by the graphs of Fig. 1; the Feynman amplitude for 


these is 
80° 
P= —i(dot ° 
s— 


Here Xo and go are the unrenormalized coupling con- 
stants associated with the BBBB and BBA vertices. In 
accord with the prescription of the determinental 
method, we assume the mass renormalization to have 
been performed ; y’ is therefore the physical mass of the 
A particle. 

The phase shift in lowest order is readily computed 
from Eq. (51), and we find 


(51) 


(sinde #) 1= 


yW 


A 


Fic. 2. Chain graphs constructed from the basic graphs of Fig. 1. 


center-of-mass energy of one B particle, and g the 
corresponding momentum. Thus 


w= (s2/4)!, g= (s?/4—M?)). 
The determinental approach now instructs us to use 
as the lowest order ImD just (—sinée*’),. Thus in lowest 


order, 
1 ss—4M?\3 ing 
ImD,(s)=—(— ) (ro+ ). 
167 Ss s— pe 


From this, we compute the lowest order D: 


s— ImD,(s’) 
D,()=14—$ ff - ih oe 
T 


(s’—s—ie)(s’—p?) 


s—w? pf? ss'—4M"\3 
EE) 
us 4M? s’ 


£0" ds 
x (rt . -) —, 
s’—p?/ (s’—p?) (s’—s—ie) 


The scattering amplitude, in lowest order determinental 
method, is finally given by 


§ + ImD,(s) 
T(s)=16r(—_) - 
s—4M? D,(s) 


This result is identical with the solution we obtained 
before by solving the dispersion relation, except that 
Eq. (55) involves the unrenormalized coupling con- 
stants Ao and go. However, Eq. (55) is not exact, but 
represents only the result of the lowest order de- 
terminental approximation. The succeeding orders of 
the determinental method serve only to alter Eq. (55) 
by replacing A» and go by other constants, which are to 
be identified with the renormalized coupling constants A 
and g. 

To see this, let us carry through the second order 
determinental approximation. First it is necessary to 
compute the Feynman amplitude to second order. This 
comes from the graphs of Fig. 2(b), and is given 
analytically by 


(54) 


(55) 


f dp” i 1 
* S (2n)* pM? (p"—p—py— 
i 
| (—iany+2(—i) agit — : 
s— pw 


+(—igd"(— .) (56) 
a 


From this we may evaluate the second order contribu- 
tion to the phase shift, applying the usual Feynman 
parametrization to Eq. (56), and throwing away a self- 
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mass term, we find 
(sinde*), 
Y 


1 
=——*|[1(9)-1 )] 


(2) SOO) (=) 
“eee 


ny Cay (2-2/4 
re—-y =f ¢ of oaegecane 





so that 


s—4M?\3 
I(s)= (—- -) [2 cosh—!(s/4M?)!—iw], (58) 


Ss 


and a@ is a constant given by 


1 1 2 
a ee, a eee a 
0 g+a(1—«)y?/4—M 


According to the determinental method, now, the second 
order ImD is found from the relation 
ImD,.= — (sinde**).— (sinde*) Dy. 


(60) 


Looking back at the expression for D;, Eq. (54), and 
evaluating the integral, gives 


Xo go 1 
D,(s)= +( + ~~.) 


16x72 16”? s—p? 


XE(s)—1@2)]-=-8, (61) 
167° 


where 8 is the constant 


° (—) ds’ 
4M? s’ (s’—y2)? 
The function J(s) in Eq. (61), which comes from evalu- 
ating the integral in Eq. (54), is identical with the 
function defined from the Feynman graph by Eq. (58). 

It is now a matter of straightforward algebra to 
substitute (57) and (61) into (60), and obtain 


1 ss—4M?\3 ¢ 
ImD.(«)=—(—— (a+ ), (63) 
167 K) s— pe 





~ (62) 


where we define 


do \? 
\=artia(— ) ) 
4a 
or (~)(=) a(=) 
g°= go + 2iat — }{ — )J—B{ — 
‘ het \hn de 


FIELD THEORY 


(a) A<O 
D(s) 


\ 




















(b) ~A>O, D(s,) =O 
D(s) 











J8o\ut*\_ 8 











(c) A>0O, Dis.) #0 
, D(s) 





So 


Pe 


Fic. 3. Schematic plots of D(s) and T(s) for various choices of 
\ and g?. In case (a), \<0 and g* small enough so that D(s) has no 
zeros. In (b), A>0O and g?=167?/8, so D(so)=0. In (c), A>0 and 
D(so) ¥0. 


























Thus ImD, has precisely the same form as ImD,, it 
terms of the new constants \ and g* defined by Eq. (64). 
The only effect of the next order of the determinental 
approximation, then, has been to change the constants 
in Eq. (54). It is not difficult to convince oneself that 
this will be the only effect of any number of orders of the 
approximation. 

Finally, we may write the result of summing all the 
Feynman graphs of Fig. 2: 
A+ (¢?/s)—v? 


T(s)=- . “me 
Su? po g \i ds 

1+ f (a+ —) — 
162? J 472 s'—p?J (s’—p?) (s’—s—ie) 


(65) 





which is identical with the dispersion theoretic result of 
Sec. ITI. 

This method, however, gives Eq. (65) as the BB 
scattering amplitude with no restriction on the values 
of A and g*, while the dispersion relation required that 
\<0, among other things, and we must ask why this 
difference appears. The answer to this was essentially 
given already in Sec. III: The form of the dispersion 
relation used there assumed that there were no BB 
bound states. But if, for example, A>0 in Eq. (65), T(s) 
must have a pole below and may have a pole above yp’. 
The upper pole exists if the denominator vanishes for 
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Fic. 4. Feynman graphs for the ABB form factor. 


u?<s<4M*. Above 4M? only the real part of the 
denominator can vanish; if it does T(s) has a resonance 
at that point. 

The lower pole, on the other hand, must represent a 
bound state if it occurs for s>0, and this violates the 
assumed dispersion relation. If the lower pole occurs 
below s=0, it represents an unphysical state, and the 
model is not self consistent. 

The various possibilities are perhaps more con- 
veniently described by the schematic graphs of D(s) and 
T(s) given in Fig. 3. We know D(s) > — (A/162°) In| s| 
as s—> «, so T(s)—> ~(In!s|)~. That is, T(s) 0 
from below at both + and — infinity independent of the 
sign of \. T has a pole at s=y?, with a positive residue, 
so T— — ~ below the pole and + above. If \<0 and 
g’ is small enough, D has no zeros, so y? is the only pole 
in T. Hence we have case (a) of Fig. 3. If A>0, ReD 
must have zeros above and below uy’. If one of these (it 
must be the lower since so<y? for \>0) coincides with 
So, we have Fig. 3(b). If not, we have Fig. 3(c). 

As drawn in Fig. 3, case (a) is perfectly consistent. 
However, it is possible with a sufficiently large value of 
g’ to make the D(s) curve dip below the axis, so that D 
has two zeros, and it is even possible to adjust the vari- 
ous parameters so that one of the zeros occurs on the 
negative axis. 

The case 3(b) is also one which could be unphysical. 
If the lower zero of D is negative, there again exists a 
bound state of negative s, and therefore imaginary 
energy, which certainly reflects an unphysical situation 
and an inconsistency. We may ask for what values of 
and g’ these difficulties occur. From Eq. (61), we have 


1 g 
D(s)=1+— (04 )0-1091-. (66) 
16%? 1622 


S—p* 


The function J(s)—J(u*) can be calculated explicitly, 
and is seen to have the following properties: it—> — © as 
s$—+ +. It increases monotonically below y?, and be- 
comes positive there. It remains positive up to a value 
s*>4M*, beyond which it decreases monotonically 
again. It has a single maximum, reached between 2 
and 4M”. 

Using these properties we can draw several con- 
clusions. First, if g’= 16%?/8, the only possible zeros are 
So and s*. so is uninteresting since a zero there does not 
produce a pole in T: s* is above 4M?, so only the real 
part of D vanishes, and this represents a resonance in T. 
Second, if g?<16n*/8, a zero of D must be such that the 


product 
[A+ (g*/s)—w* JL (s)—T(v*) J 


is positive at the zero. Now A+ (g*/s)—y? <0 if s<s0, 
A+ (g°/s)—w? > 0 if s> so, and I(s)— J(u?) is positive only 
between p? and s*. Hence, if \<0, zeros of D must be 
confined to the region yu? <s <so, while if A>0, they must 
be in the region s9<s<y*; otherwise, they can only 
exist for s>s*>4M?, in which case they correspond to 
resonances. The only time an unphysical situation can 
therefore arise is if \>0, and s)<0, i.e., if O0<A<g*/p?. 
Finally, if g?>16x*/8, zeros must be confined to the 
complementary regions. 

It should be remarked, by the way, that the condi- 
tions obtained here which allow zeros of D do not require 
that D really have zeros. The actual existence of zeros 
depends in a complicated way on the values of g’, A, u’, 
and M?; since D(s) is an explicitly known function, 
whether or not it has zeros is an answerable question, 
but the answer is still very complicated, and will not be 
given here. The important point is that the above 
analyses show there are values of the various parameters 
for which perfectly good physica! solutions exist. 

We may remark, incidentally, that a theory defined in 
terms of a set of dispersion relations, as ours was, can of 
course not have any ghosts. The analyticity properties 
of the amplitudes are explicitly assumed by the selection 
of the dispersion relations, and poles on the negative 
axis are thereby excluded once the amplitude 7T(s) is 
defined as the solution of Eq. (18). The theory defined 
by Eq. (18) exists only for certain values of \ and g*— 
those, in fact, such that \<0, and for which D has no 
zeros—however, once we extrapolate from the dispersion 
relations to a well-defined set of Feynman graphs, the 
graphs may be used to define a theory which is now 
valid for all values of A and g’. It is in this extended 
theory that the ghost question takes on meaning. For 
certain ranges of A and g’, the extended theory agrees 
with the original one defined by the dispersion relations. 
For other values of and g*, the extended theory agrees 
with a modified dispersion type theory which assumes a 
certain number of BB bound states; this is so for values 
of X and g? such that D has zeros above s=0. For the 


+ rey 


19 
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Fic. 5. Feynman graph for the A-particle propagator. 
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Fic. 6. Feynman graphs contributing to the A-particle self-mass. 


remaining values of \ and g’, the D of the extended 
theory has zeros for s<0 so the theory has ghosts, and 
is therefore unphysical. 

To summarize the situation thus far, we have found 
the perturbation series equivalent to the model as it was 
defined in terms of its set of dispersion relations, and the 
perturbation expansion of the scattering amplitude 
exists. We can say in addition that there is a wide range 
of values of the coupling constants and masses for which 
there are no unphysical singularities of the scattering 
amplitude, i.e., for which there are no “ghost” states. 

It is next of interest to see if we can obtain the ex- 
pressions of Sec. III for the form factor and propagator 
as well as the scattering from the Feynman graphs. 

The form factor should be clearly given by the sum of 
all graphs of the type shown in Fig. 4. But the scattering 
was the sum of all graphs of the type shown in Fig. 2. 
Evidently if we multiply the graphs of Fig. 4 by 
1/{ gl A+ (g°/s—p*) ]} we reproduce the graphs of Fig. 2. 
We should therefore expect 

T(s) 
F(s)=— Eee Lasatng aa (67) 
A+(g?/s—u*) D(s) 
and this is in fact in agreement with Eq. (36). 

Similarly, the propagator is given by the graphs of 
Fig. 5. The scattering graphs of Fig. 2 may be produced 
from these by the following procedure. 

First subtract the free propagator (1/s—y*). Next 
remove the external legs. Then multiply each end by 
(1/g)[A+ (g2/s—y?) ]. Then add the two lower order 
scattering graphs, \+ (g?/s—u’*). Thus we expect 


9 


; ; Ow ge \ 
T(s)=\A+—_+ (+) 
—" 2 s— yu 


X[A(s)— (1/s)—n?]; 


except not quite. Due to the renormalization prescrip- 
tion, we should replace T and A in (68) by Z;T and Z;A, 
where T and A are now the renormalized scattering and 
propagator. With this alteration and some algebra, Eq. 
(68) is easily shown to coincide with Eq. (45) of Sec. IIT. 

Thus all the results of the dispersion approach can be 
obtained from the Feynman graphs. Even the self-mass 
can be found, in agreement with Eq. (46), by a pseudo- 
argument based on the Feynman graphs. If we write 
the unrenormalized propagator in the form 


Ao(s)=1/[s—pe?—Z(s) ], 


where 2(s) is then given by the sum of all proper graphs, 


(68) 


(609) 
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Fic. 7. Feynman graphs contributing to Z,. 


then the self-mass is conventionally defined 


by? =2(s=p"), (70) 


where renormalized coupling constants, etc., are to be 
used in 2. Now for our model © in the sum of all graphs 
shown in Fig. 6. Note that each term in this series is 
logarithmically divergent; that is to say, perturbation 
theory gives an infinite mass. If B represents the basic 
bubble of Fig. 6, it is clear that 


5 ’ 


gB—grB+ g’v*B + --- 
= g’B/(1+AB). 


by? = E(u?) 


(71) 


However, B is infinite, so this reduces to the same result 
we had earlier. 

An argument like this is, of course, not reliable, and 
the result is believable only because it was obtained in 
Sec. III by unambiguous mathematics. 

The same kind of argument can be used to evaluate 
Z,. Z; is defined, in perturbation theory, as the value of 
the sum of all proper vertex graphs when all three 
particles are on the mass shell. The proper vertex graphs 
are shown in Fig. 7. Thus we find 


Z,:=1/(i1+AB), (72) 
which gives Z,;=0 since B is logarithmically infinite. 

It is unclear if this statement that Z:=0 means 
anything ; however, it does agree with the conjectured 
relation (50). 

To conclude this section, it may be remarked that the 
sets of Feynman graphs corresponding to any other 
transition amplitudes of the model are easily identified. 
Namely, the only allowed graphs are those built up from 
the basic diagrams of Fig. 8. As an example, think of 
AB scattering. The Feynman graphs for this process 
appear in Fig. 9; Fig. 9(a) shows explicitly the structure 
in terms of the basic graphs of Fig. 8, and Fig. 9(b) 
shows the same graphs “stretched out” to emphasize 
that they are Feynman graphs and that no time 
ordering of the vertices is implied. It is clear that this 
set of graphs corresponds to the set of dispersion rela- 
tions for AB scattering and its related processes as given 
in Sec. IT. 


Fc. 8, Basic Feynman graphs for the model, 
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The same prescription evidently will give the Feyn- 
man graphs for any process of the model. 


Vv 


To summarize, we have constructed a model field 
theory which does not suffer from any ghost difficulty, 
at least for a large range of the coupling constants, and 
in which the mass and wave function renormalizations 
are finite. This finiteness is achieved at a very small 
price, namely the existence of a four-particle vertex, 
perhaps a reflection of the Ag¢g* interaction in pion 
physics. 

It is appropriate to remark that the drawback—if it 
is a drawback—of this model in not having a Lagrangian 
or Hamiltonian can be removed if one gives up the 
relativistic invariance. ‘The interaction Hamiltonian, 

1 


H ine= £0 ps - —= (app bpbg +p; 5bp'b5*) 
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defines a soluble theory which has no ghost difficulties 
(again for a large choice \ and g’) and in which we still 
have 

Su?= g2/d. 


The graphs which occur are the same as those illustrated 
previously for the relativistic case, except that they are 
now to be interpreted as time ordered rather than as 
Feynman graphs. This model is very similar to the Lee 
model' ; it differs only in the presence of recoil and of the 
\ term. Thus, a fairly slight modification of the Lee 
model results in removing the ghost difficulty. 

One final comment. The model presented here has 
been exhibited as an exactly soluble but distorted field 
theory. It may equally well be viewed as the first ap- 
proximation to an undistorted field theory. In Sec. IV 
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(b) 


Fic. 9. Feynman graphs for AB scattering 


it was shown that for this model the lowest order 
determinental approximation was in fact exact; hence, 
for a true field theory with an interaction Lagrangian 


Lint= goya(x) gpn"(x)+A0ga*(x), 


our model is precisely the lowest order determinental 
approximation. One may thus take the view that we 
have here a full-scale field theory (and therefore, of 
course, an insoluble one) to which the first of a well- 
defined sequence of approximations gives finite mass 
shifts, etc. This might tend to support the view that the 
exact mass shifts in the true field theory are also finite. 
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Errata 





Properties of Liquid He*® at Low Temperature, 
kK. A. BRUECKNER AND J. L. GAMMEL [Phys. Rev. 
109, 1040 (1958) ]. The numerical values determin- 
ing the magnetic susceptibility according to Eq. (32) 
are given incorrectly. The correct values are: 


M/M*=0.543, 
Mk rQ 


——[ao(kr,kr)av— ae(kr,kr)av |= — 0.780, 
22 





2MkrQ dk; 
| f shr—Lolkisk kjk p 
3 4rkp® Oke 


4rk p* Ankp P as PF 


X [Sao(k;,k,) +a,.(k;,k;) | = 0.320. 


These give E,/E,(F) =0.083 and X = 12.0 Xp, where 
Xp is the susceptibility of an ideal Fermi gas. 


Study of (d,w) Reactions on Some Light Nuclei, 
G. E. FiscHER AND V. K. FiscHer [Phys. Rev. 
114, 533 (1959) ]. The data in Fig. 12 were in- 
correctly transcribed from Freemantle ef al.* and 
the ordinate scale unit should be 0.1 mb/steradian 
rather than 0.01 mb/steradian. Similarly, the inte- 
grated experimental cross section for O'®(d,ao)N™ 
given in Table I should be 2.2 mb rather than 0.22 
mb. In Table II, the following values for 
O'*(d,ao)N“ should be changed: (do/dQ).x, should 
be 0.40 mb rather than 0.04 mb and (70) normalized 
should be 0.08 rather than 0.008. These corrections 
invalidate the conclusion that the O'*(d,a9)N™ 
reaction can best be described by compound- 
nucleus theory. 


Scattering of 200-Mev Positrons by Electrons, 
J. A. Porrrer, D. M. BERNSTEIN, AND JEROME 
Pine [Phys. Rev. 117, 557 (1960)]. The result 
quoted in line 6 of the abstract is incorrect, and 


should be (13+9)%. 


Calculation of the Magnetic Hyperfine Structure 
Coupling Constants of NO, HELENE LEFEBVRE- 
BrRION AND C. M. Moser [Phys. Rev. 118, 675 
(1960) ]. The configuration interaction function on 
p. 677 should be: 


WV = 0.95958yo+0.00719Y, +0.06902y2+0.06050y2 
— 0.164663 —0.15233y4+0.11617p.—0.07637y; 
+0.00577ps3+0.03247ys. 


The values of the constants obtained from this 
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function thus will be slightly changed from the 
values given in the paper. 

sa td 
Table IV, line 2 14.22 12.47 
Table VII, line 2 A 125.7 
Page 678, y’(0)=0.096 a.u. 
Page 680, line 5 from bottom, 
=0.217 a.u. 


LY, 


ge 
—7.03 (—9). 
q=1.559—1.342 


Perturbation Theory Applied to the Nuclear 
Many-Body Problem, J. S. Levincer, M. Razavy, 
O. Royo, AND N. WEBRE [Phys. Rev. 119, 230 
(1960) }. The left-hand column in Table II should 
be titled ‘‘2x?.”’ 


Polarization of Protons Scattered from C”, T. A. 
TOMBRELLO, R. BARLOUTAUD, AND G. C. PHILLIPS 
[ Phys. Rev. 119, 761 (1960) ]. The expression for 
the polarization on page 762 should read 


2Im(f-f*) . 
P(6)=——— . —(R2XRi). 
| fel?+| fel? 


The authors wish to express their appreciation to 
Professor H. H. Barschall for pointing out this 
error. 


Magnetic Scattering of Neutrons by Exchange- 
Coupled Lattices, A. W. SAENz [Phys. Rev. 119, 
1542 (1960) ]. In line 1 of Eq. (2.7), € should read 
e’. In Eqs. (2.9a), the lines reading —7f(e-2) 
xX (e-[S;(0)XS§;(4)]), +af{(Lexa]-[LexS;(0) }) 
x ([exX2'],and X ([exS,(0) ]-[exS;(2) ])+i(e-2’) 
should read +if(e-2)(e-[S:(0)XS;()]}), +elf 
<(C(Lex2]-LexS,(0) }) (Lex. ], and X (LexS;(0) ] 
-LexS,;(t) ]) ]—i(e-2’), respectively. In the first of 
Eqs. (2.9b), expl[—2Wo(qo) ] and a; should read 
exp[ — Wo(qo) ] and a; exp[ — W:(qpo) J, respectively. 
In the definition of ¥:(e; a) in Eqs. (4.5), —2 should 
read 2. The terms —2/f(e-2)(e-w) (eq) in (4.12), 
+2nf(e-d)(e-w) in (4.16a), and +2nf(eo-) (eo-w) 
in (4.17) should read +2f(e-2)(e-p)N(e,q), 
—2nf(e-2)(e-w), and —2nf(eo-r)(eo-w), respec- 
tively. In line 14 after Eq. (4.18), d0>0(<0) should 
read d0<0(>0). 


Pseudodipolar Anisotropy in Cubic Ferromagnets 
at Low Temperatures, S. H. CHARAP AND P. R. 
Weiss [Phys. Rev. 116, 1372 (1959) ]. In the solu- 
tion [Eq. (41) ] of Eq. (40), certain terms peculiar 
to the face-centered cubic lattice and characterized 
by the parameter B (see Appendix A) have been 
omitted. The solution which has been given is, for 
the fcc, but the leading’ term in an expansion of 
the exact solution in “powers of B/4r(1—7;) 
(~7X10-*). The remaining terms are those which 
arise in the orders of perturbation theory beyond 


1863 





1864 


the second because of the exchange collision inter- 
action and, as already noted in Appendix B, they 
are negligible. We give the exact solution to 
Eq. (49): 


e 4x(1—7,) (7h 2+ B(l**)? 


_ ~ 
23 [4e(1—y,) P— BP 

The nearest neighbor sum, Eq. (AS), is incorrect 
and should be —2(1+31). Therefore, a number of 
the results for the fcc should be corrected. In Eq. 
(18), instead of “2.39” read ‘2.52’; in Eq. (19), 
instead of ‘‘1/4.45"’ read ‘‘1/5”’; in the last equation 
of Appendix A, the coefficients of B/2mr within the 
[ Jare —3(1+31) and —15(I—}#) in that order. 


Anisotropy of the Intrinsic Domain Magnetization 
of a Ferromagnet, S. H. Cuarap [Phys. Rev. 119, 
1538 (1960) |. The following corrections do not sig- 
nificantly alter the results of this paper. On the 
right-hand side of Eq. (32) read —2(1+31). In 
Eqs. (35), (36), and (37) the entries on the right- 
hand sides of the braces for the face-centered cubic 
lattice should be (3/1280) (5+31), 0.0558(5+2P), 
and 1.507, respectively. Equation (39) becomes 
Ms —4.1X10-*Mo, and in the third line below 
Eq. (39), instead of $ read 3. 


Hyperfine Structure of Hydrogen, Deuterium, and 
Tritium, L. WILMER ANDERSON, FRANCIS M. Pip- 
KIN, AND JAMES C. Bairp, JR. [Phys. Rev. 120, 
1279 (1960) ]. On page 1288, the expression 
[A(H)/A(T) ][m(T)/m(H)] 


bu-1= 
g(H)/g(T) 
= 0,.0000058 + 0.0000001 
should read 


[A(H)/A(T) ][m(T)/m(H) , 


bx-1=—— oer 
g(H)/g(T) 
= 0.0000058=-0.0000001. 


A similar omission was made for dg_p. 


Breadth of the F Band in NaCl, A. M. Karo, C. 
W. McCompsie, AND A. M. Murray [Phys. Rev. 
119, 504 (1960) ]. In the calculation of the general- 
ized forces on the lattice vibration modes a mistake 
was made in interpreting the data which Dr. Karo 
supplied on the modes of the perfect lattice. In 
effect the wave numbers of all modes were doubled. 
After correction the calculated breadth of the F 
band at 0°K is reduced by about 12%. The main 
peak of the histogram of contributions to the mean 
square breadth from modes in the various frequency 
ranges is shifted toa higher frequency (w= 4.25 X 10" 
sec~') and no longer agrees with the empirical config- 
uration coordinate frequency (w= 2.7610" sec—). 
As a result the temperature dependence now ob- 
tained for the breadth of the band is not appreciably 
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better than in previous absolute calculations by 
other workers. 

As was stated, the main assumption in the calcu- 
lation was that the effect of the imperfection on the 
normal modes could be neglected. The results of 
the revised calculation therefore suggest that satis- 
factory agreement with experiment cannot be ob- 
tained without considering the modification of the 
lattice vibration modes by the imperfection. 


Positronium Decay in Molecular Substances, 
WERNER BRANDT, S. BERKO, AND W. W. WALKER 
[ Phys. Rev. 120, 1289 (1960) ]. In Eqs. (1), (3), and 
(5), and in the numerator of Eq. (14), read r, instead 
of ro, where r,=e?/mc? = 2.82 KX 10-" cm as given in 
the first line following Eq. (2). 
preceding Eq. (17), read ro 
T= (are’cpo) 


In the second line 


TYr.Cpo)' instead of 


Electron Paramagnetic Resonance of Manganese in 
TiO., HARRO G. ANDRESEN, [_Phys. Rev. 120, 1606 
(1960) ]. In the abstract the E parameter should 
read |E|=3.88 kMc/sec instead of |E| =0.388 
kMc/sec. Reference 3 should be amended to read 
as follows: K. A. Mueller, Phys. Rev. Letters 2, 
341 (1959). 


Magnetic Resonance Determination of the Nuclear 
Moment of Tantalum-181 in KTaO;, LawreENcE H. 
BENNETT AND J. I. BUDNICK (Phys. Rev. 120, 1812 
(1960) ]. The following table was inadvertently 
omitted. 


TABLE |. Experimental values of the nuclear magnetic 
resonance of Ta!®! in KTaQs3. 


Frequency 


Mc sec) 


4.007 
4.388 
4.646 
5.068 
5.429 
5.887 
6.280 
6.620 


Magnetic field 
(oersteds) 
7863 
8609 
9118 
9947 
10 650 
11 550 
12 330 
12 990 


(nm) 


340 
341 
340 
340 
341 
341 
339 
340 


hr dO dO tO lV DO DO 


Cross Section and Polarization in the Photodisinte- 
gration of the Deuteron, M. L. Rustai, W. ZERNIK, 
G. BREIT, AND D. J. ANDREws [ Phys. Rev. 120, 1881 
(1960) ]. In Eq. (18.10) the term J,°(sin'@ cos? ¢— }) 
should read J,°(sin?@ cos?¢—4). The correction is 
typographical and does not affect other parts of 
the paper. 


Self-Diffusion in Liquid He’, DANiexi Hone [ Phys. 
Rev. 121, 669 (1961) ]. Equation (19) should read: 
a k 


q= rane ; 
cos(@/2) day 


m*8T? 


The numerical calculations have been done correctly. 
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